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Preface 



Orthogonal Polynomials and Special Functions (OPSF) is a very old branch of 
mathematics having a very rich history. Many famous mathematicians have 
contributed to the subject: Euler’s work on the gamma function, Gauss’s 
and Riemann’s work on the hypergeometric functions and the hypergeometric 
differential equation, Abel’s and Jacobi’s work on elliptic functions, and so on. 
Usually the special functions have been introduced to solve a specific problem, 
and many of them occurred in solving the differential equations describing a 
physical problem, e.g., the astronomer Bessel introduced the functions named 
after him in his work on Kepler’s problem of three bodies moving under mutual 
gravitation. 

So the subject OPSF is very classical and there have been very interesting 
developments through the centuries, and there have been numerous applica- 
tions to various branches of mathematics, e.g. combinatorics, representation 
theory, number theory, and applications to physics and astronomy, such as the 
afore-mentioned classical physical problems, but also integrable systems, op- 
tics, quantum chemistry, etcetera. So OPSF is well-established, and very much 
driven by applications. The advent of the computer, first thought to be fatal 
to the subject, turned out to be a stimulus, first of all because it allowed more 
detailed computations requiring special numerical algorithms, but mainly be- 
cause it led to automatic summation routines, notably the WZ-method (see 
Koepf’s contribution). So OPSF is a very lively branch of mathematics. 

Since more advanced courses on OPSF seldom appear in the curriculum, 
we felt the need for such courses for young researchers (graduate students 
and post-docs). A series of European summer schools was started with one in 
Laredo, Spain (2000) and one in Inzell, Germany (2001). This book contains 
the notes for the lectures of the summer school in Belgium in 2002, which 
took place from August 12-16, 2002, at the Katholieke Universiteit Leuven, 
Belgium. In 2003 a summer school in OPSF will be held in Goimbra, Portugal. 

As is clear from the previous paragraphs, there are many different aspects 
of OPSF and the Leuven summer school focused on computer algebra, repre- 
sentation theory and harmonic analysis, combinatorics, and asymptotics. The 
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relation between computer algebra and special functions was revolutionised 
by the introduction of very clever algorithms that allow to decide, e.g., for 
summability of hypergeometric series (Gosper’s algorithm, Zeilberger’s algo- 
rithm, WZ-method, etc.). This makes computer algebra a very important 
tool in research involving special functions but also a valuable source of re- 
search within computer science. The relation between representation theory of 
groups, harmonic analysis and special functions is approximately fifty years 
old, and hence relatively young. The interaction has turned out to be very 
fruitful on both sides, and it is still developing rapidly, in particular because 
of its applications in physics, e.g., Racah-Wigner theory of angular momen- 
tum, integrable systems (Calogero-Moser-Sutherland), quantum groups and 
basic hypergeometric series, and Knizhnik-Zamolodchikov equations. One re- 
lation between combinatorics and special functions is via enumeration, and 
typical results are the famous Rogers-Ramanujan identities and other identi- 
ties for partitions of integers. In this field there are many open problems that 
can be formulated in an elementary way. Asymptotics, and related error esti- 
mates, are very important in order to describe phenomena for large time or for 
a large number of degrees of freedom. The classical asymptotic expansions for 
special functions have recently greatly been improved by allowing exponen- 
tially small terms, leading to exponetial asymptotics and hyperasymptotics. 
Sometimes one obtains asymptotics from an integral representation, or from 
a differential equation. Another recent development is that boundary value 
problems can be used, and a Riemann-Hilbert approach combined with a 
steepest descent method then allows to find uniform asymptotics. There were 
six series of lectures each of six hours. 

Wolfram Koepf discusses the interaction between computer algebra and 
special functions. The automatic summation algorithms of Gosper, Wilf- 
Zeilberger and Petkovsek are discussed. Also algorithms for definite and in- 
definite integration, obtaining generating functions, obtaining hypergeometric 
expressions, solving recurrence relations and differential, difference and q- 
difference equations are discussed. This subject is easiest understood during 
hands-on sessions, as was the case during the Leuven summer school, and to 
make this possible for the reader of this book the Maple worksheets, including 
references to other lectures, are available, see Koepf’s contribution for the web 
address. Quite a few of the identities appearing in the other lectures can be 
obtained using the software described in Koepfs’s contribution. 

Joris Van der Jeugt discusses the link between Glebsch-Gordan and Racah 
coefficients for 2 and 3-fold tensor products of simple Lie algebras (su(2) and 
su(l, 1) ) and orthogonal polynomials of hypergeometric type, in particular the 
Hahn and Racah polynomials. He extends this to multivariable orthogonal 
polynomials by going to n-fold tensor products related to combinatorics on 
rooted trees. This is closely related to the Racah-Wigner algebra in the theory 
of angular momentum. 

Margit Rosier discusses the Dunkl transform, which is a non-trivial multi- 
dimensional generalisation of the one-dimensional Fourier and Hankel trans- 
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forms. The definition of the Dunkl kernel is in terms of finite reflection groups, 
and for particular choices of the parameters this transform has a group the- 
oretical interpretation as spherical Fourier transform. Many familiar features 
of the Fourier transform, such as inversion formula, -theory, generalised 
Hermite functions as eigenfunctions, positivity of the kernel, asymptotic be- 
haviour of the kernel, have analogues for the Dunkl transform, and are dis- 
cussed. She describes the analogues of the Laplacian, heat equation, heat 
semi-group, and the link to Calogero-Moser-Sutherland models (n-particle 
systems) . 

Dennis Stanton discusses the interaction between combinatorics, enumer- 
ation, additive number theory, and special functions. He uses the g-binomial 
theorem to derive Ramanujan’s congruences for the partition function and 
other important identities such as the Jacobi triple product identity and 
the Rogers-Ramanujan identities. Unimodality of the g-binomial coefficient 
is proved using representation theory as described in the contribution of Joris 
Van der Jeugt and the Macdonald identity of type B 2 is proved using the 
Weyl group, which is described in Margit Rdsler’s contribution. A combinato- 
rial interpretation of the three-term recurrence relation is given for some sets 
of orthogonal polynomials using Motzkin paths, which allows a combinato- 
rial interpretation of moments, Hankel determinants, and continued fractions. 
Some open problems, like the Borwein conjecture which is related to the rep- 
resentation theory of the Virasoro algebra, are presented as well. 

Arno Kuijlaars discusses asymptotics of orthogonal polynomials using 
the so-called Riemann-Hilbert method. This method characterises orthogonal 
polynomials and their Cauchy transforms in terms of matrix valued analytic 
functions having a jump over a system of contours, typically the real line or 
an interval. This is a very strong method that has arisen from recent work 
of Fokas, Its and Kitaev on isomonodromy problems in 2D quantum gravity. 
Deformation of contours combined with a steepest descent method for oscilla- 
tory Riemann-Hilbert problems, which was developed by Deift and Zhou for 
the analysis of the MKdV equation, gives a very powerful tool for obtaining 
asymptotics for orthogonal polynomials. 

Adri Olde Daalhuis discusses asymptotics of functions defined by inte- 
grals or as solutions of differential equations. He shows how re-expansions 
of divergent asymptotic series can be used to obtain exponentially improved 
asymptotics, both locally and globally. He also discusses the notion of Stokes 
multipliers and Stokes lines, and he shows how the Stokes lines can be deter- 
mined from the saddle point method, and how to compute the Stokes multipli- 
ers with great accuracy from asymptotic expansions. This method is worked 
out in detail in several examples. 

The lecture notes are aimed at graduate students and post-docs, or anyone 
who wants to have an introduction to (and learn about) the subjects men- 
tioned. Each of the contributions is self-contained, and contains up to date 
references to the literature so that anyone who wants to apply the results 
to his own advantage has a good starting point. The knowledge required for 
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the lectures is (real and complex) analysis, some basic notions of algebra and 
discrete mathematics, and some elementary facts of orthogonal polynomials. 
A computer equipped with Maple software is useful for the lecture related 
to computer algebra. Exercises are supplied in each of the contributions, and 
some open problems are discussed in most of them. An extensive index of 
keywords at the end will be useful for locating the topics of interest. So hav- 
ing mastered the lecture notes gives a good level to read research papers in 
this field, and to start doing research as well. This has been one of the main 
scientific goals of the summer school, another main goal being to enhance the 
interaction between young researchers from various European countries. 

The summer school in Orthogonal Polynomials and Special Functions in 
Leuven has been attended by 60 participants, most of whom are at the begin- 
ning of their research. The following institutions have supported the Leuven 
summer school financially or otherwise: Fonds voor Wetenschappelijk Onder- 
zoek - Vlaanderen (Belgium), the Netherlands Organisation for Scientific Re- 
search (NWO), FWO Research Network WO.011.96N “Fundamentele Meth- 
oden en Technieken in de Wiskunde” (Belgium), Thomas Stieltjes Institute 
for Mathematics (the Netherlands), Stichting Computer Algebra Nederland 
(the Netherlands), Katholieke Universiteit Leuven (Belgium), SIAM Activ- 
ity Group on Orthogonal Polynomials and Special Functions. The summer 
school is also part of the Socrates/Erasmus Intensive Programme Orthogonal 
Polynomials and Special Functions of the European Union (29242-IC-I-200I- 
PT-ERASMUS-IP-I3). We thank all these organisations for their support. We 
thank the lecturers for giving excellent lectures and for preparing the contri- 
butions in this volume. We also thank Eric Opdam for his generous support. 



Delft and Leuven, 
October 2002 



Erik Koelink 
Walter Van Assche 
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Summary. In this minicourse I would like to present computer algebra algorithms 

for the work with orthogonal polynomials and special functions. This includes 

• the computation of power series representations of hypergeometric type func- 
tions, given by “expressions”, like arcsin(®)/®, 

• the computation of holonomic differential equations for functions, given by ex- 
pressions, 

• the computation of holonomic recurrence equations for sequences, given by ex- 
pressions, like (^) fi- , 

• the identification of hypergeometric functions, 

• the computation of antidifferences of hypergeometric terms (Gosper’s algo- 
rithm) , 

• the computation of holonomic differential and recurrence equations for hyperge- 
ometric series, given the series summand, like 



fc =0 





1 — X 
2 



k 



(Zeilberger’s algorithm) , 

• the computation of hypergeometric term representations of series (Zeilberger’s 
and Petkovsek’s algorithm), 

• the verification of identities for (holonomic) special functions, 

• the detection of identities for orthogonal polynomials and special functions, 

• the computation with Rodrigues formulas, 

• the computation with generating functions, 

• corresponding algorithms for g -hypergeometric (basic hypergeometric) func- 
tions, 

• the identification of classical orthogonal polynomials, given by recurrence equa- 
tions. 



All topics are properly introduced, the algorithms are discussed in some detail and 
many examples are demonstrated by Maple implementations. In the lecture, the 
participants are invited to submit and compute their own examples. 

Let us remark that as a general reference we use the book [11], the computer 
algebra system Maple [16], [4] and the Maple packages FPS [9], [7], gfun [19], hsum 
[11], infhsum [22], hsols [21], qsum [2] and retode [13]. 



E. Koelink and W. Van Assche (Eds.): LNM 1817, pp. 1-24, 2003. 
Springer- Verlag Berlin Heidelberg 2003 




2 Wolfram Koepf 

1 The computation of power series and hypergeometric 
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1.2 Holonomic differential equations 4 

1.3 Algebra of holonomic functions 4 

1.4 Hypergeometric power series 5 

1.5 Identification of hypergeometric functions 5 

2 Summation of hypergeometric series 6 

2.1 Fasenmyer’s method 6 

2.2 Indefinite summation and Gosper’s algorithm 7 

2.3 Zeilberger’s algorithm 8 

2.4 A generating function problem 11 

2.5 Automatic computation of infinite sums 11 

2.6 The WZ method 12 

2.7 Differential equations 13 

3 Hypergeometric term solutions of recurrence equations ... 14 

3.1 Petkovsek’s algorithm 14 

3.2 Combining Zeilberger’s and Petkovsek’s algorithms 14 

4 Integration 15 

4.1 Indefinite integration 15 

4.2 Definite integration 15 

4.3 Rodrigues formulas 17 

4.4 Generating functions 17 

5 Applications and further algorithms 18 

5.1 Parameter derivatives 18 

5.2 Basic hyper geometric summation 19 

5.3 Orthogonal polynomial solutions of recurrence equations 20 

6 Epilogue 22 

References 23 

1 The computation of power series and hypergeometric 
functions 

Given an expression f{x) in the variable x, one would like to find the Taylor 
series 

OO 

fix) = ^akx^ , 

i.e., a formula for the coefficient a^. For example, if f{x) = exp(x), then 
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OO I 

fe =0 

hence Ofc = ^ . If the result is simple enough, the FPS (formal power series) 
procedure of the Maple package FPS .mpl ([9], [7]) computes this series, even if 
it is a Laurent series (including negative powers) or Puiseux series (including 
rational powers). 

The main idea behind this procedure is 

1. to compute a differential equation for f{x ) , 

2. to convert the differential equation to a recurrence equation for Ofc, 

3. and to solve the recurrence equation for ak ■ 




is a general rational function, in factorized form. Here {a)k = a{a+ 1) • • • (a + 
k — 1) denotes the Pochhammer symbol or shifted factorial. The summand ak 
of the generalized hypergeometric series is called a hypergeometric term. 

The Maple commands factorial (short form ! ), pochhammer, binomial, 
and GAMMA can be used to enter the corresponding functions, hypergeom de- 
notes the hypergeometric series, and the hyperterm command of the sum- 
tools and hsum packages denotes a hypergeometric term.^ 

^ The package sumtools is part of Maple [4]. Note that Maple 8 contains a second 
package SumTools ([15], [4]) which also contains summation algorithms. 
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1.2 Holonomic differential equations 

A homogeneous linear differential equation with polynomial coefficients is 
called holonomic. If f{x) satisfies a holonomic differential equation, then its 
Taylor series coefficients satisfy a holonomic recurrence equation, and vice 
versa. 

To find a holonomic differential equation for an expression f{x), one dif- 
ferentiates f{x) , and writes the sum 

j 

j=o 

as a sum of (over Q(x) ) linearly independent summands, whose coefficients 
should be zero. This gives a system of linear equations for Cj G Q(x) (j = 
0,...,J). If it has a solution, we have found a differential equation with 
rational function coefficients, and multiplying by their common denominator 
yields the equation sought for. 

Iterating this procedure for J = 1,2,... yields the holonomic differential 
equation of lowest order valid for f{x). 

The command HolonomicDE^ of the FPS package is an implementation of 
this algorithm. 

Exercise 1. Find a holonomic differential equation for f{x) = sin(a;) exp(a;) . 
Use the algorithm described. Don’t use the FPS package. 

Using the FPS package FPS.mpl, find a holonomic differential equation for 
f{x) and for g{x) = arcsin(x)^. 



1.3 Algebra of holonomic functions 

A function that satisfies a holonomic differential equation is called a holonomic 
function. Sum and product of holonomic functions turn out to be holonomic, 
and their representing differential equations can be computed from the differ- 
ential equations of the summands and factors, respectively, by linear algebra. 

We call a sequence that satisfies a holonomic recurrence equation a holo- 
nomic sequence. Sum and product of holonomic sequences are holonomic, and 
similar algorithms exist. As already mentioned, a function is holonomic if and 
only if it is the generating function of a holonomic sequence. 

The gfun package by Salvy and Zimmermann [19] contains — besides 
others — implementations of the above algorithms. 

^ In earlier versions of the FPS package the command name was SimpleDE. 
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Exercise 2. Use the gfun package to generate differential equations for 
f{x) = sin(x) exp(x) , and g{x) = sin(x) + exp(x) by utilizing the (known) 
ODEs for the summands and factors, respectively. 

Use the gfun package to generate recurrence equations for 







and bk = k + 



1.4 Hypergeometric power series 

Having found a holonomic differential equation for f{x ) , by substituting 

OO 

k=0 

and equating coefficients, it is easy to deduce a holonomic recurrence equation 
for Ofc. 

If we are lucky, the recurrence is of first order, hence the function is a 
hypergeometric series, and the coefficients can be computed by (1.1)-(1.2). 

The command SimpleRE of the EPS package combines the above steps and 
computes a recurrence equation for the series coefficients of an expression. 



1.5 Identification of hypergeometric functions 

Assume, we have 

OO 

F = y^ ak . 

k=0 

How do we find out which pFq(x) this is? 

The simple idea is to write the ratio as factorized rational function, 
and to read off the upper and lower parameters according to (1.2). 

The command Sumtohyper of the sumtools and hsum packages are im- 
plementations of this algorithm. 

Exercise 3. Write cos(x) in hypergeometric notation by hand computation. 
Use the sumtools package to do the same. Restart your session and use the 
hsum package hsum6.mpl instead. 

Get the hypergeometric representations for sin(cc), sin(x)^, arcsin(cc), 
arcsin(x)^, and arctan(a;), combining EPS and hsum. 
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Exercise 4. Write the following representations of the Legendre polynomials 
in hyper geometric notation: 




In the hypergeometric representations, where from can you read off the upper 
bound of the sum? 



2 Summation of hypergeometric series 

In this section, we try to simplify both definite and indefinite hypergeometric 
series. 

2.1 Fasenmyer’s method 

Given a sequence s„ , as hypergeometric sum 

OO 

s„ = ^ F{n,k) , 

k— — (X) 

how do we find a recurrence equation for s„ ? Celine Fasenmyer proposed the 
following algorithm (see e.g., [11], Chapter 4): 

1. Compute ansatz := W L k + i) ^ Q(^Yi,k). 

j=0,...,J 

2. Bring this into rational form and set the numerator coefficient list w.r.t. 
k zero. If the corresponding linear system has a solution, this leads to a 
fc-free recurrence equation for the summand F(n, k) . 

3. Summing this recurrence equation for k = — oo, . . . ,oo gives the desired 
recurrence for s„ . 

If successful, this results in a holonomic recurrence equation for s„ . If we are 
lucky, and the recurrence is of first order, then the sum can be written as a 
hypergeometric term by formula (1.1)-(1.2). This algorithm can be accessed 
by the commands kfreerec and fasenmyer of the hsum package. 

As an example, to compute 
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n "^ / \ 

= = ^ ( J ’ 

k=0 k=0 ^ ^ 

in the first step one gets the well-known binomial coefficient recurrence 
F{n +l,k) = F{n, k) + F{n, k — 1) 
or in the usual notation 




from which it follows by summation for k = —oo, . . . , oo 

F Sji — , 



since 

OO OO 

^ F{n,k)= F{n,k-1). 

k— — oc) k— — oc) 

With So = 1 one finally gets s„ = 2” . 

In practice, however, Fasenmyer’s algorithm is rather slow and inefficient. 



Exercise 5. Using Fasenmyer’s method, compute a three-term recurrence 
equation for the Laguerre polynomials 



Ln{x) = 






(- 1 )^ 

k\ 



= iFi 



and for the generalized Laguerre polynomials 




( 2 . 1 ) 



2.2 Indefinite summation and Gosper’s algorithm 

Given a sequence , one would like to find a sequence Sk which satisfies 

a-k = Sfe+i — Sfc = Asfc . (2.2) 

Having found Sk makes definite summation easy since by telescoping it follows 
from (2.2) for arbitrary M, N gZ 

N 

ttfe = Sat+1 — Sm ■ 

k=M 
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We call Sk = ^ak an indefinite sum (or an antidifference) of Ofc . Hence 
indefinite summation is the inverse of the forward difference operator A . 

Gosper’s algorithm ([6], see e.g., [11], Chapter 5) takes a hypergeometric 
term Ok and decides whether or not Ok has a hypergeometric term anti- 
difference, and computes it in the affirmative case. In the latter case Sk is a 
rational multiple of Uk, Sk = Rk a-k with Rk G Q(fc) . 

Note that whenever Gosper’s algorithm does not find a hypergeometric 
term antidifference, it has therefore proved that no such antidifference exists. 
In particular, using this approach, it is easily shown that the harmonic num- 

n 

bers Hn = X) I cannot be written as a hypergeometric term. On the other 

k=l 

hand, one gets (checking the result applying A is easy!) 

Both Maple’s sumtools package and hsumfi.mpl contain an implementation 
of Gosper’s algorithm by the author. The gosper command of the hsum 
package will give error messages that let the user know whether the input 
is not a hypergeometric term (and hence the algorithm is not applicable) 
or whether the algorithm has deduced that no hypergeometric term antid- 
ifference exists. Since this is (unfortunately) against Maple’s general policy, 
sumtools [gosper] does not do so, and gives FAIL in these cases. 

Exercise 6. Use Gosper’s algorithm to compute 

s(m,n) = , 

n 

tn = y^^k^ , 

k^l 

and 

" 1 
S k{k + 5) ■ 



2.3 Zeilberger’s algorithm 

Zeilberger [24] had the brilliant idea to use a modified version of Gosper’s 
algorithm to compute definite hypergeometric sums 

OO 

s„ = ^ F{n,k) , 

k— — oc) 







Computer Algebra Algorithms 



9 



like Fasenmyer’s algorithm does (see e.g., [11], Chapter 7). However, Zeil- 
berger’s algorithm is much more efficient than Fasenmyer’s. Note that, when- 
ever Sn is itself a hypergeometric term, then Gosper’s algorithm, applied to 
F{n, k) , fails! Thus a direct application of Gosper’s algorithm to the summand 
is not possible. 

Zeilberger’s algorithm works as follows: 

1. For suitable J G N set 

Ofc = F(n, k) + aiF{n -I- 1, fc) -I- • • • -I- ajF{n + J,k) . 

2. Apply Gosper’s algorithm to determine a hypergeometric term Sk, and at 
the same time rational functions Uj G Q(n) such that Uk = Sk+i — Sk ■ 

3. Summing for k = — oo,...,oo yields the desired holonomic recurrence 
equation for s„ by telescoping. 

One can prove that Zeilberger’s algorithm terminates for suitable input. 

The command sumtools [sumrecursion] as well as sumrecursion and 
closedform of the hsum package are implementations of Zeilberger’s algo- 
rithm. 



Exercise 7. Compute recurrence equations for the binomial power sums 



A 



for TO = 2, . . . , 7. 

In the 1980s these results were worth a paper in a mathematical journal! 



If the resulting recurrence equation is of first order, then in combination 
with formula (1.1)-(1.2) and the value sq one gets a hypergeometric term rep- 
resentation of the sum s„ . This is the strategy of the closedform command. 
As an example, using this approach, it is easy to deduce Dougall’s identity 



( a,l + ^,b,c,d,l + 2a — h— c — d+ n, —n 

1 

|,l-|-a — 6, l-|-a — c, l-|-a — d, 6-|-c-|-(i — a — n,l-|-a-|-n 

_ (1 -I- a)n (a -I- 1 — 6 — c)„ (a -I- 1 — 6 — d)„ (a -I- 1 — c — d)„ 

(1 -I- a — &)„ (1 -I- a — c)„ (1 -I- a — d)„ (l-|-a — 6 — c — d)„ 



from its left hand side. 
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Exercise 8. Find hypergeometric term representations for the sums 

n 



fc =0 



and 




Assume you have two hypergeometric sums, how can you check whether 
they are different disguised versions of the same special function? Zeilberger’s 
paradigm is to compute their recurrence equations, and, if these agree, then 
it remains to check enough initial values. Using this approach, it is easy to 
check that the three representations of the Legendre polynomials, given in 
(1.3)-(1.5), all agree with the fourth representation 



Pn{x) 



= x^2Fi 



( n 1 — n 
2 ’ 2 
1 




(2.3) 



Exercise 9. Prove that the representations (1.3)-(1.5) and (2.3) all con- 
stitute the same functions, the Legendre polynomials. 

With this method, one can prove many of the hypergeometric identities 
that appear in Joris van der Jeugt’s contribution in these lecture notes, for 
example Whipple’s transformation (2.10) as well as the different representa- 
tions of the Clebsch-Gordan coefficients Clebsch-Gordan coefficients and 
Racah polynomials, and many of the corresponding exercises can be solved 
automatically. 

Even more advanced questions that involve double sums can be solved: to 
prove Clausen’s formula 



2F1 



a + b+ I 



= 3F2 



' 2a,2b,a + b 

, 2a 2b. a b -\- 



which gives the cases when a 3F2 is the square of a 2 F 1 , one can write the 
left hand side as a Cauchy product. This gives a double sum. It turns out that 
the inner sum can be simplified by Zeilberger’s algorithm, and the remaining 
sum is exactly the right hand side. 
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2.4 A generating function problem 

Recently, Folkmar Bornemann showed me a generating function of the Leg- 
endre polynomials and asked me to generate it automatically [3]. Here is the 
problem: write 



G(a 



t) := 



OO 



n=0 



a-\- n — 1 
n 



Pn{x) 



as a hypergeometric function. We can take any of the four given hypergeomet- 
ric representations of the Legendre polynomials to write G{x, z, a) as double 
sum. Then the trick is to change the order of summation. If we are lucky, 
then the inner sum is Zeilberger-summable, hence a single hypergeometric 
sum remains which gives the desired result. 

It turns out that (only) the fourth representation (2.3) leads to such a 
result, namely 



OO 



E 

n—O 



a-\- n — 1 
n 



Pn{x) 



1 

(1 — xz)°^ 



2F1 



( a Q+1 
2 ’ 2 
1 



(x2-l)z2\ 
(CCZ-1)2 j ■ 



Note that a variant of this identity can be found as number 05.03.23.0006.01 in 
the extensive online handbook [23]. It occurs there without citation, though, 
hence without proof. 



Advanced Exercise 10. Derive the Askey-Gasper identity which was the 
essential ingredient in de Branges’ proof of the Bieberbach conjecture (see, 
e.g., [11], Example 7.4). Hence write as a single hypergeometric series 



l^J 



E 



{\)j (f + (a+l)n-2j 



/2j - n, n - 2j -b a -b 1, 



2.5 Automatic computation of infinite sums 



Whereas Zeilberger’s algorithm finds Chu- Vandermonde’s formula for n G 



N>o 




(C - b)n 
(c)n 



(2.4) 



the question arises how to detect Gauss ’ identity 







12 



Wolfram Koepf 



r(c)r(c-g-&) 

^ c J r(c — a)r(c — b) 

for a, 6, c G C in case of convergence, i.e., if Re (c — a — &) > 0, extending 
(2.4). 

The idea is to detect by Zeilberger’s algorithm 

^ (c g)m (c b)rn 

c + m J {c)m{c- a- b)jn 

and then consider the limit as m oo. 

Using appropriate limits for the Gamma function, this and similar ques- 
tions can be handled automatically by the inf closedf orm prodecure of 
Vidunas’ and Koornwinder’s Maple package infhsum [22]. 





Exercise 11. Derive Rummer’s theorem, i.e. find a closed form for 



1 -h a — 6 



-1 . 



Find an extension of the Pfajf-Saalschiitz formula 



^ (c g)n (c b’jji 

c,l + a + b-c-n ) {c)n{c-a-b)n 



2.6 The WZ method 

Assume we want to prove an identity 

OO 

X! 

k— — oc) 

with hypergeometric terms /(n, fc) and s„, see e.g. [11], Chapter 6. Then 
Wilf ’s idea is to divide by s„ , and therefore to put the identity into the form 

OO 

Sn ■= ^ F{n,k) = l. (2.5) 

= — OO 

Now we can apply Gosper’s algorithm to F{n + l,k) — F{n,k) as a function 
of k. If this is successful, then it generates a rational multiple G{n,k) of 
F{n, k ) , i.e., G(n, k) = R{n, k) F{n, k) with R{n, k) G Q(n, k ) , such that 



F{n -I- 1, A:) — F{n, k) = G{n, A: -I- 1) — G{n, k) , 



( 2 . 6 ) 
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and telescoping yields s„+i — s„ = 0, and therefore (2.5). Hence the sheer 
success of Gosper’s algorithm gives a proof of (2.5). This is called the WZ 
method. 

Moreover, if the WZ method was successful, it has computed the rational 
certificate R(ji, k) G Q(n, k) which enables a completely independent proof 
of (2.5) that can be carried out by hand computations: Dividing (2.6) by 
F{n,k), we have only to prove 



F{n + 1, k) 
F{n, k) 



— 1 = i?(n, fc + 1) 



F(n, k + 1) 
F{n, k) 



R{n, k) , 



a purely rational identity. 

The function WZcertif icate of the hsum package computes the rational 
certificate if applicable. 

Exercise 12. Prove by the WZ method: 




and (this is again the disguised Chu- Vandermonde formula) 




2.7 Differential equations 



Zeilberger’s algorithm can easily be adapted to generate holonomic differential 
equations for hyperexponential sums (see, e.g., [11], Chapter 10) 

OO 

«(^) = X! ■ 

k— — oo 



For this purpose, the summand F{x, k) must be a hyperexponential term 



w.r.t. x\ 



F{x, k) 



G Q{x,k) . 



With this algorithm which is implemented as sumdiffeqin the hsum package 
it is easy to check that all representations (1.3)-(1.5) and (2.3) of the Legendre 
polynomials satisfy the same differential equation 



(1 — x^) P"(x) — 2xP^{x) + n{n + 1) P„(x) = 0 . 



In CAOP [20], an online version of the Askey- Wilson scheme of orthogonal 
polynomials [8] developed by Rene Swarttouw, the hsum package is used 
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to interactively compute recurrence and differential equations for personally 
standardized orthogonal polynomial families of the Askey- Wilson scheme. 



Exercise 13. Find holonomic differential equations for the Jacohi polyno- 
mials 



V n ) ya + d+1 

and the generalized Laguerre polynomials (2.1). 



1 + a: 



(2.7) 



3 Hypergeometric term solutions of recurrence equations 

3.1 Petkovsek’s algorithm 

Petkovsek’s algorithm is an adaption of Gosper’s (see, e.g., [11], Chapter 9). 
Given a holonomic recurrence equation, it determines all hypergeometric term 
solutions. The command rechyper of the hsum package is an implementation 
of Petkovsek’s algorithm. 

Petkovsek’s algorithm is slow, especially if the leading and trailing coeffi- 
cients of the recurrence equation have many factors. Maple 9 will contain a 
much more efficient algorithm hsols due to Mark van Hoeij [21] for the same 
purpose. 

As an example, the recurrence equation 
3 ( 37 z -t“ 4)(3?r -t- 7 )( 37 z -t- 8 )sti ^-3 -t- 4 ( 37 z -t- 4 )( 377 r^ -t- ISOn -t- 218)s,^3_2 

-|-16(n -I- 2)(33n^ -I- 125n -|- 107)s„+i -I- 64(n -|- l)(n -I- 2)(3n -|- 7)s„ = 0 
which is the output of Zeilberger’s algorithm applied to the sum 




has the hypergeometric term solution (—4)” which finally yields s„ = (—4)”. 

3.2 Combining Zeilberger’s and Petkovsek’s algorithms 

As seen, Zeilberger’s algorithm may not give a recurrence equation of first 
order, even if the sum is a hypergeometric term. This rarely happens, though. 
In such a case, the combination of Zeilberger’s with Petkovsek’s algorithm 
guarantees to find out whether a given sum can be written as a hypergeometric 
term. 

Exercise 9.3 of my book [11] gives 9 examples for this situation, all from 
p. 556 of [18]. 
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Advanced Exercise 14. Use a combination of Zeilberger’s algorithm and 
Petkovsek’s algorithm to find a simple representation (as linear combination 
of two hypergeometric terms) of the sum 




4 Integration 

4.1 Indefinite integration 

To find holonomic recurrence and differential equations for hypergeometric 
and hyperexponential integrals, one needs a continuous version of Gosper’s 
algorithm. Almkvist and Zeilberger gave such an algorithm ([1], see, e.g., 
[11], Chapter 11). It finds hyperexponential antiderivatives if those exist. This 
algorithm is accessible as procedure contgosper of the hsum package. 

For example, this algorithm proves that the function does not have a 
hyperexponential antiderivative. In fact, this function does not even have an 
elementary antiderivative; but this cannot be detected by the given algorithm. 
On the other hand, the algorithm computes, e.g., the integral 

f / 2x 10(l + x^)x®\ 1 + x^ 

J lyl-xio ^ (l-xl0)2 j = 1-xlO ■ 



4.2 Definite integration 

Applying the continuous Gosper algorithm, one can easily adapt the discrete 
versions of Zeilberger’s algorithm to the continuous case. The resulting algo- 
rithms find holonomic recurrence and differential equations for hypergeometric 
and hyperexponential integrals. 

The procedures intrecursion and intdiffeq of the hsum package are 
implementations of these algorithms, see [11], Chapter 12. 

As an example, we would like to find 

1 

S{x,y) = J {1 — ty dt . 

0 

Applying the continuous Zeilberger algorithm w.r.t. x and y, respectively, 
results in the two recurrence equations 

— {x + y + 2) S{x -I- 1, y) -I- (x -I- 1) S{x) = 0 



and 







4.3 Rodrigues formulas 

Using Cauchy’s integral formula 
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n\ 

27ri 



h(f)_ 

X)n+1 



dt 



7 

for the nth derivative makes the integration algorithms accessible for Ro- 
drigues type expressions 



fn{x) = gn(x) -^^n{x) . 

This is implemented inrodriguesrecursion and rodriguesdif f eq of the 
hsum package, see [11], Chapter 13. 

Using these algorithms, one can easily show that the functions 

p (x) — ^ (1 _ 

are the Legendre polynomials, and that 



lI^Kx) = 



n! x“ dx” 



(g-^x“+”) 



are the generalized Laguerre polynomials. 



Exercise 17. Prove the Rodrigues formula 

1— li" d" 

( 1 + ((1 - 

for the Jacobi polynomials (2.7). 



4.4 Generating functions 

If F{z) is the generating function of the sequence anfn{x), 



= ^anfn(x) Z” , 



n=0 



then by Cauchy’s formula and Taylor’s theorem 

a„ n! a„ 2tti J 



Hence, again, we can apply the integration algorithms. This is implemented 
in the functions GFrecursion and GFdiffeq of the hsum package, see [11], 
Chapter 13. 








5 Applications and further algorithms 

5.1 Parameter derivatives 

For some applications, one uses parametrized families of orthogonal polyno- 
mials like the generalized Laguerre polynomials that are parametrized by the 
parameter a . It might be necessary to know the rate of change of the family 
in the direction of the parameter a (see [10]). 

Using Zeilberger’s algorithm and limit computations (with Maple’s limit) 
one can compute such parameter derivatives in this and in similiar occasions. 



Advanced Exercise 20. Prove the following representation for the pa- 
rameter derivative of the generalized Laguerre polynomials 

Q 1 



by proving first that 






and taking limit fj, 0 . 
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5.2 Basic hypergeometric summation 



Instead of considering series whose coefficients Ak have rational term ra- 
tio Ak+i/Ak G Q(k), we can also consider such series whose coefficients 
Ak have term ratio A^+i/Ak G Q(q^) for some q G C. This leads to the 
q -hyper geometric series — also called basic hypergeometric series — (see, e.g., 



[5]) 




OO 






Here the coefficients are given by 



Ak 



{ai;q)k---{ar;q)k 

{bi;q)k-"{bs-,q)k {q;q)k'^ ^ 



where 



k-l 

{a-,q)k = 



j=0 



aq^) 



denotes the q-Pochhammer symbol. 
Further ^-expressions are given by 



1. the infinite g-Pochhammer symbol: (a; < 7)00 = lim (a;<z)n; 

n—*oo 

(q; q)k 



2 . the ( 7 -factorial: [k]q\ = 



(1-9) 



k ’ 



3. the ( 7 -Gamma function: Fg(z) = 



(g; q)c 

{q^-,q)c 



4 . the ( 7 -binomial coefficient: 



-{l-q) 
( 9 ; q)n 



1-2 . 



( 9 ; q)k ( 9 ; q)n-k ’ 



5 . the ( 7 -brackets: [k]q = 



l-q^ 

1-9 



= l-b9+' 






For many of the algorithms mentioned in this minicourse corresponding q- 
versions exist, see [11]. These are implemented in the qsum package, see [2], 
and the above ( 7 -expressions are accessible, see [11], Chapter 3. 

For all classical hypergeometric theorems corresponding ( 7 -versions exist. 
These can be proved by a ( 7 -version of Zeilberger’s algorithm (qsumrecursion) 
via the qsum package. For example, the q -Chu- Vandermonde theorem states 



that 




(c/^; Q)n 
{^‘1 ^)n 



As usual, the right hand side can be computed from the left hand side. 

All classical orthogonal families have ( 7 -hyper geometric equivalents. For 
example, the little and the big q -Legendre polynomials, respectively, are given 

by 
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and 



Pn{x\(l) = 2Pl 



Pn{x;c;q) = 31^2 



n ^n+1 
H y 



q; qx 



n ^n+1 ™ 
q , t/ ,0/ 



Q\Q 



For these, by the procedure qsumrecursion, we get the recurrence equations 



q^{q^-l){q^ + q)pn{x\q) + {q^^-q){q^^x + xq^ + q^+^x-2q^ + qx)pn-i{x\q) 

+ q-{q^ + l){q--q)pn-2{x\q) = 0, 

and 



9(9" - l)(cg” - l)(g” + q)Pn{x] c; q) 

+ (<7^” - q){q^"x - 2g”+i + (7”+ix - 2(7™+1 c + xq" + qx)Pn-i{x-, c; q) 
- 9”(9" + 1)(9^ - 9)(9" - cq)Pn- 2 {x; c;q) = 0 . 



Exercise 21. Prove the identity 




Compute Pni^lq) in closed form. 

With the algorithms of the qsum package some of the exercises of Dennis 
Stanton’s contribution in these lecture notes can be solved. 

Using Hahn’s (^-difference operator 



Dqf{x) 



fix) - fjqx) 
(1 - q)x 



one can also compute q -difference equations w.r.t. the variable x by the 
qsumdif f eq procedure. 



5.3 Orthogonal polynomial solutions of recurrence equations 

The classical orthogonal polynomials 

Pn{x) = fc„x” -I 

(Jacobi, Laguerre, Hermite and Bessel) satisfy a second order differential equa- 
tion 



a{x) P”{x) t{x) P'ffx) + A„ Pn{x) = 0 
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where cr(x) is a polynomial of degree at most 2 and r(x) is a polynomial of 
degree 1.^ From this differential equation one can determine the three-term 
recurrence equation for P„(cc) in terms of the coefficients of cr(x) and t(x), 
see [12]. 

Using this information in the opposite direction, one can find the cor- 
responding differential equation of second order — if applicable — from a given 
holonomic three-term recurrence equation. This is implemented in the procud- 
ure REtoDE of the retode package retode.mpl [13]. Note that Koornwinder 
and Swarttouw have a similar package rec2ortho [14] but use a different 
approach. 

As an example, we consider the recurrence equation 

Pn+2{x) - {x -n - 1) Pn+l{x) + a {u + 1)^ Pn{x) = 0 . (5.1) 

For this recurrence, the program finds that only if a = j there is a classical 
orthogonal polynomial solution Pn{x) with = 1 and density p{x) = 
on the interval [— |,oo) satisfying the differential equation 

0 + 2nP„(x) = 0 , 

hence a translate of the Laguerre polynomials. 

Similarly, the classical discrete orthogonal polynomials (Hahn, Meixner, 
Krawtchouk, Charlier) satisfy a second order difference equation 

a{x) AVP„(x) -I- T{x)APn{x) + A„ P„(x) = 0 , 

where V/(a:) = f{x) — f{x— 1) is the backward difference operator, a{x) is a 
polynomial of degree at most 2 and t{x) is a polynomial of degree 1. Again, 
from this equation one can determine the three-term recurrence equation for 
Pn{x) in terms of the coefficients of a{x) and t{x) and convert this step, see 
[13]. This algorithm is accessible via REtodiscreteDE. 

Taking again example (5.1), now we find that only for a < j there are 
classical discrete orthogonal polynomial solutions of the Meixner /Krawtchouk 
family. 

® If ct{x) has two different real roots a < b, then P„{x) is of the Jacobi family in 
the interval [a, 6] , if it has one double root, then Pnix) is of the Bessel family, if 
it has one single root, Pn{x) is of the Laguerre family, and if it is constant, then 
Pn(x) is of the Hermite family. 
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Exercise 22. Find the classical orthogonal polynomial solutions of the 
recurrence equation 

(n + 3) P„+ 2 (x) - x{n + 2) P„+i(x) + (n + 1) P„(cc) = 0 . 

Compute the recurrence equation for the functions 



Pn{x) = 2 P 0 



and determine whether they are classical orthogonal polynomial systems. 



Finally, the classical g-orthogonal polynomials (see [8]) of the Hahn class 
satisfy a second order g -difference equation 



a{x) DqDi/qPn{x) + T(x)PgP„(x) -|- A„ P„(x) = 0 , 

where cr(a:) is a polynomial of degree at most 2 and t{x) is a polynomial of 
degree 1. Again, from this equation one can determine the three-term recur- 
rence equation for P„(cc) in terms of the coefficients of cr(x) and r(x) and 
convert this step, see [13]. This algorithm is accessible via REtoqDE. 

As an example, for the recurrence equation 

P„+ 2 (x) -xPn+i{x) +aq^ ((7”+^ - 1) P„(x) = 0 , 



we get the corresponding g -difference equation 



-I- a) DqDi/qPn{x) ^DqPn{x) 

' <7 — 1 



<?(<7" - 1) 

(g- l)2g" 



P„(x) = 0 . 



Exercise 23. Check that the little and big g-Legendre polynomials are in 
the Hahn class of g-orthogonal polynomials. 



6 Epilogue 

The author’s Maple packages and their help pages can be downloaded from the 
website http : //www.mathematik.uni-kassel . de/~koepf /Publikationen. 
Installation guidelines can be obtained by e-mail request. Finally, the ac- 
companying Maple worksheets for this minicourse can be found at http : 
//www.mathematik.uni-kassel . de/~koepf/i ivortrag.html. 

Software development is a time consuming activity! Software developers 
love it when their software is used. But they need also your support. Hence 
my suggestion: if you use one of the packages mentioned for your research, 
please cite its use! 
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3nj -Coefficients and Orthogonal Polynomials 
of Hypergeometric Type 



Joris Van der Jeugt 
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Krijgslaan 281-S9, B-9000 Gent, Belgium, Joris.VanderJeugt@rug.ac.be 



Summary. We give a self-contained introduction to the theory of 3nj -coefficients 
of su(2) and su(l, 1), their hypergeometric expressions, and their relations to or- 
thogonal polynomials. The 3nj -coefficients of su(2) play a crucial role in various 
physical applications (dealing with the quantization of angular momentum), but 
here we shall deal with their mathematical importance only. 

We begin with a brief explanation of representations of the Lie algebra su(2) , and 
of the tensor product decomposition. All this is derived in a purely algebraic context 
(avoiding the notion of Lie groups for those who are not familiar with this). The 
Clebsch-Gordan coefficients (or 3j -coefficients) are defined, and their expression as 
a hypergeometric series is deduced. The relation with (discrete) Hahn polynomials 
is emphasized. 

The tensor product of three representations is discussed, and the relevant Racah 
coefficients (or 6j -coefficients) are defined. The explicit expression of a Racah coef- 
ficient as a hypergeometric series of 4 Ts-type is derived. The connection with Racah 
polynomials and their orthogonality is also determined. 

As a second example closely related to su(2) , a class of representations (together 
with their 3j- and -coefficients) of the Lie algebra su(l, 1) is considered. 

Finally, we introduce general coupling theory : the tensor product of (n -|- 1) 
representations is considered, and “generalized recoupling coefficients” or 3nj- 
coefficients are defined. In this context, the Biedenharn-Elliott identity is shown 
to play a crucial role. We shall derive various results from this identity, e.g. convolu- 
tion theorems for certain orthogonal polynomials, orthogonal polynomials in several 
variables, and interpretations of 3nj -coefficients as connection coefficients. 
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3nj -Coefficients and Orthogonal Polynomials of Hypergeometric Type 27 

1 The Lie algebras su(2) and su(l, 1) and 
representations 



1.1 Lie algebras, enveloping algebras 

Although we shall be concerned only with the Lie algebras su(2) and su(l, 1) , 
let us first consider the general definition of a Lie algebra g . The ground field 
AT is K or C. 

Definition 1.1. A vector space g over the field K , with a bilinear operation 
[ j ] : g X g ^ g, called a Lie algebra over K if 

• [x^y] = —[y,x] (anti- symmetry) 

• [x,[y^z\\-\-[y,[z,x]]-\-[z^[x,y\\ = Q (Jacobi-identity) 
for x,y,z G Q. 

It is obvious how to define a subalgebra () of g : a subspace 1) of g is a 
subalgebra if [x,y] G t) whenever x,y G t). 

The operation [ , ] is usually referred to as the bracket or commutator. 
The reason for the last terminology comes from the following observation. 
Let g be an ordinary (associative) algebra over K , with the product of two 
elements x,y G 2 denoted by x • y = xy. Then g is turned into a Lie algebra 
by taking 

[x,y] = xy-yx. (1.1) 

The simplest example of a Lie algebra is gl(n, C) . As a vector space, gl(n, C) 
consists of all complex (n x n) matrices. The product is the usual matrix 
product; and the bracket is defined by (1.1). As a basis for g[(n,C), one can 
take the matrix units (i, j = 1, . . . ,n). The commutator for these basis 
elements reads : 

[Cij j — djl^Cil dilCkj. 

Since the trace of square matrices satisfies tr{xy) = tr(yx), we have that 
tr([cc,y]) = 0 for all elements of g[(n, C). Thus, the subspace consisting of 
traceless elements of g((n,C) forms a Lie subalgebra, denoted by sl(n,C). 
Clearly, sl(n,C) has — 1 basis elements. 

More generally, let M be a vector space over AT, and denote by End(M) 
the set of linear transformations from V to V . End(C) is a ring with the 
usual product operation. Defining the bracket by (1.1), End(E) becomes a 
Lie algebra over AT. Usually, this Lie algebra will be denoted by gI(U) . 

Let us consider the Lie algebra sl(2, C) , with the following standard basis : 



Jo = 



/ 1/2 0 \ 

V 0 -1/2J’ 





( 1 . 2 ) 



The basic commutation relations then read : 



[Jo,J±] = ±J±, [J+,J_] = 2Jo. 



(1.3) 
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Let 0 be a Lie algebra, say with basis elements xi (i = 1, 2 . . . , m) . The 
structure constants are the constants appearing in the commutators 

^ ' ^ij^k ■ 
k 



The enveloping algebra U{q) is the associative algebra with unit, generated 
by the elements Xi , and subject to the relations 

XiXj - XjXi - ^ C^jXk = 0. 
k 



The structure of U (0) is independent of a basis (it is universal) , but we shall 
not be concerned with the details of this. For our further developments, we 
only need some properties of fY(sl(2,C)). 

Proposition 1.1. The following relations hold in U{sl{ 2 ,C)) (n gN) : 

(a) JoJ^ = J^{Jo±n) 

(b) [J-, Jlf] = -n(n - - 2nJ”“ Vo 

(c) [C,x\ = 0 for all x G fi(sl(2,C)), where 

C = J^J— + Jq — Jo — J—J+ + Jo T Jo 



(the Casimir operator). 



Proof. For n = 1 , (a) follows directly from [ Jq, J±] = ± J± ; next use induction 
on n. Similarly for (b), the case n = 1 is trivial. Then, use the general 
commutator identity [x, yz] = y[x, z] + [x, y]z to write 

[j_, j”] = [j_, jrv+] = jr '[•/- v+] + [J-, jr v+, 

and then use again induction on n. To prove (c), it is sufficient to show that 
it holds for x equal to Jq , J+ and J_ . Each of these is easy to verify, e.g. 

[C, J+] = [J+ J_ + Jo" - Jo, J+] 

= J+[J-, J+] + Jo[Jo, J+] + [V, J+]Jo — [V, J+] 

= — 2J_|_ Jo + Jo J+ + J+ Jo — J+ — 0- 



1.2 Representations or modules 

Let us now come to the topic of representations of a Lie algebra 0, or 0- 
modules. First, a linear transformation <p : Qi ^ 32 (0i and 02 two Lie 
algebras over K) is called a homomorphism if {p{[x,y\) = [(p{x) , ip{y)] for 
all X, j/ G 01 . A representation of a Lie algebra 0 in V (with V a vector 
space over AT) is a homomorphism (p : g ^ 0f(l^)- ^ is then called the 
representation space. It is often convenient to use the language of modules 
along with the equivalent language of representations. 
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Definition 1.2. A vector space V endowed with an operation q x V ^ V 
(denoted by (x,v) x-v = xv) is called a g-module if the following conditions 
are satisfied (x,y G q;v,w G V; a,b G K ) : 

(ml) (ax + by) • v = a{x ■ v) + b{y ■ v) , 

(m2) X • {av + bw) = a{x ■ v) + b{x ■ w) , 

(m3) [x,y] •v = x- y- v — y-x-v. 

The relation between representations and g -modules is natural : if (/? is a 
representation of g in the vector space V , then H is a g-module under the 
action x ■ v = (p(x)(v) (and vice versa). Also the notions of g-module and 
Z^(g) -module are equivalent. 

If IT is a subspace of a g-module V such that xw G W for every x G Q 
and w GW , then IT is a g -submodule. A g-module V which has only the 
trivial g-submodules V and {0} is called irreducible. Often, this is referred to 
as a simple g-module V . T is called completely reducible if T is a direct sum 
of irreducible g-submodules. In other words, V is completely reducible if each 
g-submodule IT of T has a complement IT' which is itself a g-submodule 
with T = IT 0 IT'. All this terminology (irreducible, completely reducible) 
applies to representations as well. 

An important notion to introduce is the concept of tensor product of g- 
modules. Let V and W be g-modules, and let V ®W be the tensor product 
over K of the underlying vector spaces. Recall that if V and W have respec- 
tive bases vi,V 2 , ■ ■ ■ and wi,W 2 , ■ ■ then V ®W has a basis consisting of the 
vectors Vi 0 Wj . Now T 0 IT has the structure of a g-module by defining : 

x-{v®w)=x-v®w + v®x-w. (1-4) 

To convince yourself that this is the right definition, the crucial condition to 
verify is (m3). 

1.3 Verma modules of sl(2,C) 

Now we shall concentrate on some special representations (or modules) of 
g = sl(2,C) . A Verma module is a g-module generated by a single vector v . 
In particular, let u be a vector satisfying 

Jqv = \v, 
j-v = 0. 

We say that the action of Jq on v is diagonal, and that v is annihilated 
by J_ . Let us consider the Verma module V generated by the single vector 
V. Clearly, the vectors u, J+w, J^v, . . . are vectors of V. Let us compute the 
action of Jq, J+ and J_ on such a vector J”v. Using Proposition 1.1, we 
find : 
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Jo( = JU-h + n)v = (A + n)( J», 

J+(J» = 

J_(J» = (J” J_ - n{n - - 2nJl-^Jo)v 

= — n(2A + n — l)(J"“^w) (n > 1). 

Thus it is clear that the vectors J"u (n € N) form a basis of the Verma 
module V. The eigenvalue of J"u under the action of Jq is A + n. Let us 
denote these vectors by 

'^A+n — J_^V. 

Then the previous computations show : 

Proposition 1.2. The s((2,C) Verma module V = VA generated by a single 
vector V = v\ satisfying Jqv = Xv and J-V = 0 has a basis of vectors 
v\+n = J+v (n gN), and the action is given by 

JoV\+n = (X + n)vx+„, 
d+'^X+n — ‘^X+n+1-} 

J-V\+n = -n(2A + n- l)wA+n-l- 



Observe that 



CuA+„ = CJlvx = JlCvx = (A^ - A)ua+„. 

From the actions given in this proposition, it is clear that V\ is a simple 
(or irreducible) 51(2, C) -module if 2A — 1 is different from — 1, — 2, — 3, . . .. 
So, if — 2A ^ N, then V\ is simple. If — 2A G N, then V\ is not simple. Let 
us consider this case in more detail. Suppose A = —j with j G Then 
J-Vj+i = 0, so the subspace M\ of V\ consisting of vectors Vj+n+i (n G N) 
is a sl(2,C) -submodule of V\. The quotient module L\ = V\/M\ is then 
finite-dimensional, and is spanned by (representatives of) the (2j -|- 1) vectors 
Vm with m = — j, —j + 1, ... ,j ■ This module is often denoted by Dj , with 
j G ^N. Thus, the action of sl(2,C) on the basis of Dj is given by 

JoVm = rnVm, {m = -j,-j 

J+Vm.=Vjn+l, {m = -j,-j -1), J+Vj=Q, 

J-Vm = (j + m){j -m + l)vm.-i {m = -j, -j + 1,... ,j). 

1.4 ★-operations and ★-representations 

In order to introduce an inner product on the representation space, we need 
the notions of ★-algebra and ★-representation. 

Definition 1.3. The Lie algebra g over K is a -x -algebra if there exists a 
conjugate-linear anti-automorphic involution ★ : g — > g : x ^ cc* , satisfying 
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{x*y = X 

{ax + by)* = ax* + by* 
[x,y]* = [y*,x*] 



with x,y G Q and a,b G K . 

For sl(2,C), there exist two non-equivalent ^-operations. These are explicitly 



given by 


II 


II 


(su(2) case) 


(1.5) 


and 


II 


1 

II 


(su(l,l) case). 


(1.6) 



The real Lie algebra with commutators (1.3) and *-operation (1.5) is called 
the Lie algebra su(2); the real Lie algebra with commutators (1.3) and *- 
operation (1.6) is called the Lie algebra su(l, 1). 

Suppose a *-operation is given on a Lie algebra g. Consider a g -module 
V (a representation), and suppose a Hermitian form ( , ) is given on V , i.e. 
( , ) : y X V" ^ C such that 

(u,v) = {v,u), and (u,av + bw) = a{u,v) + b{u,w) {a,b G C;u,v,w G V); 

in the real case, the Hermitian form is just a bilinear form. Then C is a 
-k -representation if for every x G Q and all v,w GV, 

{x ■ v,w) = {v, X* • w). 

Let us now return to the representations of sl(2,C), and investigate when 
these representations are ^-representations for su(2) or su(l,l). In partic- 
ular, we will be interested in the case that the Hermitian form on such a 
representation V coincides with an inner product. For this, it is sufficient 
that {v,v) >0 for every basis vector of V. 

1.5 ★-representations Dj of su(2) 

Let us first consider the *-operation associated with su(2) . Consider the 
Verma module V\ (or its submodule, or the quotient module). On V\, one 
can define a Hermitian form by requiring 

{v\,vx) = 1, 



and postulating that 

{xv, w) = {v, X* w) 

for all v,w gV\ and x G su(2) . From {JoV\,v\) = {v\,JqV\) it follows that 
A has to be real. Furthermore, 

('^^A-t-ni '^^A+n) — ’^X+n) — {'^X+n—l^J—'^X+n) 

= -n(2A -\-n- l)(wA+n-l, WA+n-l), 
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or 

(wA+„, WA+n) = n!(-2A)(-2A - 1) • • • (-2A - n + 1). 

So if A is positive, the sign of {v\+„,v\+n) changes according to even or 
odd n-values, and the Hermitian form on the Verma module is not an inner 
product. 

Consider the case that A is negative. Then {v\+n,v\+n) > 0 if n < 1 — 2A 
and has alternating signs for n > 1 — 2A. So, again the Hermitian form on 
the Verma module is not an inner product. However, in the case that A = —j 
with j G ^N, the form does yield an inner product on the quotient module 
L\ = V\/M\ = Dj . Then we can write 



{vm,Vjn) = (j + m)!(2j)(2j - -m+l){v-j,v-j) 

^ (j + w)!(2j)! 

(j - my. 

for m = —j,—j + l,...,j. So we can define an orthonormal basis for the 
representation Dj by putting 



p = pU) — 




I (j — m)\ 

(j + m)!(2j)! 



We come to the following conclusion : 

Theorem 1.1. For j G ^N, Dj is an irreducible -k -representation of su(2) 
of dimension 2j + 1, with inner product {em\ = Sm,m' for the basis 
(m = — j, and with action given by : 

J^Cyn — mCm , 

J+e^ = \J (j - m)(j + m + (1.7) 

= a/(j + m)(j - m + l)e|^Li. 



For the Casimir operator, one has C* = C and Ce^m = j{j + l)e^^ . 

The m -value of the vector eih is often referred to as the weight of the vector. 
All vectors can be obtained by acting on the highest weight vector with 

powers of J_ , or by acting on the lowest weight vector e_j with powers of 
J+; e.g. 



= 



I (j + m)! y-m U) 



(2j)!(j-hm)! 



( 1 . 8 ) 

(1.9) 
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1.6 ★-representations of su(l, 1) 

Secondly, consider the ★-operation associated with su(l,l). Consider again 
the Verma module V\ with Hermitian form defined by 

{v\,vx) = 1, 



and 



{xv, w) = {v, X* w) 

for all V, w, e Vx and x G su(l, 1) . Again, A has to be real. Now we get : 



('CA-t-n 5 — (^J-\-Vx+n—l ^ — (^A-t-n— 1 ; '^A-t-n) 

= n(2A-|-n- l)(?;A-i-n-i, ^^A-i-n-i), 



or 

{vx+n, vx+n) = n!(2A)(2A -I- 1) • • • (2A -I- n - 1). 



If A is negative, the sign changes again and the Hermitian form is not an 
inner product. If A > 0, the sign of (vx+n,vx+n) is always positive, and the 
Hermitian form is an inner product. Recall that in that case the Verma module 
Va is also irreducible. Using the common notation for the Pochhammer symbol 



{a)n = a{a -I- 1) • • • (a -I- n — 1) (n G N+), 
we have 

{vx+n, Vx+n) = n!(2A)„. 
Define an orthonormal basis 

e(U = 



(a)o = l, (1.10) 



x/nl(2X)r 



Now we have : 



Theorem 1.2. For A > 0, Va is an irreducible -k -representation o/su(l,l), 
with inner product {e^\e^^}) = 5n,n> for the basis (uGN), and with 
action given by : 

= (A -I- n)e)h\ 

J+Cn ^ = \/(n -h 1)(2A -h (1-H) 

= -y/n(2A n - 

The Casimir operator satisfies C* = C and Ce)y'^ = A(A — l)e^'''^ . 




34 



Joris Van der Jeugt 



1.7 Notes and Exercises 

Lie groups and Lie algebras play an important role in mathematics and math- 
ematical physics. Some classical references on Lie algebras and/or their repre- 
sentations are [9], [19], [20], [42], [49]. Textbooks on Lie groups or Lie algebras 
are mainly devoted to the classification of simple Lie groups and algebras. The 
subject arose out of the work of Sophus Lie on differential equations and con- 
tact transformations. The algebraic problems in the classification theory were 
solved by W. Killing and E. Cartan around 1889-1913; then came further 
contributions by H. Weyl, E. Cartan, E.B. Dynkin, A. Weil, C. Chevalley, A. 
Borel, . . . 

Lie groups and algebras are of fundamental importance in physics, espe- 
cially since the development of quantum mechanics. The first applications of 
continuous groups come from representations of the Lorentz group and the 
Poincare group. Gradually, Lie groups made their way to nuclear physics, 
elementary particle physics, quantum field theory, . . . 

In this section, we have considered only the Lie algebras su(2) and su(l, 1) . 
The Lie algebra su(2) and its representations is one of the basic examples. It 
also coincides with the angular momentum algebra in quantum physics, which 
is why physicists have paid so much attention to it. Much of the developments 
of su(2) representation theory was performed by physicists [32], [52], [33], [41], 
[5], see also [8]. 

It is uncommon to treat su(2) representations by means of Verma modules, 
a technique appropriate for the analysis of highest weight modules of Lie 
algebras or Kac-Moody algebras in general [22]. Here, we have chosen for this 
approach because it allows us to analyse representations of su(2) and su(l, 1) 
at the same time. 



Exercises 



1 . 



In section 1.1 the Lie algebras g[(n,K) and s[(n,K) were introduced. Let 
V = , and define a nondegenerate skew-symmetric form / on V by 



the matrix 



B = 




In 

0 



(even-dimensionality is a necessary condition for the existence of a non- 
degenerate bilinear form satisfying f{v,w) = —f{w,v) for all v,w,G 
V). Denote by sp{2n) the set of all endomorphisms of V satisfying 
f{x{v),w) = —f{v,x{w)). In matrix notation, sp(2n) consists of (2n x 
2n)-matrices X satisfying X*B + BX = 0. Show that sp(2n) is a Lie 
subalgebra of s[(2n,K); it is called the symplectic Lie algebra. Show that 
the dimension of sp{2n) is 2n? + n (e.g. by constructing a basis). 

2. Let V = and define a nondegenerate symmetric form / on V by 

the matrix 
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/I 0 0\ 

s = 0 0 . 

Vo/„ 0 y 

Denote by so(2n -|- 1) the set of all endomorphisms of V satisfying 
f{x{v),w) = —f{v,x{w)). In matrix notation, so(2n -I- 1) consists of 
matrices X satisfying X*B + BX = 0. Show that so(2n -1-1) is a Lie 
subalgebra of sl(2n -I- 1,K); it is called the orthogonal Lie algebra. Show 
that the dimension of so(2n -|- 1) is also 2n^ -I- n. 

3. Let again V = and define a nondegenerate symmetric form f on V 
by the matrix 



The set of all endomorphisms of V satisfying f{x{v),w) = —f{v,x{w)) 
is denoted by so(2n). Show that so(2n) is a Lie subalgebra of s[(2n,M) 
(also an orthogonal Lie algebra) of dimension 2n^ — n. 

4. Show, as in Proposition 1.1, that 



[J+, J”] = -n(n - 1) -h 2nJ”“ Vo. 



5. Verify that the action on V 0W , as defined in (1.4), turns V <S>W into 
a 0-module (by checking (ml)-(m3) of definition 1.2). 

6. Let g be a Lie algebra. Show that ad is a representation of g into itself 
(the adjoint representation) by 



a.d{x) ■ y =[x,y], (x,j/Gg). 



7. In section 1.3 the Verma modules of sl(2,C) with lowest weight A were 
constructed. Use the same technique to construct the Verma modules 
W\ with highest weight A. In this case, the generating vector v satisfies 
Jqv = Xv and J+v = 0. Construct a basis for W\, and determine the 
submodule (if there exists one). 



2 Hypergeometric series and some transformation 
formulas 

2.1 Hypergeometric series; Vandermonde’s theorem 

Recall the definition of the hypergeometric series 



F{a, b] c; z) = 2^(0, b] c; z) 




{a)k{b)k k 
k\{c)k 



where {a)k is the Pochhammer symbol (1.10); sometimes we write (a, b, . . .)k 
for {a)k{b)k .... The convergence properties for such series are well known; for 
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1 2 : 1 < 1, the series converges absolutely. Here, we shall mainly be dealing with 
terminating series : if one of the numerator parameters a or & is a negative 
integer —n, then the series consists of n + 1 terms and terminates. In general, 
the denominator parameter c is not a negative integer. In case of a terminating 
series, c is allowed to be a negative integer which must be smaller than the 
negative integer in the numerator responsible for the termination. 

Hypergeometric series appear as solutions of a second order differential 
equation of the form 



z{l — z) + [c — {a + b + l)z]^ — aby = 0. (2.1) 

dz^ dz 

The most general solution for \z\ < 1 is given by 

y = A F{a, b] c; z) + Bz^~^ F{a + 1 — c, 6 + 1 — c; 2 — c; z). (2.2) 

One can verify that also (1 — zY~°'~^F{c— a,c — b] c; z) satisfies (2.1), hence 
it can be expressed in terms of (2.2). By comparing coefficients, one finds : 

F{a, b; c; z) = (1 — zY~°'~^F{c — a, c — b; c; z); (2.3) 

this is known as Euler’s transformation formula. 

Let u and v be two positive integers. All combinations of n elements from 
the set of u + v elements can be obtained by taking k elements from the first 
set of u elements and combining these with n — k elements from the second 
set of V elements. Thus : 



E 



U\ j V 

k) \n — k 



U-\- V 

n 



(2.4) 



This is now a polynomial expression in u and v, so it is valid in general. One 
can rewrite the binomial coefficients by means of 



u\ u 
k 



(u-1) ...{u- k+1) _ ^ ^^fc( -u)fc 

k\ ’ 



fc! 



= (- 1 )^ 



and then (2.4) becomes 

f {-'^)k{-v)n-k = {-U - V)n- 



Using trivial Pochhammer identities such as 



{-V)n-k = 



{l + v-n)k’ 



(2.5) 



(2.5) becomes 
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E {-n)k{-u)k{-v)n , . 



^ f -n,-u {-u-v)r 



this can be rewritten as 

Theorem 2.1. Let n he a nonnegative integer, then 

77 f -n,b {c-b)n 

<= •V = “(Tr' 

This is known as Vandermonde’s summation formula for a terminating 2 T'i 
of unit argument. 



2.2 Generalized hypergeometric series 



The ordinary hypergeometric series 2 ^’i has two numerator parameters a and 
b, and one denominator parameter c. More generally, one can consider the 
generalized hypergeometric series 



p / ai, • ■ • , Op 



^ (ai)fc • • • (gp)fc fc 

^ k'.{bi)k ■ ■ ■ {bq)k 



In the for us interesting case when p = , the series converges when \z\ < 1 . 

Most of the series that we will consider here will be terminating anyway. 

For the generalized hypergeometric series 3 F 2 of unit argument, a summa- 
tion formula follows from Euler’s formula (2.3). Indeed, consider the expansion 
of the right hand side of (2.3) as a series in z : 



{l-zr—^F{c-a,c-b-,c-,z) = Y,(^'' « 



c-a-b\^ ,^k..ksr^ic-a)i{c-b)i j 

k (-1) ^ Z. Wa, 



The coefficient of in this expression is 

E (c - a)i{c -b)i{a + b- c)„-i 
ll{c)i{n-l)l 

Comparing this with the coefficient of 2 ;" in the left hand side of (2.3), gives 

(c - g);(c - b)i{-n)i{a + b- c)n _ {a)n{b)„ 

^ ll{c)i{l-a-b+c-n)inl (c)„n! 



c— a,c— b, —n 



ic, 1 — a — 6-l-c — n’ 



{a)n{b^n 
{c)n{a+b- C)r 



In other words : 
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Theorem 2.2. Let n he a nonnegative integer, and a + h — n + 1 
then 



{ ^5^1 ^ ^)n(c h^n 

V ’ y (c)„(c- a- 6)„' 



c+ d, 
(2.9) 



This is known as the Pfaff-Saalschiitz summation formula. 

Next, we deduce a transformation formula for a terminating balanced 4 T 3 
series of unit argument, due to Whipple (we follow the proof of [1]). 



Theorem 2.3. 



(e - c)„(/ - c)r 



(e)«(/)r 



4 F 3 



—n, d — a,d — b,c 
d,d+e — a — b,d+f — a — b’ 



( 2 . 10 ) 



where a + h+ c — n+1 = d+ e + f (balance condition) . 



Proof. Let a,b,c,d,e, f be arbitrary parameters. The coefficient of 2 :" in 



2F1 ’ 2F1 



d. 



; 2 : 



is given by 



E 



{a)k{b)k {d)n—k{^)n—k 
kl{c)k {n-k)\{f)n-k 



( 2 . 11 ) 



( 2 . 12 ) 



= E 



{a)k{b)k {d)r 



(e)„ (1 - / - n)fc (-u)a 



M{c)k {l-d-n)k{l-e-n)k (f)r 



n\ 



{d)n{^)r 

nl(f)„ 



4 P 3 



a,b,l — f — n, —n 
,1 — d — n, 1 — e — 1 



1 . 



Apply Euler’s transformation (2.3) on both the 2 Fi’s in (2.11); one gets 



(1 - zy-‘^-^+f-‘^-^2Fi ^ 2 F 1 ® 



(2.13) 



When c— a — b+ f — d— e = 0 (this will correspond to the balance condition), 
the coefficient of z" in (2.13) is given by (as before) : 



if - d)n{f - e)n 

n\{f)n 



4F3 



f c — a,c — b,l — f — n,—n , 
\c, 1 — f + d — n, I — f + e — 



(2.14) 



The theorem follows from equating (2.12) and (2.14), and relabelling the pa- 
rameters. 



The following transformation formula for a terminating 3 E 2 series of unit 
argument is due to Sheppard, but often referred to as Whipple’s 3 F 2 trans- 
formation. 
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Corollary 2.1. 

—n, b, c 



</, O', * 

d, e 



(e^ / -n,d-b,c 

’ ' (e)„ ^ ^ [d,l + c-e-n’ 



Proof. Replace a by / — a in (2.10). The left hand side is equal to 



P l' -n,f - a,b,c^ 
d,e,f 



Taking the limit f oo yields 

3P2 



-n,b,c^ ^ 



d,e ’ 



The right hand side of (2.10) reads : 



(e - c)„(/ - c)r 



4T3 



(e)n(/)« 

Taking the same limit gives : 
(e - c)„ 

(e)n 



—n, d — f + a,d — b,c 
d,l + c— f — n,l + c— e — 



1 . 



-n,d-b,c 
' d,l + c — e — n' 



(2.15) 



2.3 Notes and Exercises 

We have given only a selected number of summation and transformation for- 
mulas for (terminating) hypergeometric series in this section. For a systematic 
study, see [4], [43], or the more recent book [1]. 

In the present context, we shall need only the formulas deduced in this sec- 
tion, or transformation formulas derived from (2.10) or (2.15) by consecutive 
application. 



Exercises 
1. Show that 



f a, &, c \ _ r(e)r(d +e — a — b— c) f a, d—b,d — c \ 

\ d, e ’ J T{e — a)T{d + e — b — c) ^ d-l-e — 6 — c’ y’ 

(2.16) 



3F2 




r(d)F(e)r(s) fd-a,e-a,s \ 

T{a)T{s + b)T{s + c) ^ s + b,s + c ’ ) 



(2.17) 



where s = d-|-e — a — 6 — c, and all series converge. To prove (2.16), let 
n ^ 00 in (2.10), keeping f + n fixed. Apply (2.16) twice to find (2.17). 
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2. Consider (2.10). Keep n fixed, and apply (2.10) to itself a number of times. 
In this way one gets a group of transformations, realized by linear trans- 
formations on the parameters of the . Show that, if one also includes 
the trivial transformations of permutations of numerator or denomina- 
tor parameters, this “invariance group” behind the transformations is the 
symmetric group 5'e; see [48]. 

3. In a similar way, show that the invariance group generated by the transfor- 
mation (2.17) and trivial parameter permutations is the symmetric group 
^5 [48]. 



3 Tensor product of two su(2) representations 



3.1 A realization of su(2) 



Let j G ^N, and consider the irreducible ^-representation Dj determined 
by the action (1.7). The following is a model or realization of su(2) and its 
representation Dj : 

• The representation space of Dj consists of all homogeneous polynomials 
in the variables x and y of degree 2j . The basis vectors Cm are given by 



= 



^j+niyj-m 



VU + m ) ! {j — m ) ! 



(m = -j, + 



(3.1) 



The orthonormality of the basis ^ 



(e 



{]) pL' 






is now equivalent with 

or also, for arbitrary polynomials P{x,y) and Q{x,y) : 



{P{x,y),Q{x,y)) = P{d^,dy) ■ Q{x,y)\^^y^^ , 

i.e. taking the constant part in P{dx,dy) • Q{x,y). 

• The basis elements of su(2) are represented by : 

do — 2 ^^^^ V^y)^ — xdy^ d— — ydx- ( 8 - 2 ) 

So, in a realization the abstract elements of the representation are represented 
by some concrete vectors of a (function) space, and the abstract elements of 
the Lie algebra are represented by concrete operators acting in this (function) 
space, in such a way that the concrete action coincides with the abstract 
action (1.7). 



^ This can trivially be extended to distinct values j and j' . 
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3.2 Tensor product decomposition 

Let ji, j 2 G and consider the tensor product Dj^ ® Dj^, sometimes de- 
noted by (ji) 0 (j’ 2 ) • A set of basis vectors of 0 Dj^ is given by 

+ TO2 = + (3.3) 

This basis is often referred to as the “uncoupled basis” . The total dimension 
of Dj^ (g) Dj^ is (2ji -I- l)(2j2 + 1). This tensor product space is naturally 
equiped with an inner product by 

{v (g rc, w' (g w') = {v, v'){w, w'). 

The action of the su(2) basis elements on these vectors is determined by (1.4). 
In particular, 

Jo(e(^)^ (g eL"^)) = (mi -h m2)eLL ^ _ (3,4) 

So the maximal eigenvalue of Jq is given by ji + j ’2 j and the corresponding 
eigenvector is (g . If we act consecutively by J_ on this vector, we 

get a string of vectors ending with the vector (g , with minimal Jq 
eigenvalue —ji — j 2 . In this way, one constructs a submodule of (g Dj^ , 
of dimension 2(ji -|- j' 2 ) + 1. Clearly, this submodule does not coincide with 
the whole module Dj^ g) Dj^ , unless ji = 0 or j '2 = 0 . In general, the module 
Dj^ ®Dj^ is not irreducible, and it is our purpose to show that it is completely 
reducible and to determine its decomposition in irreducible components. 

Let us first observe that simply by counting all possible Jq eigenvalues 
in (3.4), this counting indicates that 



h+h 

Dj^ ® Dj^ = Dj. (3.5) 

j = \jl-]2\ 

Of course, this is not yet a proof, since we need an argument to convince us 
that the irreducible components are again such *-representations of su(2) . 

In order to determine the complete decomposition, we shall explicitly con- 
struct the standard basis vectors of the representations Dj in (3.5). First 
of all, let us consider the vectors in g> Dj^ that are annihilated by J+ . 
For this construction, it is useful to work with the realization given earlier. 
Concretely, for the tensor product this realization is given by : 

Jo — 2 (^ 1 ^^! yi^vi) 4 ” ( 3 . 6 ) 

J+ — ^l^yi 4“ ^2^y2 5 J— — yi^xi 4“ y2^X2'! 



and 



o(ji) pi.h) — 



X' 



Jl+mi ji-mi 

yi 



X\ 



j2+m2 j2-rri2 
^2 



y/(ji -k mi)!(ji - mi)! \/(j 2 + m 2 )!(j 2 - W 2 )! 



(3.7) 
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The inner product is given by : 



,Xi^yiX2^y2‘) = Uilvilu2lv2lSui,u'Jv^,v'Ju2,u'Jv2,v'2- 

In this realization it is clear that the following vectors are annihilated by J+ : 
xl^^~^xl^^~^{xiy2 - X2yi)''-, (3.9) 



clearly, these vectors belong to Dj^ 0 Dj^ for k = 0, 1, . . . , min(2ji, 2 j 2 ) . 
Furthermore, the Jq eigenvalue of these vectors is given by ji + j 2 — k . Let 
us denote the corresponding normed vectors in Dj^ 0 by ^ with 

j = ji +j 2 -k. Then j = ji + j 2 , ji + J 2 - 1, ■ • ■ , \ji - J 2 1 , and we write : 



where c is some constant to be determined. Expressing that these vectors 
have norm 1, using the inner product (3.8), one finds : 



1 = ^ (t) ( 2 ji - 0!^!(2J2 -k + iy.{k - ly.. 

It is from this summation that c can be determined. Indeed, using trivial 
identities of the form 

o}. 

{a -iy= y (a + 0 ! = a!(a+ l)p 

(-1) (-a)i 

the sum is equal to (using Vandermonde’s summation) 



, |2 (2ji — 0!(2j2 — fc + /)! _ |2 (2ji)!(~fe)i(2j2 — fc)K2j2 — k + l)i 

■ ^ n{k-iy - ■ ^ u{-2j,yk'- 

= k\{2n)\{2j2 - k)\ 2F1 ^ + S 1) 

= ft!(2ji)!(2j2 - + 

(-2ji)fc 

^ fe!(2ji - fc)!(2j2 - fc)!(2ji + 2 j 2 - fc + 1)! 
(2ji + 2j2 — 2fc + 1)! 



This determines c up to a sign. The convention is to choose c positive, so we 
have : 



c = 



(2ji + 2j2-2fc+l)! 



k\{ 2 n - k)\{2j2 - k)\{ 2 n + 2j 2 - fc + 1 )! ’ 



(3.10) 



where fc = ji + J 2 — j ■ 
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From the general action of su(2), (1.8), one can construct all vectors of 
a representation Dj by acting on the highest weight vector by powers of 
J_ . Thus we define 






I U + my. y-m Uij2)j /g 



or explicitly, 

g0u2b = c'iyid^, + V2dx2y~'^xl^^~’"xl^^~''{xiy2 - X2yiy, 
where k = j± + j 2 — j and 



(3.12) 



c = 



(j + m)\ 



tC = 



(j + m)l 



(2j)!(j-m)! y (2j)!(j - m)! 



(2j + 1)! 



V (ji + h - j)!(ji - h + j)!(-ji + h + j)Kji + J2 + j + 1)! ■ 
Let us work out (3.12) more explicitly : 



(3.13) 



j-m 

,{ 3132)3 = c' ^ (J-m 



z=0 









H (-1)' 






i=0 



V I 



=='D-)‘Cr‘)C"rO(l^ 



2/1X2 ¥2 

- 0 ! (J2-J1+J + /)! 



(j2 - ji + / + TO -h i)! 



„ J^3l-l-i„,l+i,^32-jl+l+m+i ji+j2-l-m-i 
A yi X 2 2/2 5 



or, using r = I + i : 



,{3132)3 



= d; - ».)!E fe(-F(T_V) ()^-/l™-V) C' 



w .^ 2 ji-r r_i 2 -ii+m+r 7 i+j 2 -m-r 

A Xi yi^2 y2 



= d; - ».)!e (E(-Ffr/) C' "rO) 



X V (2ji - x)!r!(j2 - ji + TO -h r)!(ji -h j 2 - to - r)! O . 



Writing toi = ji — r , this can be cast in the following form : 
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p0'ij2)j _ \ ^ O'l) 

''m / ^ *-^mi ,m— mi ,m^mi 

mi 



0O2 



where 



(^ 31 , h , 3 (o 14'! 

'~^mi,m— mi,m 

= \/ O' + rn)l(j - m)!(ji + mi)!(ji - mi)!(j 2 - wi + m)!(j 2 + mi - m)l 

X ,/ (2j + l) 

V (-J1 + J2 + - J2 + j)!(ji + J2 - j)!(ji + J2 + J + 1)! 

^ ^ 2ji - Z ^ j2-ji+j + l \fji+j2-j 



ji - nil - Ij \j - ji-m + nii + l 



I 



These coefficients are known as the Clebsch-Gordan coefficients of su(2) . 

Theorem 3.1. The tensor product Dj^ ®Dj^ decomposes into irreducible *- 
representations Dj of su(2) , 

31+32 

^ Dj. 

3 = \h-32\ 

An orthonormal basis of Dj^ ® Dj^ is given by the vectors 
p(3ih)3 — \ " nil, 32, 3 ( ji ) (32) 



where the coefficients ^ are given by (3.14)- The action of Jq , J± 

on the basis vectors is the standard action (1.7) of the representa- 

tion Dj . 

Proof. By construction, the vectors have norm 1; then the application 

of (3.11) implies that also has norm 1. Using ) = 

) shows that vectors with m ^ m' are orthogonal. If m = 
m' , and j f , then (assume j' > j) : 

(^pUi32)3^pUi32)3') ^ {e<f^^^)\^j_y'-^e(di32)3'^ 

So all vectors are orthonormal, hence independent. The number of 

such vectors is 

ll+l2 

(2j+l) = (jl+j2-|jl-j2| + l)(jl+j2+|jl-j2| + l) = (2ji + l)(2j2+l), 

3 = \3l-32\ 

hence they form an orthonormal basis. The rest of the theorem follows by 
construction. 
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3.3 Some expressions for Clebsch-Gordan coefficients of su(2) 

The Clebsch-Gordan coefficients of su(2) are given by (3.14). 

One can consider as a real function of six arguments from 

these arguments satisfy the following conditions : 

(cl) (ji,j 2 , j) forms a triad, i.e. -ji+ 32 +j, Ji - J 2 + J and Ji + J 2 - J are 
nonnegative integers; 

(c2) mi is a projection of ji , i.e. mi € {— ji, —ji -I- 1 , . . . , ji} (and similarly : 
m 2 is a projection of j ’2 and m is a projection of j); 

(c3) m = mi -I- m 2 . 

Usually, one extends the definition by saying that ,„ = 0 if one of the 

conditions (cl)-(c3) is not satisfied. Then one can write 

p(jih)3 _ \ nh,h,3 pO’i) p(h) 

/ J ^mi,m2,m^mi ^ '^m.2 ’ 

7711,7712 

and (the expressions given below are always under the conditions (cl)-(c3)) 



'^7Tli,77l2 ,771 



i 



( 2 ji-/ 

VJi -mi- 



(3.15) 

fj2-jl+j + l\f jl + J2 - j\ 
\j-Ji-m2 + lJ\ I J’ 



c = 



' (2j + l)(j + m)!(j - m)!(ji -I- mi)!(ji - mi)!(j 2 + W 2 )!(j 2 ~ W 2 )! 
(-jl + J 2 + j)!(ji - J 2 + j)!(ji + J 2 - j)!(ji + J 2 + j + 1 )! 



In (3.15), the summation is over all integer /-values for which the binomials 
are nonzero, i.e. for max(0, ji -I- m 2 — j) < / < min(ji — mi, ji -I- j 2 — j) . If 
j — jl — m 2 > 0, (3.15) can directly be rewritten in terms of a 3 F 2 series 
(otherwise, one should put I' = j — ji — m 2 + I and then rewrite the series); 
one finds : 



nil, 32 , 3 ^ fit (2ji)!(~ji + J2 + j)! 

(ji + mi)!(j 2 + m 2 )!(ji - mi)!(j - ji - m 2 )! 

^ P f “fo + “ d2 + j, -jl + j2 + j + 1 . 1 \ 



(3.16) 



Different 3 F 2 expressions appear when rewriting the sum in (3.15). For ex- 
ample, replacing I by ji — mi — I in (3.15) yields. 



r<3l,32,3 — 

^ 7711,7712 ,771 

I 



jl +mi + l 

I 



j 2 +j -mi- I 
j — m — I 



'ji+j2-j\ 
jl -mi-lj 



(3.17) 



Thus there are many ways to rewrite the expression for the su(2) Clebsch- 
Gordan coefficients. Furthermore, when rewritten in terms of a 3 F 2 , one can 
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use transformation formulas to find yet other formulas. E.g., using (2.15) on 
the 3 F 2 in (3.16), there comes, provided also j — 32 + > 0, 

+ j)Kji ~ J2 + j)! , , 

(J2 + m2)l{ji - mi)!(j - ji - m2)!(j - J 2 + mi)! 

Y F f - h + 3, -32 - m 2 \ 

^ ^ V ^ + mi + 1, j - ji - m 2 + 1 ’ J ' 

Rewriting this last 3F2 series again explicitly as a summation, one finds 

t^Si™ = A(ji,j2,j)y(27+l) (3.19) 

xi/(j - m)!(j + m)!(ji - mi)!(ji + mi)l(j 2 - m 2 )!(j 2 + m 2 )! 

X ^(-i) 7 (^!(ji - mi - iy.{ji + j2 -j- i)Kj2 + m2 - ly. 

I 

X (j - 32 + mi + iy.{j - ji -7712 + 00) 



where 



A(jl,j2,j) 



' (-J 1 + 32 + j)!(ji - J 2 + j)!(ji + J 2 - j)! 
(J 1 +J 2 + J + I)! 



(3.20) 



This rather symmetrical form is due to Van der Waerden and Racah. The 
expression is generally valid (that is, for all arguments satisfying (cl)-(c3)). 
The summation is over all integer I -values such that the factorials in the 
denominator of (3.19) are nonnegative. 

Observe that for certain special values of the arguments, the single sum 
expression in (3.19) reduces to a single term. For example, put m = 3, and 
consider the sum over I . The second factor in the denominator is (ji — mi — Z) ! , 
and the last factor is (j— ji— m 2 +/)! = (mi— ji+Z)! . So the sum over I reduces 
to a single term (with I = ji — mi), and the corresponding Clebsch-Gordan 
coefficient has a closed form expression : 



(-< 31 , 32,3 



= (-17^- 



(3.21) 



(2j + l)!(ji + J 2 - j)!(ji + mi)!(j 2 + J - mi)! 

(ji - mi)!(j 2 - j + mi)!(-ji + j2 + j)!(ji ~ J 2 + j)!(ji + J 2 + j + 1)! ' 



Obviously, there exist many other expressions for the su(2) Clebsch- 
Gordan coefficients. Usually these are given in terms of 3 F 2 series, related 
through one another by one or more transformations of the type (2.15). In 
order to write a general summation (such as (3.19)) in terms of a 3F2, one 
has to make extra assumptions on the parameters. For a complete list of such 
expressions (and many others), see e.g. [50]. Let us give one more form here. 
Applying (2.15) in yet another way on (3.16), one finds, under the assumption 
that J 2 — Ji + m > 0 , 
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r<n,j2,3 = ( C' - 



^ P / -Jl + -jl + J2 - j, -jl + J2 + J + 1 , 
-2ji,-ji+j2 + m+l 



(3.22) 



3.4 Symmetries of su(2) Clebsch-Gordan coefficients 



Various symmetries can be deduced for the Clebsch-Gordan coefficients. For 
example, making simple replacements j\ j 2 , mi —m 2 , m — m 
in (3.19) leads to 



n 31 , 32, 3 

'~^mi ,m2,m 



_ fi32.3i.3 

^ — m2, — mi , — m' 



(3.23) 

Replacing I by ji +j 2 ~j — I in the summation of (3.19), and comparing with 
this expression with (3.19) again, one finds : 



r<3i,h,j _ (_T\ji+j2-jf<3i,32,3 ('3 941 

v ^ — mi, — m 2 , — m’ 

Combining these two leads to 

f<jl,32,j — (_T\jl+j2-jf<j2,jl,j ('3 9 'll 

^mi,m2,m v ^m2,mi,m’ 



A somewhat surprising symmetry follows by the following replacements : 



r<3l,32,j _ (^{31+32+1^1+^2) /2,{jl+j2-mi-m2)/2,j 



(3.26) 



It follows trivially from (3.19) under these replacements. One can verify that 
all conditions (cl)-(c3) are satisfied for the coefficient in the right hand side 
of (3.26). 

Finally, replacing j — j 2 -I- mi -|- / by / in the summation of (3.19), leads 



to 



fijl,32,3 
^mi ,iri2 ,m 



(- 1 ) 



mi- 32+3 



2j + l 
2J2 + 1 



'^ — 7711 ,m,m2 * 



(3.27) 



In order to express these, and other, symmetries, one often introduces the 
so-called 3j -coefficient (due to Wigner) 



jl J2 j \ 

mi m2 — m J 



(^—iyi-32+m 
•\/2j + 1 



r<3l,32,3 
'~^mi ,m2 ,m’ 



or equivalently, the corresponding Regge array 



R 33 



-jl + J2 + j jl - J2 + j jl + J2 - j 
jl - mi J 2 - m 2 j + m 

jl + mi j 2 + TO 2 j - m 



jl J2 j A 

mi m 2 — m J 



(3.28) 



(3.29) 



In this 3x3 array, all entries are nonnegative integers such that for each row 
and each column the sum of the entries equals J = J 1 +J 2 +J ; conversely, every 
3x3 array with nonnegative integers such that all row and column sums are 
the same, corresponds to a Regge array or a 3 j -coefficient. The symmetries 
(3.23)-(3.27) are easy to describe in terms of the Regge array. They generate 
a complete group of 72 symmetries, described as follows : 




48 



Joris Van der Jeugt 



• The Regge array is invariant for transposition. 

• Under permutation of the rows (resp. columns), the Regge array remains 
invariant up to a sign. For cyclic permutations this sign is +1; for non- 
cyclic permutations this sign is (—1)'^. 

See also exercise 4 of this section for an explanation of the symmetries. Each 
of these symmetries can be retranslated to the Clebsch-Gordan coefficients. 

3.5 Orthogonality relations 

By Theorem 3.1, we have two orthonormal bases for Dj-^ 0 Dj ^ , namely the 
uncoupled basis vectors 

e-mi ® (™1 = + 1 , ■ • ■ , Ji; TO2 = -J2, -J2 + 1 , • ■ • , J2) 

and the coupled basis vectors 

g0u2b (j = ji + j2 - 1 , ■ • ■ , \ji - J2I; m = -j, -j + 1 , . . . , j), 

related by means of 



^ (3.30) 

7711,7712 

Since the matrix relating two orthonormal bases is orthogonal, one also has 

® (3.31) 

j,m 

Corollary 3.1. The Clebsch-Gordan coefficients satisfy the following orthog- 
onality relations : 



nil, m2, m'-^ mi, m2, m' ^ 3 ,J ^m,m ■ 

mi ,m2 

E r<3i,h,3 fi3i,32,j _r r 



(3.32) 

(3.33) 



Proof For the first equation, use (3.30) in ) = 6jj>Sm,m' , and 

then orthogonality of the uncoupled basis. In (3.32), one should think of ji , j’ 2 , 
j , j' , m and m! being fixed; then the apparent double sum is easily seen to be 
actually only a single sum. Similarly, using (3.31) in {e^, ®e^^ = 

^mi,m',^m 2 ,m'^ J One finds (3.33). 
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3.6 Recurrence relations for Clebsch-Gordan coefficients 

Apart from orthogonality relations for the Clebsch-Gordan coefficients, one 
can also deduce certain recurrence relations in this context. We consider one 
case here. Use the short-hand notation 



Uj,m = \/{j -m + l)(j -I- m) = Uj-m+l- 
Acting by J+ on the left hand side of (3.30) gives 

/, pO'iAli _ \ " (-<31,32,3 (ji) 

mi ,m2 

Acting by J+ on the right hand side of (3.30) yields 



(3.34) 



E 


(-<31,32,3 pO'i) (55 pin) 1 
^mi,m2,m'^mi ^ '^m2 1 


\mi ,m 2 


/ 


— \ " n3i,32,3 „ . 

/ ^ ^mi,m2,m^Ji,mi + l'A^^_^2 


mi ,m2 


1 n3i,32,j 

' / V '~^mi,m2,m . 




mi ,m2 



E (-<31,32,3 . „(jl) 

^mi — l,m2,m^Ji.^i^mi 

mi ,m2 

'^31,32, j 



,{h) 



A y . ^mi,m2 — l,m^32,m2^mi 



Ui) gOs) 



Hence, 



/^3i:32i3 /^3i 



31,32,3 



(-<31,32,3 

^32, 1112 '-'mi, 7112 — 1,111' 



(3.35) 



This is only one example. Many other recurrence relations can be deduced. 



3.7 Hahn and dual Hahn polynomials 

Now we come to the relation between su(2) Clebsch-Gordan coefficients and 
Hahn polynomials. Consider expression (3.22), and let us write 

iV = 2ji, x = ji-mi, n = ji - J 2 + J, a = -ji +j 2 + m, /3 = -ji + J 2 -m. 

(3.36) 



Think of ji , j 2 and m as being fixed numbers, with 

J2 - ji > TO > 0. (3.37) 



Then mi can vary between —ji and ji , and j can vary between j 2 — ji and 
j 2 -h ji ■ In terms of the new variables, this means : TV is a fixed nonnegative 
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integer, a > 0 and /3 > 0 are fixed; the quantities x and n are nonnegative 
integers with 0 < x < N and 0 < n < N . The 3 F 2 series appearing in (3.22) 
is then of the following form : 



Qn{x]a,(3, N) 



3F2 



—X, —n, 1 + n + a + P 
-N, 1 + a 




(3.38) 



For fixed a,/3 > 0 and a nonnegative integer N, this expression is a poly- 
nomial of degree n in the variable x, for all 0 < n < A^. This poly- 
nomial is the Hahn polynomial. In general, it is defined for N G N, and 
a,/3^{-l,-2,...,-iV}. 

In terms of the currently introduced variables, (3.22) becomes 



(^jlj2j — 

,m2 

( + a;)!(/3 -I- IV - a;)!(a -I- /3 -I- n)! 

\ n!(iV — n)!x!(iV — x)!(iV -I- a -I- /3 -I- n -I- !)!(/? -I- n)! / 

N\ 

X — r Qn{x-,a,P,N). 
a: 

The orthogonality relation (3.32) with m = m' can now be written in the 
following form : 



N 

E 

x—O 

where 



(1 -f a)x (1 -l- P)n-3 
x\ {N — x)\ 



Q„{x;a,P,N)Qn>{x;a,P,N) = hn{a,P,N)Sn 



h„{a,P,N) = 



nl{N — n)l (1 -I- P)n {1 + a + P + n)N+i 
N\^ (1 -|- a)n {1 (X P 2n) 



(3.39) 

(3.40) 



This is the (discrete) orthogonality relation for Hahn polynomials. It follows 
directly from the orthogonality of su(2) Clebsch-Gordan coefficients, at least 
in the case that a and P are nonnegative integers. However, the final ex- 
pressions (3.39) and (3.40) are rational in the parameters a and p. So the 
relation is valid for all values of a and P provided the expressions are well 
defined. In other words. 

Theorem 3.2. Let a, P and N he given, with N a nonnegative integer and 
a, P ^ {“!) “2, . . . , —N} . Then the Hahn polynomials Qn{x; a, P, N) , defined 
in (3.38), satisfy the orthogonality relation (3.39). 

We also see from (3.39) that if a,P > —1 the weight function on the left 
hand side is positive, while if a, P < —N it becomes positive after multipli- 
cation with (—1)^. So in these cases (3.39) gives a system of polynomials 
orthogonal with respect to a positive measure. 

In a similar way, one can under the same conditions write the orthogonality 
relation (3.33) as 
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N 

E 

n—O 



7V!^ (1 + ck)n {1 cx f3 2n) 

nl{N — n)\ (1 -I- (3)n (1 + a + /3 + n)N+i 
x!(IV — x)! 



(1 -|- a)xX + P)N-a 



Qn(x; a, 13, N)Qn{x'; a, f3, N) 



(3.41) 



Changing the role of x and n , this gives the orthogonality for the dual Hahn 
polynomials. Let 



Rn{X{x)-,a,P,N)=Qx{n-,a,P,N) = 3F2(^ ^ ^ ; l) • 

(3.42) 

As before, fVcN, 0 < n,x < N and a,(3 ^ {~1> ~2, . . . , —TV} . In this case, 
it is easy to verify that Rn{X{x)-,a,(3,N) is a polynomial of degree n in the 
variable 

A(x) = x{x + a + (3 +1). 

Now (3.41) yields 

Theorem 3.3. The dual Hahn polynomials satisfy the orthogonality relation 



N 



w{x-, a, j3, N)Rn{X{x); a, j3, N)R„> (X(x); a, j3, N) 

x —0 



h^{oi^ /3, t 



where 



w{x; a, (3, N) 



{—l)^Nl{—N)x{l + 0!)a;(l + a + (3 + 2x) 
x!(l + /3)a:(l + a + (3 + x)aT-|-1 



and 



hUa,P,N) 



n\{N — n)! 

(1 + 0;)n(l + j3)N-n 



3.8 Recurrence relations 



The various recurrence relations that can be deduced for Clebsch-Gordan 
coefficients in the context of representation theory, lead to relations for the 
Hahn or dual Hahn polynomials. Let us give one example. In (3.35) we have 
deduced from the J+ action that 



— n, . _L 



(3.43) 



where Uj^m is given in (3.34). Similarly, from the action of J_ one finds : 



. (^31,32, j — n, . m3l,32,j _L . (^3l,32,j 

'^3, — '122'^ mi, 7712, m ‘^3l, — '>T2i'-^mi+l,m2,m+l ^ ^32, — 7ri2'~'mi,77i2 + l,m+l' 



(3.44) 



Combining the two, one gets : 
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II - II - II — 

II- 111- ,rih,h,i _i_ ,1 . r^ji,h,j i 

+ “I" ,-m2 '-^mi -l,m2 + l,mJ 

+Mj2,m2 [%1,-mi + Uj2^_m2 + lC'^^'^^2,m] • 

This can be rewritten as 

„,2 — n, - n, - 

^j,m^mi,m2,m ^j2, — n^2^mi — l,m2-\-l,m 



-I- In, 
~ ,rri2 / ,7712 ,m ~ 



^J1.J2.J 

32, m2 ^31, -mi^rni-\-l, 7712-1, m' 



Using the relation with dual Hahn polynomials : 

m 

' (a + /3 + 2x + 1 )(q; + x)!(a + n)\{f3 N — n)!(a (3 x)\ \ 



n3i,32,3 — 

'~^mi ,7772 ,m 



{-If 



x\{N — x)!n!(iV — n)\{N + a + /3 + cc + l)!(/3 + x)! 
A^! 

X— r Rn{X{x)-,a,P,N), 



where 



iV = 2ji, n = ji-mi, X = ji- j 2 + j, a = -ji+j 2 + w, (3 = -ji+ J 2 ~ m, 
this yields the classical recurrence relation for dual Hahn polynomials : 
\{x)Rn{\{x)) = H„i?„+i(A(x)) - {An + Cn)Rn(Hx)) + i (A(x) ) , 

where i?„(A(x)) = Rn{\{x)] a, (3, N) and 

An = (n — iV)(l + a + n), Cn = n{n — (3 — N — V). 



3.9 Tensor product of su(l,l) representations 

Finally, recall the irreducible ^-representations of su(l,l), determined in 
(1.11). For convenience, let us rename the label A by /c. So fc is a posi- 
tive real number, and the representation (1.11) is usually referred to as the 
positive discrete series representation with label k of su(l, 1) (this is because 
su(l, 1) also has irreducible ^-representations of a different type, e.g. nega- 
tive discrete series representations, continuous series, . . . ), and we denote it by 
T>k ■ An orthonormal basis of T>k is given by the vectors (n = 0,1,...), 
and the su(l, 1) action is : 

Joe^^ = {k + n)e™*\ 

J+en^ = \/{n+ l){2k + n) 

= -i/n(2fc -I- n - 1) e^n-i- 



(3.45) 
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The technique followed here to determine tensor product decompositions and 
Clebsch-Gordan coefficients for su(2) can be copied completely to the case of 
positive discrete series representations of su(l,l). The following is a useful 
realization for su(l, 1) and for the representation T>k (with k > 1/2) : 



e 



(k) = 




(3.46) 



the representation space is the Hilbert space of analytic functions f{z) (z e 
C) on the unit disc |z| < 1 with inner product 



(fi,f2}=— — -ff fi{z)f2{z){l-\z\'^)'^'^ ^dxdy, {z = x + iy). 

(3.47) 

One can verify that {e^n\e^) = 5m,n- The realization of the su(l,l) basis 
elements reads as follows : 

Jo = + fc, J_ = — J+ = z^-^ + 2kz. (3.48) 

dz dz dz 

It is easy to verify that the action of these operators on the basis (3.46) is 
indeed the same as in (3.45), and that all ^-conditions are satisfied. 

To determine the tensor product decomposition Vk^ ® , one can use 

this realization. By the tensor product rule, the basis functions O 
are, up to a constant, given by z^'^z ^'^ ; and the operators are 



Jo = zidzi + Z 2 dz 2 + ki + k 2 , J- = - 9; 

J+ = zfdz^ + zldz2 + 2kiZi + 2k2Z2- 



(3.49) 



Clearly, the vectors annihilated by J_ are again easy to construct; up to 
a constant these are just (zi — 22 )-’, with j G N. These vectors are the 
analogues of (3.9). Normalizing them yields vectors 

annihilated by J_ and have Jq eigenvalue ki + k 2 + j = k. Then one can 
act by positive powers of J+ on these vectors using the general expression 
J+Cq^^ = y^n\(2k)ne^'^ [this is the analogue of (3.11)]. The final result is a 
complete decomposition of the tensor product, and an explicit expression for 
the Clebsch-Gordan coefficients. One finds : 

00 

'Dki O T>k2 = ^ Vki+k2+j, (3.50) 

1=0 



and the su(l, 1) Clebsch-Gordan coefficients for these positive discrete series, 
i.e. for k = ki + k 2 + j , (j G N), k + n = ki + rii + k 2 + n 2 , 



(ki,k2)k 



E ^ki,k2,k 

^ni ,n2,n 



jfei) 



Jfe2) 



ni ,7i2 



(3.51) 
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are given by (with j = k — k\ — k 2 and n = ni + U 2 — j) '■ 
(2fci)„^(2fc2)n2(2fcl)j 



r^k\,k2-,k 

^ni ,ri2 ,n 



1 1/2 



n!ni!n2!j!(2fci + 2^2 + 2j)„(2fc2)j(2fci + 2/c2 + j — l)j. 

2fci + 2^2 + i - 1, -ni, -j 
2ki,-n-j '■ 



X (j + n)! 3F2 



1 



(3.52) 



Orthogonality relations for su(l, 1) Clebsch-Gordan coefficients are again 
equivalent with the orthogonality of Hahn or dual Hahn polynomials. 



3.10 Notes and Exercises 

Clebsch-Gordan coefficients (sometimes called Wigner coefficients) were intro- 
duced in [31]. Wigner [53] derived a 3F2 type expression for these coefficients, 
and introduced the symmetric form for the 3j -coefficients [52] . The theory of 
Clebsch-Gordan coefficients was highly influenced by the quantum theory of 
angular momentum. In this theory the 3j -coefficients play a crucial role; see 
also the papers in [8] and the survey in [44]. 

The realization in section 3.1 is often referred to as Schwinger’s realiza- 
tion [41], since it is closely related to a realization in terms of creation and 
annihilation operators. The tensor product decomposition in section 3.2 fol- 
lows the technique used in many physics books; in their terminology, taking 
tensor products of su(2) representations corresponds to coupling of angular 
momenta. If (ji, mi) denotes the angular momentum labels of the first parti- 
cle (ji its total value, and mi its projection along a chosen axis), and (j2, m2) 
those of the second particle, then (j, m) gives the angular momentum labels 
of the system consisting of these two particles. 

The various expressions for su(2) Glebsch-Gordan coefficients were derived 
by Wigner [53], Racah [33] and Majumdar [30]. The relations between these 
expressions, and their domain of definition, were studied in detail by Srinivasa 
Rao [35], [36]; see also [7, volume 9, special topic 11]. 

The classical symmetries of su(2) Glebsch-Gordan coefficients (corre- 
sponding to equation (3.23), (3.24), (3.25) and (3.27)) were already known 
to Wigner [52]; he used them to define the more symmetric 3 j -coefficient. 
It was only until much later that Regge discovered the extra symmetries, as 
in (3.26), now known as the Regge symmetries [37]. 

Hahn polynomials appeared already in the work of Ghebyshev; see also [24] . 
Their relation with su(2) Glebsch-Gordan coefficients was apparently known 
to some people but appeared in the literature only in 1981 [27]; see also [45], 
[51]. For a nice introduction to this relationship in the context of represen- 
tations of the Lie group SU (2) , see [27] (here we have approached it purely 
on the level of the Lie algebra representations). A summary of properties of 
Hahn polynomials and relations with other orthogonal polynomials is given 
in [25]. 
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An impressive collection of formulas for 3 j -coefficients (and many other 
objects related to quantum theory of angular momentum) is found in [50] . To 
my knowledge, this is the most complete and accurate book as far as formulas 
are concerned. 

Clebsch-Gordan coefficients for positive discrete series of su(l, 1) are given 
in [51]; their origin goes back to the work of Biedenharn and others [18], [46], 
[34]. For an overview of actual decompositions of tensor products of unitary 
su(l, 1) representations in general, see [39]. 

Exercises 

1. Verify that the operators (3.2) satisfy (1.3), and that the action of these 
operators on (3.1) coincides with (1.7). 

2. Following (3.7) and (3.30), one can write 



pUih}j — 



E 



(^Ji.32.3 

,m 2 ,m 



X 



ji+mi Ji-mi j2+77i2, J 2 -m 2 



ri 






V2 



y/(jl -h TOi)!(Ji - TOi)!(j 2 + W 2 )!(j 2 ~ ^ 2 )! 



Multiply both sides of this equation by j \/ {j + m)l(j — m)l , 

and sum over all m-values. To work out the left hand side, use e.g. (3.13). 
Show that this leads to the following identity : 






(^11/2 — yiyY^ y2y) 



mi, 1712 ^m 



(^31^32,3 
'-^mi,m2 ,m 



(3.53) 



Ml +mi Jl -mi „j2+m2 „ j2-m2 

yi ^2 ^ y 



\J (ji + TOi)!(ji - mi)!(j 2 + TO 2 )!(j 2 - TO 2 )!(j + m)\{j - m)! ’ 



where c is given in (3.10). This can be seen as a generating function for 
the su(2) Clebsch-Gordan coefficients. 

3. Rewrite (3.53) in terms of 3 j -coefficients to find : 



{x 2 U 3 - X3-1/2) - xiysY^ ~ 2^21/1 



V {-jl + J 2 + J 3 )!(J 1 - h + jsV-Ul + j 2 - J 3 )! 



= V(jTTy. 



mi ,m 2 ,m 3 



Jl J2 J3 
mi m 2 m 3 



(3.54) 



X' 



Ji+mi ji-mi j 2 +ni 2 j 2 -m 2 js+m^ ja-ma 



y\ 



X' 



V2 



x„ 



Vs 



V (jl + wi)!(ji - mi)!(j2 + W2)!(j2 - m 2 )!(j 3 + maV-Us ~ W3)! ' 



where J = ji -|- j 2 + js ■ 

4. In (3.54), multiply both sides by 2 - 2 i+ 22 +J 3 _^n-j 2 -Hj 3 ^ji+j 2 -j 3 ^ 

over all values of ji , j ’2 and j '3 with ji+j 2 +j 3 = J fixed, with (ji, J 2 , Js) ^ 
triad. Show that this leads to the following beautiful determinant formula : 
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Xi X2 X3 

yi 2/2 2/3 

2l 22 23 






^11 ^^12 „,^ 21^,^22 .,^23 ^^31 ~^32 



X. 



X 



3 2/12/2 2/3 % 



X R 

^ V i?ii!-Ri2!i?13!^2l!-R22!-R23!^3l!^32!-R33! 



Herein, the sum is over all Regge arrays (3.29), i.e. over all 3 x 3 magic 
squares of non-negative integers, with Rij = J for all j , and Rij = 
J for all i. This formula is due to Regge [37]; the symmetries of the 3j- 
coefficient can easily be deduced from here. 

5. Verify that the su(l,l) Clebsch-Gordan coefficients (3.52) satisfy : 

y^k2,ki,k _ ( _->\ki+k2-kf~tki,k2,k /Q 

^n 2 ,ni,n v ^ni,n 2 ,n' 

6. The realization in section 3.1 is on polynomials in two variables, whereas 
that in section 3.9 is on analytic functions in one variable. Also for su(2) 
there is a realization on polynomials in one variable of degree at most 2j . 
Show that this realization is given by : 



M - 



' (2j)! 

(j -h m)!(j - m)l 



yj+m 



(m = -j, . . . ,j), 



(3.56) 



with 



jQ = z-^-j, J_ = ^, J+ = -z'^-^ + 2jz. (3.57) 

Furthermore, show that the inner product (eH^ , = Sm,m' follows from 

the integral representation {z = x + iy) 



ifi,f 2 ) = J" ^ J j fi{z)f 2 {z){l + | 2 p) ^dxdy, (3.58) 



where the integration is on the whole complex plane (more precisely, on 
the Riemann sphere). 



4 Tensor product of three su(2) representations and 
Racah coefficients 

4.1 Definition of the Racah coefficient 

Let us consider the tensor product of three irreducible ^-representations of 
su(2). 



Z?ji 0 Dj^ 0 Dj^ — {Dj^ 0 Dj^ ) 0 Dj^ — Dj^ 0 {Dj^ 0 Dj^ ) . 



(4.1) 
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Clearly, a basis for this tensor product is given by 



oUl 



oih 



oih) 



where nn is a projection of ji. These are the (2ji -|- l)(2j2 + l)(2j3 + 1) 
orthonormal basis vectors of the uncoupled basis. 

In order to decompose the actual tensor product Dj^ 0 Dj.^ 0 Dj^ into 
irreducible su(2) representations, one can work as follows. First, decompose 
Dj^ ® Dj^ into irreducibles, and then decompose the tensor product of each 
such irreducible with Dj^ . Thus we have 



jl +32 jl +32 312+33 

( ^312 ) Dj^ = Dj . 

il2 = |jl-j2| jl2 = |jl-t2| i = |jl2-t3l 



It is clear that now multiplicities will arise in this tensor product decomposi- 
tion, e.g. if ji = 1 , j2 = 2 and j’3 = 2 then 
3 ii2+2 

E E Dj = (Di + D2 + D3) + (Dq + Di + D2 + D3 + D4) 

tl2 = li = |jl2-2| 

+{Di + D2 + D3 + D4 + D5) 

= Dq 3D\ 3Z?2 T 3Z?3 -|- 2Z?4 -|- D^. 



Secondly, one can also work differently and first decompose Dj^ 0 Dj^ into 
irreducibles : 

32 + js 32+ js 31+323 

^31 ® ( E/ ^323) — E/ E/ 

323 = \32-33\ 323 = \h-33\ i = |jl-l23l 

The final decomposition is of course the same; for the above example this 
becomes : 

4 H-i23 

E E Dj — (Di) + (Dq + Di + D2) + {Di + Z ?2 + D3) 

J23=0i=|l-J23l 

+{D2 + D3 + D4) + (D3 + D4 + D^) 

= Dq 3Di 3Z?2 T 3Z?3 -|- 2D 4 D^. 



In order to introduce an orthonormal basis for the irreducible components 
of the tensor product, one has to use an extra label to resolve the multiplicity 
problem. This extra label is simply provided by the representation label of 
the intermediate coupling, i.e. by j’12 or j'23. So one can immediately define 
two sets of orthonormal basis vectors for the irreducible components of (4.1), 



p(( 3 l 32 ) 3 l 233 )j 



E (+ 3 l 2 ,j 3 ,j pUlh) 3 l 2 pO'3) fA O'! 

"112, m3 



E 



r^jlj2jl2 (^jl2,j3,j 
,Tni2 



oih) ^ pO'2) 



oih) 



mi ,m2 ,ms 
mi+m2+m3=m 
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and 



pUl{hj3)j23)j 



E nji,n3,3 p(h) p(hi3)h3 ('4 8'! 

mi,7Tl23 



E 



f<j2,j3,j23 nil, 323, j p(h) pin) pih) 

^m2,m3 ,ni23 ,m23 ,m '^mi ^ '^m.2 ^ '^^3 ■ 



mi ,1712 1^3 
mi+m2+m3=m 



The transition from one orthonormal basis to a second one yields an or- 
thogonal matrix. Let us denote the matrix transforming (4.2) into (4.3) by 
U . Its matrix elements are given by 

I p{hU2h)323)3 p(.(.h32)3l233)j' \ 

\^m ’ ^m' / • 



Using the Casimir operator, 

lr’p{h{3233)323)3 piUlh)3l2j3)j'\ _ / ijl{3233)323)3 iUl32)3l233)j'\ 

it follows immediately that this element is zero if j' yf j . Similarly, replacing 
C by Jo implies that the element is also zero when m! ^ m. Next, from the 
action of J+ , one finds 

/ T ( 31 ( 3233 ) 323)3 p((3l32)jl233)3\ 

= \/{j — m + l)(j -I- m) ( 31233 )j ^ 



131 ( 3233 ) 323)3 



J_g((tlj2)jl2j3)f ^ 



= V(J + m)(j - m + l)(e^(_(f e«!(f 

So the matrix element is independent of m. Let 

us therefore denote 

lp(h( 3233 ) 323)3 p((ht 2 )ji 2 j 3 )/\ _ r. r jj 3 i, 32 , 3 i 2 ( A A\ 

Vm ) ' ^3,3 j3,j,j23 ' 

The coefficients are called the Racah coefficients. So, we can write 



p((3l32)jl233)3 — TT3 i, 32,312 (ji(j2j3)323)j 

”1 33,3,323 m ’ 

323 

and vice versa, since U is an orthogonal matrix, 

p(h(32j3)323)3 — TJ3 i,32, 312 (( 3132)31233)3 

m 33,3,323 in 

312 

The orthogonality of the matrix is also expressed by : 

E tt 3 i, 32 , 312 jj 3 i, 32,312 _ X. 

^33,3,323 ^ 33,3,323 323,323 ' 

312 

E TTjl,j2jl2TJ-jlj2,ji2 r 

^ j3,jj23 ^ 33,j,j23 ^jl2,ji2 ' 

323 



(4.5) 



(4.6) 



(4.7) 



(4.8) 
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4.2 The 6j-coefRcient 



An appropriate expression for the Racah coefficient follows from (4.4), (4.2) 
and (4.3) : 

Tj 3 l, 32 ,jl 2 _ \ ' njl, 32 ,jl 2 312 , 33, 3 ( 132 , 33,323 ( 131 , 323,3 ('4 o'! 

^ 33 , 3,323 / . ^mi,m 2 ,mi 2 ^mi 2 ,m 3 ,m^m 2 ,m 3 ,m 23 ^mi,m 23 ,m- 

mi ,m2,m3 
mi+m2+m3=m 

Herein, m is an arbitrary but fixed projection of j . The sum is over toi , m 2 
and m3 such that mi -I- m2 + m3 = m ; mi2 stands for mi -I- m2 and m23 for 
m2 + m3 . So this is a double sum over the product of four Clebsch-Gordan 
coefficients. This is clearly a rather complicated object. We shall see how to 
simplify this expression later. 

The current expression, however, is useful to deduce some symmetry prop- 
erties of the Racah coefficient. First of all, summing over the (2j + 1) possible 
values for m in (4.9) yields 



(' 2 ') - I - 1 C ' fi 02 , ji 2 (1312,33,3 (132,33,323 ( 131 , 323,3 14 1 nl 

\^J ' ,m2 ,mi2 ^Tni2 ,Tri3,m'~^m2 ,m3 ,77123 ,m23,m ’ 

where the sum is now over all possible m-values (taking into account the 
conditions (cl)-(c3) for Clebsch-Gordan coefficients). Changing names of the 
variables gives 



(2j: 



23 



l)[;^m202 






E r^jljl2ij2 nj2,33,323 f^3l2,33i3 (^3U3 ^23 

^mi ,77112,7712 ^7772,7773,77123^77112,7713,777^7771 ,777,77723 ' 



Applying (3.27) to the first and last C -coefficient yields 



(2j 



23 ■ 






/ (2j2+1)(2J23+1) 
(2ji 2 + l)(2j + 1) 



E (ijl, 32 , 3 l 2 ( 132 , 33,323 ( 1312 , 33,3 ( 131 , 323,3 

777 1 , 777 2 , 777 1 2 ^ 777 2 , 777 3 , 777 2 3 777 1 2 , 777 3 , 777 777 1 , 777 2 3 , 777 • 



Thus, we find : 



Tj 3 l, 3 l 2 ,j 2 _ /I '|j 2 -jl 2 +f-i 23 
33 , 323,3 '' ^ 



I (2j2 + 1)(2j + 1) 

(2J12 + l)(2j23 + 1) 



tt3i,32,312 
33 , 3,323 ■ 



(4.11) 



This is only one example of a symmetry. Many others can be deduced 
from (4.10) and the symmetry properties of Clebsch-Gordan coefficients. 

In this context, it is customary to introduce the so-called 6 j -coefficient, 



ah c 
de f 



= (-l) 



a+f)+d+e 



u: 



d,e,f 



y/ (2c -I- 1)(2/ -I- 1) 



(4.12) 



where {a,b,c), (d,e,c), {d,h, f) and {a,e,f) are triads. Then the 6j- 
coefficient is invariant under any permutation of its columns, or under the 
interchange of the upper and lower arguments in each of any two columns. 
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Even more, one can also use the Regge symmetries of the Clebsch-Gordan 
coefficients, and obtain similar symmetries for the 6 j -coefficient. In order to 
describe these, let the Regge array for the 6 j -coefficient be defined as the 
3x4 array 

d + e — c b+d — fa + e — f a + b — c 
d+f — bc+d— ea + c— ba + f — e . 
e + f — a b + c — a c + e — d b + f — d 

Then the value of the Regge array is invariant under any permutation of its 
rows or columns. Note that the arguments of the Regge array are such that 
all entries are nonnegative integers, and the differences between corresponding 
elements of rows (resp. columns) are constant. Conversely, every 3x4 array 
of nonnegative integers with this property corresponds to a Regge array, or a 
6 j -coefficient. 

4.3 Expressions for the Racah coefficient 

Racah was the first to simplify the expression for ’j^j’ 23 ^ ■> leading finally 
to a single sum expression. We shall follow here the method of Vilenkin and 
Klimyk [51] to obtain Racah’s expression. 

From (4.6), one finds, using (4.2) and (4.3), 

2 , 33 ,323 (~<ji , 323 ,3 

'~^m2,m3,m2+rR3^mi , 7712+^3, mi +m2+m3 

(4.13) 

/ . ^ 33,3,323 ^mi,m2,mi2^mi2.m3,"il2+m3 ’ 

312 

for fixed values of nii , m2 and m3 , and where mi2 = mi -I- m2 . Keep mi2 
fixed, multiply both sides of (4.13) by , sum over mi and m2 with 

mi -I- m2 = mi2 , and use (3.32); this leads to : 

E fijl, 32,312 (-<32,33,323 (^31,323,3 

^rrii ,m2,mi2 ^m2,m3,m2+m3 ,m2+m3,mi+m2+m3 

mi, m2 (4.14) 

_ TT31,32,312 (-fjl2,j3,j 

^33,3,323 ^mi2,m3,mi2+m3< 



a b c 
de f 



= R< 



Gj 



or 



TjJl,j2,Jl2 _ 

^j3jj23 



(4.15) 



E 



(^ 31 , 32,312 fi32j3,323 f^3lj23,3 /^jl2j3j 

'~^mi ,m2,mi2 ^m2,m3,m2+m3 ,m2+m3,mi2+m3 / '~^mi2,m3,mi2+m3 • 



mi ,m2 

mi+m2=mi2 



Herein, mi2 and m3 are arbitrary but fixed, and the sum is over all mi 
and m2 such that mi + m2 = mi2 . Let us now make the following choice : 
mi2 = ji2 and m3 = j - ji2 • Then 
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Tljl, 32,312 _ \ ' ^jl,j2,jl2 ^j2,j3,323 (^31,323,3 jf^3l2,33,3 



or, rewritten an a more appropriate form : 

TTa,b,c _ \ ' f^a,b,c f^b,dj /^aj,e /^c,d,e / < i 

^ d,e,f ^ ot,c—a,,c^ c—Oi,e—c,e—ct^ ot,e—Oi,e/ ^ c,e—c,e' 

O' 

Using the closed form expression (3.21) for three of the four Clebsch-Gordan 
coefficients appearing in (4.16), there comes 



U^,c ^ 
d,ej 



(4.17) 



' (2c+ l)(a + b— c)l(a + f — e)l(c— d+ e)l 

(-a + b + c)l(a - b + c)l(a + b + c + l)!(-a -I- / + e)!(a - / -I- e)! 



I {c d e 1)! \ 

(a + f + e+iy.^^ 



' {b+c- g)!(/ -h e - g)! (g -h a)'- b,dj 
{b — c + «)!(/ — e -I- a)l (a — a)! 



c— a,e— c,e— q; • 



Next, take the form (3.17) for the remaining Clebsch-Gordan coefficient. There 
comes : 



jja,b,c 

^d,e,/ - 



(4.18) 



(2c-|- 1)(2/ -I- l)(a + b — c)!(a -I- / — e)! 



(-a + b + c)!(a - b + c)!(a + b + c + l)!(-a -I- / + e)!(a - / -I- e)! 

I (c — d-h e)!(c -I- d + e -I- l)!(d — e -I- c)!(6 -I- d — /)! 

Y (d+e-c)!(-&+d+/)!(6-d+ /)!(&+ d+/+l)!(a + / + e+l)! 

(— 1)^“°+““*(6 + c — a + l)l{d + f — c + a — l)l{a + a)\{f + e — a)l 



E 

Ct,l 



l\{f — e + a — l)l{b — c + a — l)\{d — f + c — a + l)\{a — a)l 



Consider the summation part in here, and substitute a — I by k; there comes 

y-/ .ib-c+k {b+c-ky.{d+f-c+ky{a + ay{f + e-a)\ 

^ (a — fc)!(/ — e -I- /c)!(& — c -I- /c)!(d — / -I- c — fc)!(a — a)! 

OL,k 

Since by (2.6) 

(a + «)!(/ -I- e — a)! (a -I- k)\{f + e + a+ !)!(/ -I- e — a)! 



E 



(a — /c)!(a — a)\ 



{a - k)\{f -I- e -I- fc + 1)! 



the summation part in (4.18) is equal to 

. ,b-e+fc (^ + c — fc)!(d -I- / — c -I- fc)!(g -I- fc)!(/ -I- e -I- g -I- !)!(/ -I- e — g)! 
^ (/ — e -I- fc)!(6 — c -I- fc)!(d — / -I- c — fc)!(a — fc)!(/ -I- e -I- fc -I- 1)! 
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Putting this back in (4.18), and replacing the summation index k by a — k, 
there finally comes the following single sum expression : 



xE 



= (-l)“+^-V(2c+l)(2/+l) 

(—1)^(6 + c — a + k)l 
fc!(/ — e + a — k)l{b — c+ a — k)l 



V(g,e,/)V(d,e,c) 

V(a,6,c)V(&,d,/) 



{d+f — c + a — k)\{2a — k)\ 

{d — f + c — a + k)\{l + f + e + a — k) \ ’ 



(4.19) 



where 



V (a, b, c) = -\/ {—a + 6 + c)!(a — 6 + c)!(a + 6 + c + l)!/(a + & — c)!. 

One can think of as a function of six arguments belonging to ^N, which 

is zero whenever one of the triples (a, b, c) , (d, e, c) , (d, b, /) and (a, e, f) is 
not a triad, and which is given by (4.19) if all four triples are triads. In (4.19), 
the sum is over all fc -values such that the arguments of the factorials are 
nonnegative, i.e. k runs from max(0, a— d-|-/— c) up to min(a-|-&— c, a-|-/— e) . 

In order to write this single sum in terms of a hypergeometric series, one 
must make an extra assumption. Let us assume that —a + d+c—f > 0 
(otherwise, one should put k' = —a + d + c—f + k and rewrite the expression 
above as a sum over k' ) . Then it follows directly that 



u: 



a,b,c 



V(a,6,c)V(6,d, /) 
(6 -I- c — a)!(d -I- / — c -I- a)!(2a)! 



(4.20) 



(/ — e-|-a)!(& — c-|-a)!(d— /-l-c — a)!(H-/-l-e-|-a)! 

1 — a -I- 6 -I- c, —a + e — f, —a — b + c, —1 — a — e — f 
—a -I- c — d — /, —2a, 1 + d— f + c — a 



X 4P3 






Many other expressions can be deduced by applying transformation (2.10) in 
a number of ways. For example, associating the —n of (2.10) with e — a — f , 
and keeping the parameters 1 — a -I- 6 -I- c and —a + c—d — f fixed, the 
application of (2.10) leads to : 



4F3 



1 — a + b + c, —a + e — f, —a — b + c, —1 — a — e — f 
—a + c—d—f,—2a,l + d—f + c—a ’ 



{ a b c l)a— e+/( b d 
( 2g)a— e+/(l d f c a^a—e+f 



f —a + e — f,b — d—f,l + c—d+e,l — a + h+c 
y — a c — d — f, — a b — d-t-e-t-l,d-t-c-t-c — f -t-2^ J 



The Pochhammer symbols can be rewritten in terms of factorials. The actual 
expression depends on the sign of (& -I- e — a — d) ; when (6-|-e — a — d) > 0, 
this leads to the following form : 
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xja,b,c ( ^\b+e—c—f /To I 7T7o~T i 

'/(^‘+i>(^^+i)A(^MA(Td:iF 

(—a + b+ c)!(c — d + e)\{a — c + d + f)\ 

^ {a - e + f)\{-b+ d + f)l{b + e - a - d)l{l + b + c + e - f)\ 

„ / —a + e — f,b—d—f,l + c — d+e,l — a + b + c , 
^ a-hc— d — /, — a-l-6 — d+e-|-l,&+c-|-e — / -I-2’ 



(4.21) 



where A{a,b,c) is given by (3.20). 

Let us deduce one more expression, that is of interest for its symmetry. 
Apply (2.10) to the 4 F 3 in (4.21), associating the —n of (2.10) with e — a — f 
and keeping the parameters b — d — f and 1 — a-|-& — d+e fixed; one finds 
that the 4 F 3 of (4.21) is equal to 

(c (Z 6)a+y_e(2 C d €^a+f—e 

(c Cl d y*)a^y_e(2 b C € f^a+f — e 

f —a + e — f,b — d—f,b — a — c,e — c—d \ 

^ ^ — a -I- 6 — d + e -I- 1, — a — c — d — / — 1, & — c -I- e — / -I- 1 ’ y’ 



assuming that b + e — c — f>0, all Pochhammer symbols can be rewritten 
in terms of factorials, and putting this back in (4.21), one finds : 



ra,b,c ^ (-1)^+^-°- V(2c + 1)(2/ + l)A(g, b, c)A(c, d, e) 
la-b + c)l{c+d-e)l 

A(g, e, f)A{b, d, f){l + a + c + d + f)\ 

(a - e -I- /)!(-&-!- d -I- /)!(6 + e - a - d)!(& -I- e - c - /)! 

/ —a + e — f,b — d — f,b — a — c,e — c — d 

0 -I-&— d-he-l-1,— a — c— d— /— 1,& — c-he — / -l-l’ 



So this expression is valid for & e > a -I- d and b + e > c + f (which can 
always be obtained after applying a symmetry corresponding to a permutation 
of columns of the 6 j -coefficient). Rewriting with 4 F 3 back as a single sum, 
one gets : 

Kiff = (4.23) 

(-l)'’+"-""V( 2 c+l)( 2 /+l)A(a, b, c)A(c, d, e)A(a, e, f)A{b, d, /) 
x^^(— 1)^(1 -ha-l-c-l-d-l-/ — /c)!/(fc!(a — & -I-C — /c)!(c-l-d— e — fc)! 
x(a — e-h/ — fc)!(— &+d-l-/ — fc)!(&+e — a — d-l-fc)!( 6 -l-e — c— /-hfc)!). 



or, when rewriting a-|-c-|-d-|-/ — fc by k, one finds Racah’s most symmetric 
formula 
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j-ra,b,c 

^d.e,/ - 

(-l)“+"+'+V(2c+l)(2/+l)A(a, b, c)A(c, d, e)A(a, e, f)A{b, d, /) 

(-1)^(1 + k)\ 

^ {k — a — b — c)\{k — c — d — e)\{k — d — b — f)\{k — a — e — f)\ 

1 

^ 

{a + d+h + e — k)\{a + d + c + f — k)\{h + e + c + f — k)\ 



(4.24) 



In (4.23) or (4.24), the sum is over all integer A: -values such that all factorials 
assume nonnegative arguments. 



4.4 The Racah polynomial 

We are now in a position to describe the relation between su(2) Racah coef- 
ficients and the so-called Racah polynomials. Consider expression (4.20), and 
let us rewrite : 

n = a — e + f, x = a + b — c, a = —N — 1 = —a + c — d — f — 1, 

(3 = —a + d — c — f — 1, 7 = —2a — 1 , S = 2c + I- 

Think of a, c, d and / as being fixed numbers (parameters), with 

c—a>\d—f\ and c — d>\a — f\. (4-25) 

Then b and e can be thought of as variables, with b varying between c — a 

and d + f , and e running from c — d to a + f ■ In terms of the new pa- 

rameters/variables, this means that A is a fixed nonnegative integer param- 
eter, and X and n are nonnegative integer variables with 0 < x < N and 
0 < n < N . The 4 F 3 -series of (4.20) is of the following form : 

i?„(A(x)) =Rn{X{x);a,/3,j,S) = 

f -n,n+ a + P + l,-x,x + ^ + 6 + 1 \ (4-26) 

^ a+1, P + 6+1, -f+1 ’ j- 

In the case considered here, one of the denominator parameters ( /3 -I- d -I- I ) 
is strictly positive; the other two denominator parameters ( a -I- 1 and 7 -|- 1 ) 
are negative integers with a -|- 1 = — A and 7 -|- 1 < — A. 

In general, for given parameters a, P, 7 , 6 and any integer n , the expres- 
sion (4.26) is a polynomial of degree n in the variable A(x) = cc(x-|- 7 -|-( 5 -|- 1) . 
When one of the numerator parameters a-l-l, /3-|-(5-|-l or 7 -I-I is equal to a 
negative integer —A, then this polynomial is called a Racah polynomial. The 
other two numerator parameters should not belong to {0, —1, . . . , —A -|- 1} in 
order to have (4.26) well defined for all integer n with 0 < n < A. 

In terms of the variables just introduced, one finds from (4.20) : 
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Tja,b,c 

'^d,ej - 



(4.27) 



(- 1 )^ 



;A^!(- 7 - 1 )! / {N + -f- f3-n)\{-l3-n-iy. 



{(3 + 5)! y n !(-7 - n - l)!(iV - /3 - n)!(iV - n)! 

l5{N -I-I-I -7 — /3) {(3 + 5 + n)\{N -I- <5 — n )!(7 -I- <5 + x)\{(3 -I- 5 + x)! 
y x !(— 7 — X — 1)!(5 + x)\{N — x )!(7 — (3 + x)\{N -I- 1 -I- 7 + <5 + x)! 
xi?„(A(x); a,/?, 7 , (5). 

From (4.7) and (4.11), one has the following orthogonality : 






-e' (2^+ l)\/(2e -I- l)(2e' -I- 1) jja,t,crTa,b,c 
( 2 c+l)( 2 /+l) 



In terms of the newly introduced parameters/ variables, this can be rewritten 
as follows : 



E 



(7 4“ ^ 4“ 1 4“ 2 x )(7 4“(44- l,o:-l- l,/3-l-(4-l- 1 , 7 - 1 - 1 ) 3 , 
(7 4- (4 4- 1 )x!(7 -I- (5 — a -I- 1, 7 — /4 -I- 1, 5 -I- 1 ) 3 ; 



Rn{X{x))Rn'{\{x)) = 



(7 4“(54-2, — (3')n n\(n a (3 \ , (3 \ , 01 — 5 cx (3 — 74“l)nr 

(7 — /44-l,54-l)Ar (a-|-/ 4 -|- 2 ) 2 n(Q! 4 -l,/ 34 -( 44 -l, 74 -l)n 



This is the orthogonality relation for Racah polynomials in the case that 
N = — a— 1; then —(3—5—1 and — 7 — 1 should not belong to {0, 1, ... , iV— 1}. 
Since the left hand side and right hand side of the last equation are rational 
functions of a, (3, 5, 7 , it follows that this equation is valid for all (real or 
complex) numbers such that both sides of the identity are defined. For given 
parameters, it is easy to check whether the weight function is positive, but 
the complete conditions for positivity are tedious to write down. 

More generally, any of the three denominator parameters in (4.26) can 
stand for the negative integer —N. Then, one has : 



(7 4- (5 4- 1 4- 2x)( 7 -|- 5 -|- l) 3 ,(a 4- l)x{(3 4- <4 4- l)a;(7 4- l)a: 

^ (7 4- (4 4- 1 )x !(7 -I- 5 - a -I- 1 ) 3;(7 - (3 + 1 ) 3;(5 4- 1 ) 3 : 

xRn{X{x))Rn'{X{x)) (4.28) 

nl{n + a + (3 + l)n{(3 + l)n{cx -5-1- l)„(a + (3 — ^ + 1)« 

(a + /? + 2 ) 2 „(a + l)„(/3 + <5 + 1)„(7 + 1)„ 



where 



M = { 



(7 4- (4 -I- 2)jv(— /3)jv 
( 7 -/ 44 - 1)at((4 -I- 1)at 
+ 6 + 2)n{ 6 - a)N 
( 7 -I- 5 - a -I- l)Ar(<4 4- 1 )at 
(~<4)at(q; + P + 2 )tv 



if a -I- 1 = —N 



iip + S+l = -N 



y (a — (5 -l- 1)n{P + 1)n 



if 7 -I- 1 = —N. 
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4.5 Wilson polynomials 

Wilson polynomials can be seen as extensions of Racah polynomials. We will 
not prove the general form of the orthogonality relation for Wilson polyno- 
mials, but only indicate how it is related to that of Racah polynomials (we 
follow section 8.5.5 of [51] here). 

Wilson realized that orthogonality still exists when the variable in the 
Racah polynomial is moved to the complex plane [54] . Thus he considered the 
more symmetric polynomials 

a, b, c, d) = {a + &)„(a -h c)„(a -h d)„ (4.29) 

„ f —n.a + b + c+ d + n — l.a — t.a + t 

« + i.,a + c,« + <i ■')■ 

having degree n in . It follows immediately that these polynomials are 
symmetric under permutations of b, c and d. Furthermore, applying (2.10) 
to this 4 F 3 , keeping —n and a + b + c+d+n— 1 in the numerator and a + b 
in the denominator fixed, one finds 

Pn{t^; a, b, c, d) = Pn{i^\ b, a, c, d). 

Therefore, the Wilson polynomials are symmetric under permutations of a, 
b, c and d. 

Following (4.26), one can write 

p„(t^; a, b, c, d) = {a + &)„(a -I- c)„(a -I- d)„ i?„(A(x); a, P, 7 , 5), 



where 

. 1 . r 1 

a = 'r + d+ b = a-j + d- 

c = /3 — 7 — (5— -, d = 'f — S+~, X = t — a. 

For a + h= —N, iV S N, and —a — c, —a — d^ {0, 1, ... , N}, Wilson polyno- 
mials are proportional to Racah polynomials, so using (4.28) they satisfy the 
orthogonality relation 



(2a)fe(a -|- l)fc(a -|- 6)fc(a -|- c)fc(a -|- d)fc 

^/c!(a)fc(a - 6-1- l)fc(a -c + l)k(a -d+l)k 

X pn{{a + kY', a, b, c, d)pm{{a + fc)^; a, 6, c, d) 

_ (2a -I- 1)at( 1 — c — d)AT ^ ^ 

~ {a-c+l)N{a-d+l)N " 

where 6„ = 

n!(a-|-6-|-c-|-(i-|-n — l)„(a -I- 6)„(a -I- c)„(a -I- d)„(6 -I- c)„(6 -I- d)„(c -I- d)„ 

(a -|- 6 -|- c -|- d) 2 n 
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More generally, the orthogonality relation for the Wilson polynomials can 
be written in the following form [1], [54] : 

^ J Pn{z^)pm{z^)p{z)dz = MhnSnm, (4-31) 

2r(a -I- b)T{a + c)r(a -I- d)T(b + c)T{b + d)T{c + d) 
r(a -I- & -I- c -I- d) ’ 

r(a -I- 2 ;)r(a — ^)r(6 -I- z)T(b — z)T{c + z)T{c — z)T{d + z)T{d — z) 

T{2z)T{-2z) ■ 

The integration contour in (4.31) is the deformed imaginary axis which sepa- 
rates the poles 



where 
M = 

p{z) = 



a + k, h+k, c+k, d+k, (fc = 0, 1, 2, . . .) 

and the poles 

—a—k, —b—k, —c—k, —d—k, (fc = 0, 1, 2, . . .) 

of the function p{z) . Moreover, it is assumed that all the poles are distinct (so 
2a, a + b, a + c, ..., c+d, 2d are not in { — 1, — 2, . . .} ). When a + b= —N, 
iV C N, the Wilson polynomials are proportional to Racah polynomials. One 
can deduce (4.30) from (4.31) by suitable integration contours and the Residue 
theorem [1], [54]. 

If a, b, c and d are positive real numbers, then one can take the imaginary 
axis as the contour C in (4.31). In that case, the orthogonality leads to [54] 

Pn{-t^)Pm{-t^)w{t)dt = Snm‘^Tml{a + b+ c+ d+u- l)„r(n -I- a -I- 6) 

r(n -I- a -I- c)r(n -I- a -I- d)T{n -1-6-1- c)T(n -1-6-1- d)T{n -I- c -I- d) 
r(2n -I- a -I- 6 -I- c -I- d) ’ 




where 



w{t) 



T {a + it)T {b + it)T {c + it)T {d + it) ^ 
T{2it) 



This can be further extended to : 



Theorem 4.1. Let a,b,c,d be complex parameters and 

Wnix"^; a, 6, c, d) = (a -I- 6)„(a -I- c)„(a -I- d)„ 

„ f —n,a + b + c + d + n — l,a — ix,a + ix (4.32) 

a + b,a + c,a + d ’ ‘J 

be the Wilson polynomials. When Re{a, 6, c, d) >0 and non-real parameters 
occur in conjugate pairs, Wilson polynomials are orthogonal on K+ .• 
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pOO 


F(a + ix)T{b + ix)T{c + ix)T{d + ix) 


L 


T{2ix) 



X a, 6, c, d) a, b, c, d) dx 

= 5„m27r(n + a + b + c+ d — l)„n!r(n + a + b)T{n + a + c) 
r(n + a + (i)r(n + b + c)T{n + 6 + d)T{n + c + d) 
r(2Tz -t-fl-t-d-t-c-t-d) 

For other cases where the measure has both an absolutely continuous and a 
discrete part, see [54], [25]. 



4.6 Racah coefficients of su(l,l) 

Consider the tensor product of three irreducible *-representations of su(l, 1) , 
T>ki T>k 2 0 T>ks ■ Recall the decomposition of the tensor product of two such 
representations, given in (3.50). Following the same technique as in section 4.3, 
one can construct orthonormal basis vectors according to two different ways 
of “coupling”, i.e. 

(Pfcj (g) VkJ (g T>k^ and Vk^ (g (g 



The corresponding basis vectors are determined by : 



„{{kik2)ki2k3)k 



E 

"12. "3 



(~<ki2,k3,k Jkik2)ki2 

^"12, "3," '^"12 



= (^3) 



ni,n2,"3,"l2 



■^"1, "2, "12 "12, "3," "1 



(4.34) 



(jki,k2,ki2 (jki2,k3,k g(fci) ^ 5 (^ 2 ) 






and 



Jki{k2k3)k23)k 



E ® 6 (^ 2 ^^'^^=’ ( 4 - 35 ) 

n\,n23 




gfci) 



gfc2) 



g e 



(fc3) 
"3 ■ 



ni,n2,n3,n23 



Following (3.51), the above representation labels are such that 



fci2 = ki + k2+ J12, ^23 = ^2 + ^:3 + J23, 

fc = fci2 + ^3 + j = fcl + ^23 + /, (4.36) 

ji2,j,j23,f e Z+, and J 12 + J = J23 + /• 

As in (4.4) and (4.5), the Racah coefficient of su(l, 1) [for the positive discrete 
series representations] is then defined by 

/p(kl(k2k3)k23)k ((felfc2)fcl2fc3)fe'\ _ 2 2 jjkiMMi (A‘i7^ 

\^n ! — ^k,k'On,nHJ k3,k,k23 ’ 



and therefore 
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{{kik2)ki2k3)k _ \ '■ Tjki,k2,ki2 (ki(k2k3)k23)k 
’'n / , ^k3,k,k23 

*23 



(4.38) 



Herein, the sum is over all /c 23 such that (4.36) holds, i.e. over all integer 
j 23 with 0 < j 23 < ji 2 + j (where ji 2 and j are fixed by the left hand side 
of (4.38)). So the sum is finite. U is again an orthogonal matrix; with the 
convention (4.36) the orthogonality reads : 



E TTki,k 2 ,ki 2 Trki,k 2 ,ki 2 _ r 

^*3, *,*23 ^*3, *,*23 ^223,^23’ 

*12 

E rr*l,* 2 ,* 12 rr*lt* 2 ,*i 2 e 

^*3, *,*23 ^*3, *,*23 ^fl2,ii2' 

*23 



(4.39) 

(4.40) 



Following the technique of section 4.3, an explicit expression can be ob- 
tained for the Racah coefficient : 



rr*l,* 2,*12 

^*3, *,*23 “ 



(4.41) 



j + ji 2 \ ( 2 A; 2 ) ji 2 (2fcs) j (2fci -I- 2 fc 2 + 2 / 1:3 + j + j ’12 ~ 1) J 23 f j'! J 23 ! \ ^ 

, J 23 / ( 2 ^ 3 , 2/02 + 2fcs -I- J 23 — l)j23 (2^2 + 2/C3 -I- 2j23)i' \J-Ji 2 V 

/ ( 2 /ci, 2^23, 2 fci -|- 2^23 + ~ l)j' ( 2 ^ 2 , 2 ^ 3 , 2^2 + 2 /C 3 -|- J 23 ~ l)t 23 \ ^ 

V (2fci2, 2 /c 3, 2fci2 -h 2k‘i + j — l)j (2fci, 2/c2, 2/ci -|- 2/c2 + J 12 ~ l)ji 2 / 



F ( 2fci + 2^2 + J12 — 1, 2^2 + 2 /C 3 -I- J23 — 1, — J12, — J23 . 1 
^ 2/c 2, 2fci -|- 2^2 + 2^3 -h J + J12 — 1, — J — J12 ’ 



again with the labels determined by (4.36). 

Orthogonality relations for su(l, 1) Racah coefficients are again equivalent 
with the orthogonality of Racah polynomials. 



4.7 Notes and Exercises 

Racah coefficients appeared for the first time in Racah’s 1942 paper, dealing 
with calculations in many-electron spectra [33]. In that same paper, Racah 
derived already the single sum expression (4.23) in an appendix. The actual 
4 F 3 expressions for these coefficients were given only later; see [50] or [36] for 
a summary of such expressions and references. The notation and introduction 
of 6 j -coefficients is due to Wigner [52]. He also gave the classical symmetries 
of 6 j -coefficients, such as (4.11). Further symmetries, closely related to the 
4 F 3 expression, were given by Regge [38]. 

The relation between su(2) Racah coefficients and orthogonal polynomials 
(from then on referred to as Racah polynomials) was discovered only much 
later [2]. It led also to the discovery of Wilson polynomials [54] and Askey- 
Wilson polynomials [3]. 

Racah coefficients and 6 j -coefficients play a crucial role in nuclear, atomic 
and molecular physics, through the importance of angular momentum proper- 
ties. The collection of formulas of [50] is again very useful for people working 
in the field of “Racah- Wigner algebra” (see also [7], volume 9). 
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Exercises 

1. Assume that (a,b,c) forms a triad. Verify that 



( a b c 
d e 0 



(- 1 ) 



a+6+c 



^a,ebb,d 
■\J (2a + 1)(2& + 1) 



(4.42) 



2. Rewrite the orthogonality relations for Racah coefficients in terms of 6j- 
coefficients : 




^p,g 

2p+V 



provided (a,d,p) and (b,c,p) form triads. 

3. Assume that (a, b, c) forms a triad. Show that 

+ 1) I “ ^ ^ I = d,,oV(2a+l)(26+l), 



(4.43) 



(4.44) 



where the sum is over all (integer or half-integer) x which obey all trian- 
gular conditions. 



5 Tensor product of n + 1 representations and 
3nj -coefficients 

We shall consider the tensor product of n -I- 1 irreducible ^-representations 
of 5u(2) . The definition of binary coupling schemes and the related 3nj- 
coefficients is discussed. Some typical problems in this context are of com- 
binatorial type; for (n + l)-fold tensor products of su(l,l) these problems 
are exactly the same. Some other problems are related to realizations of basis 
vectors, and lead to multivariable orthogonal polynomials. 

5.1 3nj -coefficients 

Consider the following tensor product of n -I- 1 su(2) representations, 

V = Dj^ (g) Dj^ (g • • • (g ■ 

A basis for V (the uncoupled basis) is given by 

® ® ® 

where nii is a projection of ji . 

Coupled basis vectors can be defined by means of binary coupling schemes. 
The idea is a simple extension of the two ways in which the tensor product of 
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three representations can be “coupled”, see (4.1). The vector (4.2) is depicted 
by the following coupling scheme : 



AUlh)jl2j3)j 



and the vector (4.3) by : 








gCi(j2l3b23b = T2{j,m) = 

Jl J2 J3 

The Racah coefficient (or, loosely speaking, the 6 j -coefficient) is then 



= (r2{j,m),Ti{j,m)). (5.1) 

Generally, a binary coupling scheme T = T(J,M) is defined recursively. 

Definition 5.1. A binary coupling scheme on a twofold tensor product Dj 0 
Dji is defined as 



E 



Ci 






’J 

m,m' ,M 



or 



y 

/ V m', 



_ _ pC-?) (S?i p^-^^ 



m,M m 



A binary coupling scheme T = T(J, M) on the tensor product of (n + 1) 
representations Dj^ 0 Dj^ 0 • • • 0 defined as 

m,m' 



where Ti{j,m) is a binary coupling scheme on the tensor product of I rep- 
resentations and T 2 (/,m') is a binary coupling scheme on the tensor prod- 
uct of the remaining n -\- 1 — I representations. The map a reshuffles the 
order of the components in the tensor product such that they belong to 

Dj^ (g) Dj^ (g) • • • (g) . 

For example, in (g Dj.^ (g Dj^ : 




piUljaijlsjsij — \ f3jl3,j2,j pr(pUl33)jl3 p0’2)'| 

'^m / ^ ^ ^ '^m.2 ' 

mi3,m2 



= E 



'~^mi ,1713 1^13 ^^13 ,m2,Tn 



0 e 



Os) 

m3 • 



mi ,rri2,m3 
mi+m2+m3=m 
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The following are two binary coupling schemes on Dj^ ® Dj^ 0 Dj^ (g) Dj^ 
(n = 3) : 




In a binary coupling scheme, we shall use the terminology of binary trees : 
for example, in the above scheme T 2 , ji , j’ 2 , js and j '4 are the labels of the 
leaf nodes of the tree, j ’34 and j '234 are the labels of the internal nodes, and j 
(or j,m) is the label of the top node. 



Definition 5.2. A 3nj -coefficient (n > 1 ) is a particular overlap coefficient 
(T 2 ,Ti) = {T 2 {J, M),Ti{J, M)) , where Ti{J,M) and T 2 {J,M) are two binary 
coupling schemes on the tensor product of (n+ 1 ) representations 

•••(g) . 



Observe that, just as for a 6 j -coefficient, the 3nj -coefficient is independent 
of the M -value. 

For n = 1 , there is essentially only one binary coupling scheme. In fact, 
there are two binary coupling schemes, namely 



= and ^ 

J 1 J2 J2 J 1 

but since see (3.25), 

„{hji)j _ \ ^ nh,ji,3 p(h) (32, pih) _ ( pUi32)j 

7711,7712 

This can be written as 

j,m ^,m 

= (_1)J1+J2-J _ 

J2 Jl Jl J2 
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By definition of binary coupling schemes, it follows that this rule is also valid 
for arbitrary binary coupling schemes : 



Rule 1 : 




(5.4) 



where a and b can be representation labels of leaf nodes or internal nodes, 
and c is the representation label of an internal node or the top node. 

A second rule that can be used on binary coupling schemes is the following : 




Herein, a, b and c are labels of leaf nodes or internal nodes; d and / are 
labels of internal nodes; and e is the label of an internal node or the top node. 
This follows from the general definition, and (5.1). 

All the notions introduced in this subsection for su(2) are also appropriate 
for the case of tensor products of positive discrete series representations of 
su(l,l). In particular. Definition 5.1 remains valid up to the replacement 
of C by the su(l,l) Clebsch-Gordan coefficient (3.52). Also Definition 5.2 
remains valid up to the trivial replacements of su(2) labels (j, m) by su(l, 1) 
labels {k,n). Moreover, since the su(l, 1) Clebsch-Gordan coefficients (3.52) 
satisfy the same symmetry (3.55), Rule 1 remains valid for su(l, 1) binary 
coupling schemes. By (4.38) it follows that also Rule 2 is valid for su(l,l) 
binary coupling schemes, where U is an su(l, 1) Racah coefficient (4.41). So 
as far as binary coupling schemes are concerned, we can work with the two 
rules (5.4) and (5.5) both in the su(2) and in the su(l, 1) case. 



5.2 An example : the Biedenharn-Elliott identity 

Consider two binary coupling schemes T\ and T 2 . Our purpose is to compute 
the 3nj -coefficient (T 2 ,Ti) in terms of Racah coefficients. This method of 
computation is often referred to as the “method of trees”. By the remark in 
section 5.1, this method works both in the su(2) and the su(l, 1) case. For 
the computation of (T 2 ,Ti), one can use the two rules 
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to go from Ti to T 2 . The last column gives the effect of applying the rule. 
A consecutive sequence of applications of Rule 1 and Rule 2 to go from one 
binary coupling scheme to another one, is called a path from T\ to T 2 . 

Consider now the two binary coupling schemes T\ and T 2 defined in (5.2) 
and (5.3). One path from T\ to T 2 is given by 





This means 

7^, _ p{{{hh)il 2 j 3 )jl 23 U)j — 7-7-Ji2.j3.Ji23 _( 0 'li 2 )jl 203 j 4 )j 34 )i 

-Z^^j4.j.jC 



^34 

E jjjl 2 ,j 3 ,jl 23 jjjl, 32 ,jl 2 Ul(hU 3 j 4 )jU)j 234 )j 
J34)j\(?234 ^ ^ 



(5.8) 



^ 34 ’^234 



or 



{T2,T,) 



r rjl2 03 0123 Tjjl 02 O12 
^i 4 0'034 ^J 34 0 0234 * 



Another path from Ti to T 2 is given by 



(5.9) 
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This means 

71 — A{{jlj 2 )jl 2 j 3 )jl 23 ji)j — rrh,j 2 ,jl 2 (((jl(j 2 j 3 Wjl 23 ji)j 

^ 1 “ - 2^ ^j 3 ,jl 23 ,l 

I 

E jjjl ,j 2 ,jl 2 jjjl , 1, 3123 gO'l ({ 3233 )l 3 i) 323 i )3 
33 , 3123,1 J4.j,i234 ™ 

^,3234 

E jj 3 l, 32 ,jl 2 jj 3 l,l, 3 l 23 jj 32 , 33 ,l Ui( 32 { 3334 ) 334 ) 3234)3 

^ 33 , 3123,1 ^ 34 , 3 , 3234 ^ 34 , 3234 , 334 ^'^ ’ 

1 , 3234,334 



or 



= Y.vissviiiSfit 



J3,l 

i234 J 34 ' 



(5.10) 



(5.11) 



Comparison of (5.9) and (5.11) leads to : 

Theorem 5.1. The Racah coefficients of su(2) satisfy the following identity, 
known as the Biedenharn- Elliott identity : 



TJ31,32,312 tj312,33,3123 _ \ ' Tj3l,32,jl2Tjjl,l,3l23Tj32,33,l 
^ 334,3,3234^ 34,3,334 Z_^ ^ 33,3123,1 ^ 34,3,3234 ^ 34,3234,334' 

I 



In terms of 6 j -coefficients, this can he rewritten as : 




Jp^r'IJpgr'l 

\eadj\fbcj’ 



(5.12) 



(5.13) 



where R = a-\-h-\-c-\-d-\-e-\- f-\-p-\-q-\-r , and all labels are representation labels 
(elements of ). The sum is over all x with max(|a — &|, |c — d|, |e — /|) < 
X < min(a c -|- d, e -|- /) . 

The Racah coefficients o/su(l,l) satisfy the same identity (Biedenharn- 
Elliott identity for su(l, 1 ) ) : 
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Tjki,k2,ki2 Tjki2,k3,ki23 _ \ ' Tjki,k 2 ,ki 2 Trfci ,-ff,fei23 rr*2 ,*3 
^ k34,k,k234^ k4,k,ks4 / y ^ k3.kT23.K^ k4.k.k234 ^fc4.fc234.fc34 ' 

K 



(5.14) 



All labels are su(l, 1) representation labels, and the sum over K is finite with 
K running from k 2 + fca to min(A:i 23 — ki, ^234 — ^ 4 ) in steps of 1. 



5.3 A recurrence relation for Racah polynomials 



We shall briefly indicate how the Biedenharn-Elliott identity can be used to 
derive the recurrence relation for Racah polynomials. Consider (5.13) with 
q = c, r = b and / = 1 , then 







c d X 
e 1 c 



e 1 x 1 
b a b] 



( p c b^ ( p c b'] 
(eadj (1 be]’ 



where the sum is over x G {e — 1, e, e + 1}; or rewritten in terms of Racah 
coefficients, 

1 

E jja,d,p 7-T-a,e+Z,f)7-rC,d,e+Z j-Ta,d,pj-Tp,c,b /r i r\ 

^c,6,e+/^l,6,e ^l,e,c ~ ^ c,b,e ^ l,b,c ' 

All the Racah coefficients with a representation label 1 as one of their pa- 
rameters simplify; e.g. using (4.24) the summation is seen to reduce to 
only two terms, so each such coefficient consists of certain factors times two 
terms. Next, apply the symmetry (4.11) to the remaining Racah coefficients 
in (5.15). The result is a linear combination of the following form : 



TTCL-,P-,d I 



ja,p,d 



a,p,d 



ra,p,d 



(5.16) 



Next, using the explicit expressions of these simple coefficients and the rela- 
tion (4.27) between Racah coefficients and Racah polynomials, one finds : 



A„i?„+i(A(a;)) - (A„ -I- C„)i?„(A(x)) -I- C'„R„_i(A(x)) = A(x)R„(A(x)), 



where 

i?(A(x)) = i?„(A(x); a, fi, 7 , 6), 

and 

^ _ {n + a + (3+ l)(n -I- a -I- l)(n + (3 + 6 + l)(n -I- 7 -I- 1) 
” {2n + a + (3 + 3){2n + a + (3 + 2) 

_ n{n + (3){n + a + (3 — ^){n + a — 5) 

" {2n + a + (3){2n + a + (3 + 3) 



This is the three-term recurrence relation for Racah polynomials. 
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5.4 Expressions for 3nj -coefficients 

In section 5.2 we have computed (T 2 ,Ti), with T\ and T 2 given in (5.2) 
and (5.3), in two different ways : one expression is (5.9), the other is (5.11). 
It is obvious that from a computational point of view, (5.9) is much bet- 
ter than (5.11). Indeed, (5.9) is simply the product of two Racah coeffi- 
cients, whereas (5.11) is a single sum over the product of three Racah coeffi- 
cients. This is related to the length of the corresponding paths, given in (5.8) 
and (5.10), to go from Ti to T 2 . 

In general, consider two binary coupling schemes T\ and T 2 . In order to 
compute the 3nj -coefficient (T 2 ,Ti), one must find a path from Ti to T 2 
using the rules (5.7). Theoretically, every path will do; but in order to find an 
efficient way of computing the 3nj -coefficient, one must find a shortest path, 
i.e. a path for which the number of applications of Rule 2 is minimal. Indeed, 
Rule 1 does not have any effect on the efficiency of the formula (it is only a 
±-sign). But Rule 2 introduces a Racah coefficient and a summation variable. 
Clearly, a formula with the least number of summation variables is the most 
optimal. 

We can redefine the problem of finding an optimal expression for a 3nj- 
coefficient by introducing binary coupling trees. A binary coupling tree on 
n + 1 leaves is a rooted binary tree such that : 

• the n -I- 1 leaves are labelled 1, 2, . . . , n -I- 1 ; 

• the internal nodes are not labelled; 

• for each internal node, one can exchange the left and right children of that 
node. 

These are sometimes referred to as unordered rooted binary trees with labelled 
leaves. An example is given in Figure 1. Note that in this figure, (a) and (b) 



Fig. 1. Binary coupling trees 






(a) (b) (c) 



represent the same binary coupling tree, since one can freely exchange the left 
and right children. Sometimes it will be convenient to attach an extra node 
with label 0 to the root of the binary coupling tree, such as in (c). The only 
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elementary operation that now remains is the one corresponding to Rule 2; 
this is referred to as a rotation on binary coupling trees (since by definition the 
operation corresponding to Rule 1 does not change the binary coupling tree). 
This is illustrated in Figure 2, where A, B and C represent subtrees and X 
is a part of the binary coupling tree containing the root (or, equivalently, the 
label 0). 



Fig. 2. Binary coupling trees related by a rotation 



X 




X 




X 




The relation with binary coupling schemes is obvious. The leaf labels 
1, 2, . . . , n + 1 refer to the representation labels ji,j 2 , ■ ■ ■ , jn+i ■ An internal 
node is no longer explicitly labelled, but it is implicitly labelled by the collec- 
tion of leaves underneath it. For a given 3nj -coefficient with binary coupling 
schemes Ti and T 2 and for every path from T\ to T 2 there exists a sequence 
of rotations transforming the corresponding binary coupling trees into each 
other and vice versa. Clearly, from the sequence of rotations between the bi- 
nary coupling trees, the path between the binary coupling schemes can be 
reconstructed and hence no information is lost for determining the expres- 
sion for the 3nj -coefficient. The problem is thus reduced to finding a shortest 
sequence of rotations transforming one binary coupling tree into another. 

A binary coupling tree can be given either explicitly as a graph, see Fig- 
ure 1, or as a bracketing of the leaf labels. For example, the binary coupling 
tree of Figure 1 could be represented as 

((1,2),(3,(4,5))) or ((2, 1), ((4, 5), 3)). (5.17) 

Henceforth we shall use this notation for a binary coupling tree. 

Let n > 1 be fixed, and consider the set of all binary coupling trees with 
n + I leaves. Since our only basic operation is rotation, we shall consider 
the rotation graph of binary coupling trees. This graph Gn has as vertex set 
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the set of all binary coupling trees with n -I- 1 leaves, and there is an edge 
between two vertices if and only if the corresponding binary coupling trees 
are related through a single rotation. It follows that an optimal expression for 
a 3nj -coefficient corresponds to finding a shortest path in G„ between the 
two binary coupling trees corresponding to the two binary coupling schemes 
in the 3nj -coefficient. 

We shall now consider some examples, and deduce some general properties 
of Gn ■ For n = 2 this graph is simply a triangle. In Figure 3 we give G2 , and 
use the convention (5.17) to label the corresponding binary coupling trees. 
The next graph, G3 , has order 15. This graph is shown in Figure 4, using the 



Fig. 3. The graph G 2 




(a, 3), 2) 



bracket representation (5.17) for the binary coupling trees. Observe that the 
two paths described in (5.8) and (5.10) correspond to two paths in G3 : (5.8) 
corresponds to (((1, 2), 3), 4) ^ ((1, 2), (3, 4)) ^ (1, (2, (3, 4))) ; (5.10) corre- 
sponds to (((1,2), 3), 4) ^ (((1,(2,3)),4) ^ (1,((2,3),4)) ^ (1, (2, (3, 4))) . 

Let us now consider some general properties of the graph G„ . An arbitrary 
element of G„ , i.e. a binary coupling tree on n -I- 1 leaves, has n — 1 internal 
edges (i.e. edges containing no leaf). Two rotations can be performed with 
respect to each internal edge, thus every binary coupling tree is connected 
by an edge to 2(n — 1) other binary coupling trees. In other words, G„ is a 
regular graph of degree 2(n — 1) . For example, G3 is regular of degree 4. 

To determine the number of binary coupling trees on n -I- 1 leaves (or the 
order \G„\ of G„), consider first a binary coupling tree on n leaves (with 
labels 1, ... ,n), and extend the root of this tree with an extra edge ending in 
the leaf 0 (as in Figure 1). This tree has 2n — 1 edges in total. Therefore, there 
are 2n — 1 different ways of adding an extra edge ending with leaf label n+1 
to this tree, namely by attaching it to each consisting edge, see e.g. Figure 5. 
Thus we have |G„| = (2n — l)|G„_i|, and find 

|G„| = (2n - 1)!! = (2n - l)(2n - 3) • • • 3 • 1. (5.18) 

This implies that the order of G„ grows exponentially. 

It is also easy to show that G„ is a connected graph, i.e. for any two binary 
coupling trees there exists at least one path between them. 

The problem of determining the distance between two binary coupling 
trees of G„ (and thus of finding an optimal expression for the corresponding 
3nj -coefficient) turns out to be very hard. In [15], [16], distance properties in 
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Fig. 4. The graph G 3 




Fig. 5. Five ways of attaching an extra leaf label 4 to a given binary conpling tree 
on labels 1,2,3 




G„ were studied. In particular, bounds for the diameter of Gn (this is the 
maximal length of all shortest paths) were found : 

Theorem 5.2. The diameter d{Gn) of G„ satisfies 
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i log(n!) < d{Gn) < n|"log(n)] +n- 2[log(n)] -I- 1. (5.19) 

Herein, [x] is the smallest integer larger than or equal to x > 0, and log = 
logs- 

This implies that in an optimal expression of a 3nj -coefficient in terms of 
Racah coefficients, the number of Racah coefficients appearing in a term of 
the expansion is of order nlog(n) . 

All the considerations of this subsection are applicable both to 3nj- 
coefficients of su(2) and su(l, 1). 



5.5 Multivariable Jacobi polynomials associated with binary 
coupling trees 



Recall the definition of the Racah polynomial (4.26) and the Wilson poly- 
nomial (4.32). Other polynomials of hypergeometric type can be obtained as 
limits of Racah or Wilson polynomials [25] . 

For example, the continuous Hahn polynomials, denoted Pm{x;a,b,c,d) , 
are defined as [25] 



Pm{x-,a,b, c,d) =i 



.^{a + c)m{a + d)r 



ml 



X 3F2 



—m, m + a + b+ c + d— l,a + ix 
a + c, a + d 



(5.20) 



;i ; 



for their orthogonality (when Re{a,b,c,d) >0, c = a and d = b), see [25]. 
They can be obtained from the Wilson polynomials using the limit transi- 
tion [25] : 



lim 

t — »■ — 00 



Wm{{x — t)^; a + it,b + it,c— it, d — it) 



(2t)™m! 

The classical Jacobi polynomials are defined by : 



= Pm{x;a,b,c,d). (5.21) 






ml 



—TO, m + a + (3 + I ^ 1 — X 
a + 1 ’ 2 



(5.22) 



for a, (3 > —1, they are orthogonal over the interval [—1,1] for the weight 
function (1 — x)“(l -|- x)^ . 

We shall now deduce some properties of orthogonal polynomials directly 
from the Biedenharn-Elliott identity for su(l, 1), see (5.14), 

TTki,k2,ki2 Tjki2,k^,ki23 \ ^ Tjki,k2,ki2 jjki,K,ki23 Trk2,k3,K /r aq\ 

^k34,k,k234 k4,k,ks4 “ ^ ^^3 ,^123 ^ ^4 ,^,^234 ^^ 4 ,^ 234 ,^ 34 ’ {O.AO} 

K 



where U is an su(l,l) Racah coefficient. 
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Theorem 5 . 3 . The Wilson polynomials satisfy the following convolution iden- 
tity : 

/j + nri\ (2fc2)m(2fc3)j(2fci + 2/c2 + 2 /c 3 + j ’ + m — 1 ); , , 

\ ^ / ( 2 fc 3 )i( 2 fc 2 + 2 /c 3 + / — l)i(2fc2 + 2 /c 3 + 2/)j+m-i 

X Ri{X{m); 2^2 — 1 , 2 /c 3 — 1 , —j — m — 1 , 2 k\ + 2 /c 2 + j + m — 1 ) 

X Wm+j-i{{xi — t)'^] ki it, k2 ks 1 — is it, 
ki — it, k2 ks 1 is — it) 

X Wi{{x\ X2 — t)'^', k2 — ixi + it, k^ — is it, k2 + ixi — it, ks~\- is — it) 

= Wm{{x\ — t)'^', k\ + it, k2 — i{x\ + X2) + it, k\ — it, ^2 + i{x\ + X2) — it) 

X Wj{{x\ + X2 — t)"^', fcl + + TO + it, 

fcs — is + it, /ci + ^2 + TO — ii, ^3 + is — it), 



where j , to G N , fci , /c2 , ^3 , a;i , X2 , X3 , i G K ond s = xi X2 X3 . 

Proof. In the case of su(l,l), the summation range for K in ( 5 . 23 ) is from 
fe + fcs to min(fci23 — fci, ^234 — ^4) . The summation variable K thus takes real 
values, starting with ^2 + ^3 and increasing in steps of one. Substituting ( 4 . 41 ) 
in ( 5 . 23 ) yields an identity between terminating balanced 4^3(1) series : 



41 ^ 

K 



f 4 Fs 

X 4^3 

X 4^3 
/ 

4F3 



ki+k2+ki2 — l,k2+k3+K—l,ki-\-k2 — ki2,k2-\-k^ — K _ 
‘2k2,ki23-\-ki+k2-\-k^ — l,ki+k2+k3—ki23 ’ 

fcl+X+fcl23 — 1 5 ^^+^4 + ^234 — 1,^1+^— fcl23^ ^ + ^4 — ^234 



1 

1 1 = 



V 



X 4 F'. 



ki-\-K-\-k4 — k,2K,k-\-ki-\-K-\-k4 — l 

I k 2 -\-k 3 -\-K — I,k 2 ~\-k 3 — K ,k^-\-k 4 ~\-k ^4 — I,k 3 ~\-k 4 — ^34 
Y k 2 -\-kz-\-k 4 — k 234 ,‘^k 3 ,k 234 -\-k 2 -\-kz+k 4 — l 

( k 3 +k 4 +k ^4 — l,ki 2 +k^+kx 23 — '^,k 3 +k 4 — k^ 4 ,ki 2 +k^ — kx 23 
fcl 2 +fc 3 +fc 4 — fc, 2 fc 3 ,fc + fci 2 +fc 3 +fc 4 — 1 

fcl+fc2+fcl2 — l,fcl+fc2— ^ 12 ,^ 2+^34 + ^234 — I,fc 2 +fc 34 — ^234 
2 fc 2 ,fci+fc 2 +fc 34 — fc,fc+fci+fc 2 +fc 34 — 1 



1 



where / is a numerical factor that is easily calculated from ( 4 . 41 ). Renaming 
the following positive integer differences as 



m = ki2 — ki — k2, j = ki 23 — fci2 — fcs and I = K — k2 — k^, 

and performing appropriate transformations (2.10) on the balanced 4^3(1) ’s, 
yields that (when k\23 — k\ < ^234 — k^) \ 
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— Z,Z+2fc2+2fc3 — 1, — m,m+2/ti+2/t2 — 1 
2fc2,2fci + 2 fc 2 + 2 fc 3 +j+m— 1 ,— j — m 



„ ( — m— j+Z,m+j+Z+2/ci+2fc2+2fc3 — l,fci+/c+fc234 — l,fci+fc— ^234 \ 

4-^3 i -L 

Y 2Aii , All ~l“Ai 2 ~l“Ai 3 -|-Z-|-fc 4 -|-Ai — 1 , All ~l“Ai 2 ~l“Ai 3 +Z-I-A 1 — A 14 J 

„ ( — Z,/ + 2 Al 2 + 2 Al 3 — l,Al2+Al234 + Al 34 — l,Al2+Al234 — A 134 \ 

y 2Al2,Al2+Al3 + Al234— Al4,Al234+Al2+Al3 + Al4 — 1 J 

7 ^ { — i,j+2m+2Aii+2Ai2+2Ai3 — l,m+Aii+A; 2 +A;— Ai 34 ,m+Aii+Ai 2 +A;+Ai 34 — 1 \ 

4-^3 ; -L 

V 2 m+ 2 Aii+ 2 Ai 2 ,m+Aii+Ai 2 +Ai 3 +Ai 4 +Ai— I,m+Aii+Ai 2 +Ai 3 +Ai— A 14 J 

^ ( — m,m+ 2 Aii+ 2 Ai 2 — l,Aii+Ai+Ai234 — l,Aii+Ai— A 1234 \ 

X 4^3 ; 1 , 

Y 2fci,fci+fc2-|-fc— fc34,fel+fc2-|-fc + fe34 — 1 y 

where, once again, /' is a numerical factor that is easily calculated. 

This last identity can be written in terms of Wilson and Racah polynomials 
by putting 

ZXi k k2^4i: 1 X 2 ^234 ^34, ^X3 ^34 ^4 

and it = k 4 + i{xi -I- X 2 + X 3 ) — 1 / 2 . 

Note that all the renamings are invertible. Determination of the factor /' now 
yields the desired result. Since (5.24) is a rational identity in the parameters 
ki, Xi and t, it is valid for all values of these parameters. 

From Theorem 5.3 we can easily rederive a convolution identity for con- 
tinuous Hahn polynomials, using the limit transition (5.21) : 

Corollary 5.1. The continuous Hahn polynomials satisfy the following con- 
volution identity : 



j m\ ( 2 k 2 ) j (2ki 2^2 + 2 /C 3 j m — 1 ); 



\ m J (2k3)i(2k2 + 2fcs -I- I — l)i(2k2 + 2ks 2l)j_|_m-z 
X Ri{X{m); 2k2 — 1, 2ks — 1, —j — m — 1, 2k\ 2^2 + j + m — 1) 

X PmJrj-l{xi', fcl, /C2 + A:3 -I- / — is, fci, /C2 + fcs + ^ + *s) 

X Pi{x2-, k2, ks - i{s - Xi),k2,kz + i(s - xi)) 

= pm(xi; ki, k2 - i(xi -I- X2), fci, ^2 + i(xi -I- X2)) 

X Pj{xi X2] ki-\- k2-\- m, ks — is, fci -I- ^2 + m, ks is), 



where j, m € N, k\, k 2 , fcs , x\, X 2 , X 3 € K and s = xi -I- X 2 + X 3 . 



This corollary (and the next one) has many interpretations, see [26]. In 
particular, using generalized eigenvectors of an operator X,p € su(l, 1 ) in 
su(l, 1 ) representations (rather than the eigenvectors of Jq as used here), 
the continuous Hahn polynomials have an interpretation as Clebsch-Gordan 
coefficients for su(l,l). Then Corollary 5.1 is the analog of (4.13), see also 
Exercise 4 of this section. 
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Finally, replacing Xi by sxi in (5.25) and letting s tend to infinity yields 
Corollary 5.2 (see also [26, Corollary 3.15], or [17], [47]) : 

Corollary 5.2. The Jacobi polynomials satisfy the following convolution iden- 
tity : 



j + m\ { 2 k 2 )m{ 2 k 3 )j{ 2 ki + 2 k 2 + 2fca + j + m - 1); 



m-\-j 

m ) ( 2 k 3 )i( 2 k 2 + 2k^ + / — l);(2fc2 + 2k^ + 2l)j^m-i 
X R[{X{m); 2^2 — 1, 2kz — 1, —j — m — 1, 2ki + 2k2 + j + m — 1) 

X _ ^^y^(2fc.-1.2fc3-l) I^ I-X,^-2x2 \^ 

= (Xi 

\xi +X2 J 

^pj2fci+2fc2+2m-1.2fc3-l)(-^ _ _ 2 ^ 2 ). 

This corollary can be written in a more symmetric (and unified) way, by 
defining [17], [47] : 



St^^^{x,,X2) =(-l)^ 



m\ 



(2A:i, 2 /p2, 2ki + 2k2 + m — 1)^ 

\X 2 Xi J 

Then corollary 5.2 reads (xi + X2 + X3 = 1) : 



(5.26) 



Skl;’"\-k^{xi,X2)S^l^_:ll^_^^{xi + X2,Xs) = 
ko—ki 

+ ^ 3 )- 

K—k2-\-k3 



■;yki2,k3 



(5.27) 



Formula (5.27) is easily remembered by considering two ways in which three 
su(l, 1) representations can be coupled, as shown in Figure 6. Notice how the 
left side of (5.27) follows from the tree on the left side of this figure. With each 
non-leaf node (i.e. with each intermediate or final coupling) one associates an 
S'-polynomial. The first (resp. second) variable of this 5'-polynomial is the 
sum of all the variables associated with the leaves in the left (resp. right) 
subtree of the considered node. The upper parameters are determined by the 
value of the representation labels of the left and right child (in that order) . The 
(positive integer) lower parameter is the difference between the value of the 
coupled representation label and the consisting labels. The 5'-polynomials on 
the right side of (5.27) are formed in the same way but working with the tree 
on the right side of the figure. The recoupling coefficient appearing in (5.27) is 
that associated with a recoupling of three representations as shown in Figure 6; 
it can be seen as a manifestation of Rule 2, cfr. (5.5). 
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Fig. 6. Two possible ways of coupling three representations 



The S'-polynomials also have the following property : 

(5.28) 

This can be seen as a manifestation of Rule 1, (5.4). 

The products of Jacobi polynomials in both the left and right side of (5.27) 
are orthogonal [26] on the simplex determined by xi,X 2 > 0 , X 1 +X 2 < s, for 
the weight function 

w{xi,X2) = — Xi — 

So the two ways of taking tensor products of three su(l, 1) representations, 
yield two 2-variable Jacobi polynomials orthogonal with respect to w(xi,X 2 ) , 
and related to one another by Racah coefficients of su(l, 1) . This idea will be 
generalized to (n + l)-fold tensor products. 

When considering orthogonal polynomials in n variables, one of the clas- 
sical areas is the simplex T" : 

T" = {cc G K" I 0 < Xj and \x\= x\-\ -h < s}. (5.29) 

Herein, s denotes some positive constant, and in almost all cases s is taken 
to be equal to 1. The classical weight function in this case is : 

(5.30) 

where each Ki > —1/2. In [13, Proposition 2.3.8] an explicit orthonormal basis 
is given associated with the weight function (5.30) on the simplex (5.29). Such 
a basis is not unique. In fact, with every binary coupling tree on n+ 1 leaves, a 
different basis can be constructed. In this section, an n-variable orthonormal 
polynomial will be constructed out of a product of n S'-polynomials (5.26), 
and associated with a binary coupling scheme of n -I- 1 representations of 
su(l, 1). It can be shown that this polynomial is orthogonal on the simplex 
T" for the classical weight function. 

Theorem 5.4. With every coupling of (n-l-1) su(l, 1) representations labelled 
by ki, . . . , fc„+i , i.e. with every binary coupling scheme with n internal nodes, 
we associate a set of polynomials 
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in n variables orthogonal on the simplex for the weight function 

(5.31) 

where each ki > 0. Explicitly the orthogonality reads : 

r 2|fc|+2|i|-l ”+l 

dx = T{2h). (5.32) 

In principal the notation of the polynomial should contain a reference 
to the binary coupling scheme it corresponds to. For the moment, we can 
assume that the binary coupling scheme is fixed, and we do not mention it 
in the notation of (x) . When we want to emphasize the dependence of 
i?P^(x) on the given binary coupling scheme T, we shall write i?;^(x). The 
meaning of the subscript I is related to the labelling of the internal nodes, 
and will soon become apparent. 

The association of a polynomial with a binary coupling scheme is an ex- 
tension of the method described after Eq. (5.27). For a given binary coupling 
scheme, the polynomial R!f\x) consists of a product of S'-polynomials, each 
of these associated with a non-leaf node of the tree. 




Xi X2 X} X4 Xs 

Fig. 7. Example binary coupling tree 



Let us first describe an example. With the binary coupling scheme shown 
in Figure 7 we associate the following polynomial : 
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R{xi,X2,X3,X4,X^) 

= + X2,X3)SII’\_^^{X4,X5) 

+X 2 + X3,X4 + X 5 ) 



s, 0^123.^45 

*^^0 — ^123 — ^45 '' 



= C{xi + X 2 ) 



fci2_fci_fc2p(2fci-l,2fc2-l) / ^2 - Xi 
fcl2-fcl-fc2 Ix2+Xl 



X (xi + X2 + 

K123 K12 K 3 _|_ 2;^ _|_ 

X (X. + 

X (xi -I- X 2 + X 3 -I- X 4 -I- X5)''““''i23-fc45 

y^(2fci23 — 1,2^45 — 1) f ^4 “t“ ^5 ^2 ^3 

X-Tx„ I I — i 



^0 — ^123 — ^45 



X4 -h X5 -h CCi -h X2 + X3 



herein, (7 is some numerical factor, that can be determined from (5.26). 

In general, the 5'-polynomial, associated to a non-leaf node of the tree, 
has : as (upper) parameters the representation labels of left and right child of 
the node; as degree (the sub-index) the difference between the representation 
label of the node and those of the children (this is a nonnegative integer); as 
left (resp. right) argument the sum of all the variables associated with the 
leaves in the left (resp. right) subtree of the considered node. 

Such a polynomial R{xi, . . . , Xn+i) , defined as a product of S'-polynomials 
in this way, is homogeneous in the variables xi, . . . , x„+i . So we can choose 
the constraint : 

XX + X 2 + h x„+i = s, (5.33) 

where s is some arbitrary, positive constant. Note that this constraint is 
compatible with the definition of the weight function (5.31). The resulting 
polynomial will be denoted by (x) . The subscript I in (x) stands for 

the sequence of degrees of the S'-polynomials, in a chosen order. 

The proof of Theorem 5.4 can be given by an explicit change of vari- 
ables [29] . It can be extended in the following way : 

Theorem 5.5. Consider a binary coupling scheme, T\ , with fixed values kj 
and li . Consider another binary coupling scheme T 2 with the same fixed values 
kj but varying values l[, such that jlj = |/'|. Then the polynomials i?|^^(a;) 
can be written as a linear combination of polynomials r!'^'^j,^{x) : 

Riki^)= E Ci'RvkM)- (5-34) 

K'i=i;i 



The connection coefficient Ci> is equal to the 3nj -coefficient (Ti,T 2 ) (which 
is zero anyway if jZj yf \ f\)- 
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So for two n-variable Jacobi polynomials corresponding to the same binary 
coupling scheme, their inner product is given by (5.32). For two n-variable 
Jacobi polynomials with different binary coupling schemes, the inner product 
is essentially given by a 3nj -coefficient : 

r 2|fc|+2|i|-l ”+l 

(x)4';^^(a:)n;«(x)dx = (Ti(0, T2(0) H 

(5.35) 

where ru^*)(x) is the classical weight function (5.31). 

5.6 Notes and Exercises 

The 3nj -coefficients have been considered mainly in the physics literature, but 
only for particular n-values. The 9 j -coefficients (more precisely, a particular 
9 j -coefficient, if one follows the terminology of these notes) appeared already 
in Wigner’s paper [52], and were studied by Jahn and Hope [21]. They also 
introduced 12j -coefficients. The idea of binary coupling in general appears 
in the book of Biedenharn and Louck [7, Topic 12, volume 9], for the su(2) 
case. Here we have shown that this technique can be applied to the su(l, 1) 
case as well. In this context, it should be mentioned that a powerful graphical 
technique was developed by the Jucys school, in order to reduce and compute 
3nj -coefficients [23]. Their technique, however, only applies to the su(2) case. 

The Biedenharn-Elliott idendity [6] [10] was originally just a curious iden- 
tity, also useful to derive recurrence relations between Racah coefficients. Its 
essential role in mathematical applications became clear only much later, see 
e.g. [12], especially with the developments of quantum groups. 

The technique of binary coupling trees was used in [11], and described 
in [28] . Applications and implementations are given in [14] . A systematic study 
of binary coupling trees, the graph G„, and optimal expressions for 3nj- 
coefficients is found in [15], [16]. 

The convolution identities of section 5.5 find their background in [26]. 
Here, they are deduced differently, by formal substitutions in the Biedenharn- 
Elliott identity. The multivariable orthogonal polynomials of this section were 
analysed in [29]; some special cases appeared already in the literature, see 
references in [29]. The relation between tensor products of positive discrete 
series representations of su(l, 1) and multivariable orthogonal polynomials is 
also discussed in detail in the work of Rosengren [40] . 

Exercises 

1. Use the technique of binary coupling to show that 

jjjl J2 ,jl2 _ C_ 2^111+12-1-^3+1-112 - 323-1 Jj02 ,jl ,ll2 jjjl ,33,1 

33,3,323 / 1 Is .11 32,3,323 

I 



Rewrite this in the form 
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^(-l)P+«+"(2x+l) 



a b X 
c d p 



a b X 
d c q 



a c g 1 
b d pj 



2. Assume that (a, b, c) forms a triad. Show that 




(5.36) 



(5.37) 



where the sum is over all (integer or half-integer) x which obey all trian- 
gular conditions. 

3. Let ji, j 2 , j 3 and j '4 be four su(2) representation labels. In the context 
of angular momentum theory one defines the 9j -coefficient as : 



/ „ ( (t 1 J3 ) J 1 3 (i2 i4 ) J24 ) J ( (f 1 J2 ) il 2 ( J3 14 ) i34 ) i \ 

\fc-m 5 t-m / 

\/(2jl2 + l)(2j34 + 1)(2J13 + l)(2j24 + 1) 

Apply the technique of binary recoupling trees to compute an expansion 
of this coefficient in terms of Racah coefficients. Deduce that 




Observe the similarities between (5.37) and (4.44), (4.43) and (5.36), 
(5.38) and (5.13). 

4. Verify that by choosing the parameters in Corollary 5.1 so that the con- 
tinuous Hahn polynomials become the (discrete) Hahn polynomials, one 
obtains a convolution identity for Hahn polynomials. Furthermore, check 
that the identity thus obtained is equivalent with (4.13). 



jl J 2 Jl 2 I 

J3 J4 J34 > 
Jl3 J24 j ) 
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rational Dunkl operators and the associated special functions, with an emphasis on 
positivity and asymptotics. We start with an outline of the general concepts: Dunkl 
operators, the intertwining operator, the Dunkl kernel and the Dunkl transform. 
We point out the connection with integrable particle systems of Galogero-Moser- 
Sutherland type, and discuss some systems of orthogonal polynomials associated 
with them. A major part is devoted to positivity results for the intertwining operator 
and the Dunkl kernel, the Dunkl-type heat semigroup, and related probabilistic 
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1 Introduction 

While the theory of special functions in one variable has a long and rich 
history, the growing interest in special functions of several variables is com- 
paratively recent. During the last years, there has in particular been a rapid 
development in the area of special functions with reflection symmetries and 
the harmonic analysis related with root systems. The motivation for this sub- 
ject comes to some extent from the theory of Riemannian symmetric spaces, 
whose spherical functions can be written as multi-variable special functions 
depending on certain discrete sets of parameters. A key tool in the study of 
special functions with reflection symmetries are Dunkl operators. Generally 
speaking, these are commuting differential-difference operators, associated to 
a finite reflection group on a Euclidean space. The first class of such operators, 
now often called “rational” Dunkl operators, were introduced by C.F. Dunkl 
in the late 80ies. In a series of papers ([11]- [15]), he built up the framework 
for a theory of special functions and integral transforms in several variables 
related with reflection groups. Since then, various other classes of Dunkl op- 
erators have become important, in the first place the trigonometric Dunkl 
operators of Heckman, Opdam and the Cherednik operators. These will not 
be discussed in our notes; for an overview, we refer to [27]. An important moti- 
vation to study Dunkl operators originates in their relevance for the analysis 
of quantum many body systems of Calogero-Moser-Sutherland type. These 
describe algebraically integrable systems in one dimension and have gained 
considerable interest in mathematical physics, especially in conformal held 
theory. A good bibliography is contained in [10]. 

The aim of these lecture notes is an introduction to rational Dunkl theory, 
with an emphasis on the author’s results in this area. Rational Dunkl operators 
bear a rich analytic structure which is not only due to their commutativity, 
but also to the existence of an intertwining operator between Dunkl operators 
and usual partial derivatives. We shall first give an overview of the general 
concepts, including an account on the relevance of Dunkl operators in the 
study of Calogero-Moser-Sutherland models. We also discuss some of the spe- 
cial functions related with them. A major topic will be positivity results; these 
concern the intertwining operator as well as the kernel of the Dunkl transform, 
and lead to a variety of positive semigroups in the Dunkl setting with possible 
probabilistic interpretations. We make this explicit at hand of the most im- 
portant example: the Dunkl-type heat semigroup, which is generated by the 
analog of the Laplacian in the Dunkl setting. The last section presents recent 
results on the asymptotics of the Dunkl kernel and the short-time behavior of 
heat kernels associated with root systems. 
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2 Dunkl operators and the Dunkl transform 

The aim of this section is to provide an introduction to the theory of rational 
Dunkl operators, which we shall call Dunkl operators for short, and to the 
Dunkl transform. General references are [11]-[15], [18], [30] and [44]; for a 
background on reflection groups and root systems the reader is referred to 
[29] and [23] . We do not intend to give a complete survey, but rather focus on 
those aspects which will be important in the context of this lecture series. 



2.1 Root systems and reflection groups 



The basic ingredient in the theory of Dunkl operators are root systems and 
flnite reflection groups, acting on some Euclidean space {E, {.,.)) of flnite 
dimension N . We shall always assume that E = with the standard Eu- 
clidean scalar product {x, y) = ^jVj ■ ^ ^ \ {0} i we denote by 

(Tq the reflection in the hyperplane (a)"'" orthogonal to a, i.e. 



aa{x) = X -2 a , 



where |x| := {x, x) . Each reflection Ua is contained in the orthogonal group 

0(iV, M). We start with the basic definitions: 

Deflnition 2.1. Let R C \ {0} he a finite set. Then R is called a root 
system, if 

(1) R n Ka = {io:} for all a G R; 

(2) aa{R) = R for all a G R. 

The subgroup G = G{R) C 0(7V, K) which is generated by the reflections 
{(Tq, a G Rj is called the reflection group (or Coxeter- group) associated with 
R. The dimension of span^R is called the rank of R. 



Property (1) is called reducedness. It is often not required in Lie-theoretic 
contexts, where instead the root systems under consideration are assumed to 
be crystallographic. This means that 



2(g,/3) 

(/ 3 ,/ 3 ) 



G Z 



for all a, /3 G i?. 



If R is crystallographic and has full rank, then span^R forms a lattice in 
(called the root-lattice) which is stabilized by the action of the associated 
reflection group. 

Lemma 2.1. (1) For any root system R in the reflection group G = 
G{R) is finite. 

(2) The set of reflections contained in G{R) is exactly {ua , a G R}. 
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Proof. As R is left invariant by G , we have a natural homomorphism ip : G —> 
S{R) of G into the symmetric group of R, given by (p{g){a) := ga G R. This 
homomorphism is injective: indeed, each reflection Sa , and therefore also each 
element g G G fixes pointwise the orthogonal complement of the subspace 
spanned by i?. If also g{a) = a for all a G R, then g must be the identity. 
This implies assertion (1) because the order of S{R) is finite. Property (2) is 
more involved. An elegant proof can be found in Section 4.2 of [19]. 

Exercise 1 . If g G 0{N,M.) and a G \ {0}, then gaag~^ = <Jga- 

Together with part (2) of the previous lemma, this shows that there is 
a bijective correspondence between the conjugacy classes of reflections in G 
and the orbits in R under the natural action of G. We shall need some 
more concepts: Each root system can be written as a disjoint union R = 
i?+ U (— i?+), where i?+ and —R+ are separated by a hyperplane through 
the origin. Such a set R+ is called a positive subsystem. Of course, its choice is 
not unique. The set of hyperplanes {(a)-*-, a G R} divides into connected 
open components, called the Weyl chambers of i?. It can be shown that the 
topological closure G of any chamber G is a fundamental domain for G, i.e. 
G is naturally homeomorphic with the space of all G-orbits in R^, 

endowed with the quotient topology. G permutes the reflecting hyperplanes 
as well as the chambers. 

Exercise 2. Dihedral groups. In the Euclidean plane R^ , let d € 0(2, R) 
denote the rotation around 27r/n with n > 3 and s the reflection at the 
y-axis. Show that the group T>n generated by d and s consists of all orthog- 
onal transformations which preserve a regular n-sided polygon centered at 
the origin. (Hint: dsd = s.) Show that D„ is a finite reflection group and 
determine its root system. Can the crystallographic condition always be 
satisfied? 

Examples 2.1. ( 1 ) Type Am-\. Let Sn denote the symmetric group in N 
elements. It acts faithfully on R^ by permuting the standard basis vectors 
ei, . . . , Cat. Each transposition {ij) acts as a reflection Uij sending e* — Cj to 
its negative. Since S' at is generated by transpositions, it is a finite reflection 
group. A root system of Sat is given by 

R = {±(ei - 6j), I <i < j < N}. 

Its span is (ei -I- . . . -I- cat)"'" , and thus the rank is — 1 . 

(2) Type Bn . Here G is the reflection group in R^ generated by the trans- 
positions aij as above, as well as the sign changes ai : a —Ci , i = , N. 

The group of sign changes is isomorphic to , intersects Sn trivially and is 
normalized by S' at, so G is isomorphic with the semidirect product Sat ix Z^ . 
The corresponding root system has rank ; it is given by 



R = 1 < i < N, ±(ei ± 6j), I < i < j < N}. 
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A root system R is called irreducible, if it cannot be written as the or- 
thogonal disjoint union i? = i?i U i ?2 of two root systems R\ , i ?2 • Any root 
system can be uniquely written as an orthogonal disjoint union of irreducible 
root systems. There exists a classification of all irreducible root systems in 
terms of Coxeter graphs. The crystallographic ones are made up by 4 infinite 
families A„, (those discussed above), as well as 5 exceptional 

root systems. For details, we refer to [29]. 

2.2 Dunkl operators 

Let i? be a fixed root system in and G the associated reflection group. 
From now on we assume that R is normalized in the sense that (a, a) = 2 for 
all a G R; this simplifies formulas, but is no loss of generality for our purposes. 
The Dunkl operators attached with R can be considered as perturbations of 
the usual partial derivatives by reflection parts. These reflection parts are 
coupled by parameters, which are given in terms of a multiplicity function: 

Definition 2.2. A function k : R ^ C on the root system R is called a 
multiplicity function on R, if it is invariant under the natural action of G on 
R . The C -vector space of multiplicity functions on R is denoted by K . 

Notice that the dimension of K is equal to the number of G-orbits in R . 
We write fc > 0 if k{a) > 0 for all a G i?. 

Definition 2.3. Let k G K. Then for ^ G the Dunkl operator T^ := 
T^{k) is defined (for f G G^(K ^) ) by 

T^f{x) := d^f{x) + fc(«) {o:,0 ■ 

aei?+ ' ’ ' 

Here denotes the directional derivative corresponding to and R+ is a 
fixed positive subsystem of R. For the i-th standard basis vector = Ci G 
we use the abbreviation R = Tg ^ . 

The above definition does not depend on the special choice of R+ , thanks 
to the G-invariance of k. In case fc = 0, the T^ reduce to the corresponding 
directional derivatives. The operators T^ were introduced and first studied 
for k > 0 by C.F. Dunkl ([11]-[15]). They enjoy regularity properties similar 
to usual partial derivatives on various spaces of smooth functions on . We 
shall use the following notations: 

Notation 2.1. 1. Z+ := {0, 1,2,...}. 

2. n := C[M^] is the C-algebra of polynomial functions on R^. It has a 
natural grading 

n = @Vn, 

n>0 

where Vn is the subspace of homogeneous polynomials of (total) degree 

n. 




98 



Margit Rosier 



3. c5^(R^) denotes the Schwartz space of rapidly decreasing functions on 

:= {/ G : ||x^a7lloo.E« < oo for all a, /3 G Z^}. 

It is a Frechet space with the usual locally convex topology. 

The Dunkl operators have the following regularity properties: 

Lemma 2.2. (1) If f G with m > 1 , then T^f G C'’"“^(1R^) . 

(2) 7 leaves and invariant. 

(3) 7 homogeneous of degree —1 on II , that is, T^p G Vn-i for p G Vn- 
Proof. All statements follow from the representation 

daf(x — t{a,x)a)dt for / G a G R 

(recall our normalization (a, a) =2). (1) and (3) are immediate; the proof of 
(2) (for ..^(R^)) is also straightforward but more technical; it can be found 
in [30]. 



f{x) - fjcTaX) 
{a, x) 



Due to the G-invariance of k, the Dunkl operators are G-equi variant: 
In fact, consider the natural action of 0{N,M.) on functions / : ^ C, 

given by 

h- f{x) := f{h-^x), hGO{N,R). 

Then an easy calculation shows: 

Exercise 3. g o o g~^ = Tg^ for all g G G. 

Moreover, there holds a product rule: 

Exercise 4. If / is G-invariant then T^f = d^f . If f,g G G^(M'^) and at 
least one of them is G-invariant, then 

Tdfg) = Tdf)-g + f-Tdg). (2.1) 



The most striking property of the Dunkl operators, which is the foundation 
for rich analytic structures related with them, is the following 

Theorem 2.1. For fixed k, the associated = T^{k), ^ G R^ commute. 

This result was obtained in [12] by a clever direct argumentation. An 
alternative proof, relying on Koszul complex ideas, is given in [18]. As a con- 
sequence of Theorem 2.1 there exists an algebra homomorphism : 7T — > 
Endc(17) which is defined by 
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<Pk ■ Xii-^ Ti, 1 1-^ id. 



For p G n we write 

p(T) := <Pk{p)- 

The classical case fc = 0 will be distinguished by the notation =: 

p{d) . Of particular importance is the k-Laplacian, which is defined by 



Ak'.= p{T) with p(x) = |xp. 



Theorem 2.2. 

Afc = A + 2 k{a)Sa with 5af{x) 



(V/(x),g) _ f{x) - fjagx) ^ 
(a,x) (a,x)^ ’ 

( 2 . 2 ) 



here A and V denote the usual Laplacian and gradient respectively. 



This representation is obtained by a direct calculation (recall again our 
convention (a, a) = 2 for all a G i?) by use of the following Lemma: 

Lemma 2.3. [12] For a G R, define 

Pa/(x) := (feC\R^)). 

{a,x) 

Then 

^ k{a)k{f3){a,P)paP0 = 0 . 
a,f3GR+ 

It is not difficult to check that 



N 

Afc = '^ 






Tf 



for any orthonormal basis {^i, . . . , ^n} of , see [12] for the proof. Together 
with the G-equivariance of the Dunkl operators, this immediately implies that 
Afc is G-invariant, i.e. 



goAk = AkOg (gGG). 

Examples 2.2. (1) The rank-one case. In case N = 1, the only choice of 
R is R = {±-\/2}, which is the root system of type Ai . The corresponding 
reflection group is G = {id, a} acting on M by cr(x) = —x. The Dunkl 
operator T := T\ associated with the multiplicity parameter fc G C is given 

by 

T/(x) = /'M + t AAitd. 

X 

Its square T^, when restricted to the even subspace G^(M)® := {/ G G^(K) : 
/(x) = /(— x)}, is given by a singular Sturm-Liouville operator: 
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T'^lc^iRyf = f + — ■ f ■ 

(2) Dunkl operators of type A^-i ■ Suppose G = Sm with root system 
of type Am- 1 - (In contrast to the above example, G now acts on M^). As 
all transpositions are conjugate in S'jv, the vector space of multiplicity func- 
tions is one-dimensional. The Dunkl operators associated with the multiplicity 
parameter fc G C are given by 

tS ^ d, + k {i=l,...,N), 

... Xj 



and the fc-Laplacian or Dunkl Laplacian is 



A 



s 

k 



A + 2k Y 

l<i<j<N 




[(5. - d,) 



Xi — Xj 



(3) Dunkl operators of type Bm ■ Suppose i? is a root system of type 
Bm, corresponding to G = S'at k . There are two conjugacy classes of 
reflections in G, leading to multiplicity functions of the form k = (ko,ki) 
with ki € C. The associated Dunkl operators are given by 



rpB 

^ i 



di -\- k\ 



1 - CTj 
Xi 



+ ^0 • [ 



Xi — Xj 



1 - Tii 



(*=l,...,iV), 



where Tij := aijOiUj . 



2.3 A formula of Macdonald and its analog in Dunkl theory 



In the classical theory of spherical harmonics (see for instance [28]) the fol- 
lowing bilinear pairing on 77, sometimes called Fischer product, plays an 
important role: 

b,<7]o := (p(5)g)(0), p,qG n. 

This pairing is closely related to the scalar product in L^(M^, dx ) ; in 

fact, in his short note [39] Macdonald observed the following identity: 



[p, q]o = ( 2^)-^/2 f e-A/ 2 p(^) e~^/\{x) dx. 

Jrn 



Here e is well-defined as a linear operator on 77 by means of the termi- 
nating series 



= -A/2, 



= E 



n=0 



(-1)^ 

2”n! 



A”p. 



Both the Fischer product as well as Macdonald’s identity have a useful gen- 
eralization in the Dunkl setting. In the following, we shall always restrict to 
the case fc > 0. 
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Definition 2.4. For p,q € II define 

[P,q]k ■■= {p{T)q){0). 

This bilinear form was introduced in [14]. We collect some of its basic 
properties: 

Lemma 2.4. (1) If p G Vn and q G Vm with nf^m, then [p,q]k = 0. 

(2) [xip,q]k = [p,T,q]k {p,qe U, i=l,...,N). 

(3) [g ■p,g- q]k = [p,q]k {p,q& n, g e G). 

Proof. (1) follows from the homogeneity of the Dunkl operators, (2) is clear 
from the definition, and (3) follows from Exercise 3. 

Let Wk denote the weight function on defined by 

Wk{x) = (2.3) 

aei?+ 



It is G-invariant and homogeneous of degree 2y , with the index 

7 := l{k) ■■= (2-^) 

aGR+ 



Notice that by G-invariance of A:, we have k{—a) = k{a) for all a G i?. Hence 
this definition does again not depend on the special choice of i?+ . Further, 
we define the constant 



Cfc := / e ^"^^^^‘^Wk{x)dx, 

a a so-called Macdonald-Mehta-Selberg integral. There exists a closed form for 
it which was conjectured and proved by Macdonald [40] for the infinite series 
of root systems. An extension to arbitrary crystallographic reflection groups 
is due to Opdam [44], and there are computer-assisted proofs for some non- 
crystallographic root systems. As far as we know, a general proof for arbitrary 
root systems has not yet been found. 

We shall need the following anti-symmetry of the Dunkl operators: 

Proposition 2.1. [15] Let k > 0. Then for every f G and g G 

Gi(K^), 



/ T^f{x)g{x)wk{x)dx 



f{x)T^g{x)wk{x)dx. 



Proof. A short calculation. In order to have the appearing integrals well de- 
fined, one has to assume fc > 1 first, and then extend the result to general 
A: > 0 by analytic continuation. 
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Proposition 2.2. For all p,q G U , 

[p,q]k = Wk{x)dx. (2.5) 

Jrn 

This result is due to Dunkl ([14]). As the Dunkl Laplacian is homogeneous 
of degree —2, the operator is well-defined and bijective on 7T, and it 

preserves the degree. We give here a direct proof which is partly taken from 
an unpublished part of M. de Jeu’s thesis ([31], §3.3). It involves the following 
commutator results in Endc(17), where as usual, [A, B] = AB — BA for 
A, B G Endc(17) . 

Lemma 2.5. For i = 1, . . . ,N, 

(1) [x,, Afc/2] = -T,; 

(2) [x, , 

Proof. (1) follows by direct calculation, c.f. [12]. Induction then yields that 
[xi,(Afc/2)”] = -nTi(Afc/2)"“^ for n > 1, 
and this implies (2). 

Proof (of Proposition 2.2). Let i € {1, . . . , N}, and denote the right side of 
(2.5) by {p, q)k . Then by the anti-symmetry of Ti in L^(K^, Wk), the product 
rule for Tj , see Exercise 4, and the above Lemma, 

{p,Tiq)k = [ e~^’‘^'^p ■ {Tie~‘^’‘^'^q) Wkdx 

Jr" 

= — ■ {e~^'‘^‘^q) Wk dx 

= Cfc ^ [ e“'^'“/^(xip) • (e“'^'“/^(7) dx = {xip,q)k. 

Jr" 

But the form [ ., . ]fc has the same property by Lemma 2.4(2). It is now easily 
checked that the assertion is true if p or q is constant, and then, by induction 
on max(degp, deg g) , for all homogeneous p,q. This suffices by the linearity 
of both forms. 

Corollary 2.1. Let again k >0. Then the pairing [•,.]* on II is symmet- 
ric and non- degenerate, i.e. [p,q\k = 0 for all q G II implies that p= 0. 

Exercise 5. Check the details in the proofs of Proposition 2.2 and Corollary 

2.1. 
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2.4 Dunkl’s intertwining operator 

It was first shown in [14] that for non-negative multiplicity functions, the 
associated commutative algebra of Dunkl operators is intertwined with the 
algebra of usual partial differential operators by a unique linear and homoge- 
neous isomorphism on polynomials. A thorough analysis in [18] subsequently 
revealed that for general k, such an intertwining operator exists if and only if 
the common kernel of the , considered as linear operators on II , contains 
no ’’singular” polynomials besides the constants. More precisely, the following 
characterization holds: 

Theorem 2.3. [18] Let -.= {k £ K ■. fl^gRiv KerT^{k) = C • 1} . Then 

the following statements are equivalent: 

(1) k G 

(2) There exists a unique linear isomorphism (’’intertwining operator”) 14 of 
n such that 

Vk{Vn) =Vn, Vk \vo = id and T^Vk = 14 for all i G 

The proof of this result is by induction on the degree of homogeneity and 
requires only linear algebra. 

The intertwining operator 14 commutes with the G-action: 

Exercise 6. o I 4 o g = 14 (5 G G). 

Hint: Use the G-equivariance of the T^ and the defining properties of 14 . 



Proposition 2.3. {fc G AT : A: > 0} C AT”®®. 

Proof. Suppose that p G (Bn>iPn satisfies T^{k)p = 0 for all f G Then 
[l^p]k = 0 for all q G ®n>iPn, and hence also [g,p]fc = 0 for all q G II . Thus 
p = 0, by the non-degeneracy of [ . , . ]fc , see Corollary 2.1. 

The complete singular parameter set AT \ A'”®® is explicitly determined in 
[18]. It is an open subset of AT which is invariant under complex conjugation, 
and contains {k G K : Ke k > 0}. Later in these lectures, we will in fact 
restrict our attention to non-negative multiplicity functions. These are of par- 
ticular interest concerning our subsequent positivity results, which could not 
be expected for non-positive multiplicities. Though the intertwining operator 
plays an important role in Dunkl’s theory, an explicit “closed” form for it is 
known so far only in some special cases. Among these are 

1. The rank-one case. Here 

K'^eg ^ c \ I _ ;L/2 - n, n G Z+}. 

The associated intertwining operator is given explicitly by 
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Vkix^n = ’ 

2 )n [K + 2 )n+l 

where (a)„ = r(a + n)/r(a) is the Pochhammer-symbol. For Refc > 0, 
this amounts to the following integral representation (see [14], Th. 5.1): 

VkP{x) = + ( 2 - 6 ) 

2. The case G = S 3 . This was studied in [16]. Here 

= c \ {_i/2 - n, -1/3 - n, -2/3 - n, n G Z+}. 

In order to bring Vk into action in a further development of the theory, it 
is important to extend it to larger function spaces. For this we shall always 
assume that fc > 0 . In a first step, Vk is extended to a bounded linear operator 
on suitably normed algebras of homogeneous series on a ball. This concept 
goes back to [14]. 

Definition 2.5. For r > 0, let Br := {x G : |a;| < r} denote the closed 
ball of radius r, and let Ar be the closure of U with respect to the norm 

00 00 

IblU,, := ^ IbnIloo.B,, for p='^Pn, Pn G Vn- 

n —0 n— 0 

Clearly Ar is a commutative Banach-* -algebra under the pointwise op- 
erations and with complex conjugation as involution. Each f G Ar has a 
unique representation / = with /„ G Vn , and is continuous on the 

ball Br and real-analytic in its interior. The topology of Ar is stronger than 
the topology induced by the uniform norm on Br ■ Notice also that Ar is not 
closed with respect to ||.||oo,Br that Ar C Ag with || . [[^^ > || . for 
s < r. 

Theorem 2.4. || Vfcp||oo.B,- < Iblloo.s,. for each pGVn- 

The proof of this result is given in [14] and can also be found in [19]. It uses 
the van der Corput-Schaake inequality which states that for each real-valued 
p G Vn ) 

sup{|(Vp(a;),y)| : x,y G B{\ < n||p||oo.Si- 

Notice that here the converse inequality is trivially satisfied, because for p G 
Vn we have (Vp{x),x) = np{x). The following is now immediate: 

Corollary 2.2. [114/11^,, < ||/||Ar for every f G U , and Vk extends uniquely 
to a bounded linear operator on Ar via 

00 00 

Vkf ■■= Vkfn for f=Yfn- 

n —0 n —0 
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Formula (2.6) shows in particular that in the rank-one case with k > 0, 
the operator 14 is positivity-preserving on polynomials. It was conjectured by 
Dunkl in [14] that for arbitrary reflection groups and non-negative multiplicity 
functions, the linear functional / Vkf{x) on Ar should be positive. We 
shall see in Section 4.1 that this is in fact true. As a consequence, we shall 
obtain the existence of a positive integral representation generalizing (2.6), 
which in turn allows to extend 14 to larger function spaces. This positivity 
result also has important consequences for the structure of the Dunkl kernel, 
which generalizes the usual exponential function in the Dunkl setting. We 
shall introduce it in the following section. 

Exercise 7. The symmetric spectrum As{A) of a (unital) commutative 
Banach-* -algebra A is defined as the set of all non-zero algebra homomor- 
phisms (f : A ^ C satisfying the *-condition if{a*) = (f{a) for all a G A. 
It is a compact Hausdorff space with the weak-*-topology (sometimes called 
the Gelfand topology). Prove that the symmetric spectrum of the algebra 
Ar is given by As{Ar) = {^Px ■ x G Br} , where ipx is the evaluation ho- 
momorphism (fixif) ■= f{x). Show also that the mapping x ipx a, 
homeomorphism from Br onto As{Ar). 



2.5 The Dunkl kernel 

Throughout this section we assume that fc > 0 . Moreover, we denote by ( . , . ) 
not only the Euclidean scalar product on but also its bilinear extension 
to X C^. For fixed y G C^, the exponential function x belongs 

to each of the algebras Ar , r > 0. This justifies the following 

Definition 2.6. [14] For y G , define 

Ek{x,y):=Vk{e^-^y^){x), xGR^. 

The function is called the Dunkl-kernel, or fc-exponential kernel, as- 
sociated with G and k . It can alternatively be characterized as the solution 
of a joint eigenvalue problem for the associated Dunkl operators. 

Proposition 2.4. Let k > 0 and y G C^. Then f = Ek{ ■ ,y) is the unique 
solution of the system 



Tif={f,y)f for all ^gR^ (2.7) 

which is real-analytic on and satisfies /(O) = 1. 

Proof. Ek{.y) is real-analytic on by our construction. Define 

Ei'"\x,y) := ^Vfc(.,j/)”(a;), x G R^ , n = 0,1,2,.... 
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Then Ek{x,y) = Ej^\x,y), and the series converges uniformly and 

absolutely with respect to x. The homogeneity of Vk immediately implies 
Ek{0,y) = 1. Further, by the intertwining property, 

T^E^^\.,y) = ^Vkd^{.,yr = {^,y)E^^~^\ . ,y) (2.8) 

for all n > 1. This shows that Ek{.,y) solves (2.7). To prove uniqueness, 
suppose that / is a real-analytic solution of (2.7) with /(O) = 1. Then can 
be applied termwise to the homogeneous expansion / = frnfn G En , 

and comparison of homogeneous parts shows that 

/o = 1, T^fn = ity)fn-i for n > 1. 

As {k G K : k > 0} C AT’’®®, it follows by induction that all /„ are uniquely 
determined. 

While this construction has been carried out only for k > 0, there is 
a more general result by Opdam which assures the existence of a general 
exponential kernel with properties according to the above lemma for arbitrary 
regular multiplicity parameters. The following is a weakened version of [44], 
Proposition 6.7; it in particular implies that E^ has a holomorphic extension 
to X C^: 

Theorem 2.5. For each k € y g , the system 

Tif = {^,y)f 

has a unique solution x Ek{x,y) which is real-analytic on and sat- 
isfies /(O) = 1. Moreover, the mapping (x,k,y) Ek{x,y) extends to a 
meromorphic function on x K x with pole set x (AT \ AT’’®®) x 

We collect some further properties of the Dunkl kernel Ek ■ 

Proposition 2.5. Let k > 0, x,y G C^, X gC and g G G. 

(1) Ek{x,y) = Ek{y,x) 

(2) Ek{Xx,y ) = Ek{x,Xy) and Ek{gx,gy) = Ek{x,y). 

(3) Ek{x,y) = Ek{x,y). 

Proof. (1) This is shown in [14]. (2) is easily obtained from the definition 
of Ek together with the homogeneity and equivariance properties of Vk ■ For 
(3), notice that / := Ek{.,y), which is again real-analytic on satisfies 
T^f = i^,y) f, /(O) = 1. By the uniqueness part of the above Proposition, 
Ek{x,y) = Ek{x,y) for all real x. Now both x i-^- Ek(x,y) and x i-^- Ek{x,y) 
are holomorphic on and agree on . Hence they coincide. 

Just as with the intertwining operator, the kernel Ek is explicitly known 
for some particular cases only. An important example is again the rank-one 
situation: 
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Example 2.1. In the rank-one case with Refc > 0, the integral representation 
(2.6) for Vk implies that for all x,y gC, 

= • \Fi{k, 2k + 1, —2xy). 



This can also be written as 

Ek{x,y) = jk-i/2{ixy) + ^^^jk+i/2{ixy), 



where for a > —1/2, is the normalized spherical Bessel function 



ja{z) 



2“T(a + l) 



Ja 



r(a+ 1) • 



^ (-l)"(0/2)^" 
^ n\ r(n + a + 1) 

n=0 



(2.9) 



This motivates the following 

Definition 2.7. [44] The k -Bessel function (or generalized Bessel function) 
is defined by 

Jk{x,y) := -^ '^Ek{gx,y) {x,yGC^). (2.10) 

' ' geG 



Thanks to Proposition 2.5 .Jk is G-invariant in both arguments and there- 
fore naturally considered on Weyl chambers of G (or their complexifications) . 
In the rank-one case, we have 



■h{x,y) = jk-i/ 2 {ixy). 

It is a well-known fact from classical analysis that for fixed y G C, the 
function f{x) = fk-\j 2 iixy') is the unique analytic solution of the differential 
equation 

/" + -S' = v‘S 

X 

which is even and normalized by /(O) = 1. In order to see how this can 
be generalized to the multivariable case, consider the algebra of G-invariant 
polynomials on , 

= {p G n : g ■ p = p for all g G G}. 

If p G , then it follows from the equivariance of the Dunkl operators 
(Exercise 3) that p{T) commutes with the G-action; a detailed argument 
for this is given in [26]. Thus p{T) leaves 77® invariant, and we obtain in 
particular that for fixed y G , the fc -Bessel function Jk{. ,y) is a solution 
to the following Bessel-system: 
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p{T)f = p{y)f for all p G 77'^, /(O) = 1. 

According to [44], it is in fact the only G-invariant and analytic solution. We 
mention that there exists a group theoretic context in which, for a certain 
parameters k , generalized Bessel functions occur in a natural way: namely as 
the spherical functions of a Euclidean type symmetric space, associated with 
a so-called Cartan motion group. We refer to [44] for this connection and to 
[28] for the necessary background in semisimple Lie theory. 

The Dunkl kernel is of particular interest as it gives rise to an associated 
integral transform on which generalizes the Euclidean Fourier transform 
in a natural way. This transform will be discussed in the following section. Its 
definition and essential properties rely on suitable growth estimates for ■ 
In our case k>0, the best ones to be expected are available: 

Proposition 2.6. [51] For all x G R^, y G and all multi-indices a G , 

\d^Ek{x,y)\ < |x|l“lmaxe^"<9“’^>. 

^ geG 

In particular, \Ek.{—ix,y)\ < 1 for all x,y G . 

This result will be obtained later from a positive integral representation of 
Bochner-type for Ek, c.f. Corollary 4.1. M. de Jen had slightly weaker bounds 
in [30], differing by an additional factor \/\G\. 

We conclude this section with two important reproducing properties for the 
Dunkl kernel. Notice that the above estimate on Ek assures the convergence 
of the involved integrals. 

Proposition 2.7. Let k > 0. Then for p G II , y,z G , 

( 1 ) [ e~^'^^'^p{x)Ek{x,y)e~^'^^'^^‘^Wk{x)dx = CkC^^’^'^^'^piy), 

Jr" 

(2) [ Ek{x,y) Ek{x, z) e~^'^^^^‘^Wkix)dx = Cfc 2 ;). 

Jr" 

Proof, (c.f. [15].) We shall use the Macdonald-type formula (2.5) for the pair- 
ing [ . , . ]fc . First, we prove that 

[eI^\x, .), .]k = p{x) for all p G 7^„, X G R^. (2-11) 

In fact, if p G 7^„, then 

p{x) = {{x,dy)^/nl)p{y) and V^p{x) = Elf^\x,dy)p{y). 

Here the uppercase index in V/f denotes the relevant variable. Application 
of V^! to both sides yields Vffp{x) = E^\x,Ty)V^p{y). As 14 is bijective 
on Vn, this implies (2.11). For fixed y, let Ln{x) := Y^'^=[)^k\x,y). If n is 
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larger than the degree of p, it follows from (2.11) that [Ln,p]k = p{y)- Thus 
in view of the Macdonald formula, 



c 



-1 

k 




e ^’‘^'^Ln{x)e ‘^'‘^‘^p{x)e ^‘^Wk{x)dx 



p{y)- 



On the other hand, it is easily checked that 



lim e ^’‘^‘^Ln(x) = e ^“^Ek{x,y). 



This gives (1). Identity (2) then follows from (1), again by homogeneous ex- 
pansion of Ek ■ 



2.6 The Dunkl transform 

The Dunkl transform was introduced in [15] for non-negative multiplicity func- 
tions and further studied in [30] in the more general case Re fc > 0 . In these 
notes, we again restrict ourselves to fc > 0 . 

Definition 2.8. The Dunkl transform associated with G and k > 0 is given 
by 



: L\R^,Wk) ^ Cb{R^); 
f{x)Ek{-i£,,x)wk{x)dx G M^). 

The inverse transform is defined by /'^^(^) = /*(— C)- 

Notice that G Cb(]R^) results from our bounds on Ek- The Dunkl 
transform shares many properties with the classical Fourier transform. Here 
are the most basic ones: 

Lemma 2.6. Let f G .5^(K^). Then for j = 1, . . . ,N, 

(1) G and r,(7'=) = -(ix,ft^. 

(2) {J,ft\i)=iij\i). 

(3) The Dunkl transform leaves invariant. 

Proof. (1) is obvious from (2.7), and (2) follows from the anti-symmetry rela- 
tion (Proposition 2.1) for the Dunkl operators. For (3), notice that it suffices 
to prove that 9|*(^^/*(^)) is bounded for arbitrary multi-indices a, f3. By 

the previous Lemma, we have some g G .5^(K^). Using 

the growth bounds of Proposition 2.6 yields the assertion. 
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Exercise 8. 

(1) C“(K^) and are dense in LP{R^,Wk), P=l,2. 

(2) Conclude the Lemma of Riemann-Lebesgue for the Dunkl transform: 

f€L\R^,Wk) p€Co{R^). 

Here C'o(M^) denotes the space of continuous functions on which vanish 
at infinity. 

The following are the main results for the Dunkl transform; we omit the 
proofs but refer the reader to [15] and [30]: 

Theorem 2.6. (1) The Dunkl transform f j is a homeomorphism of 
with period 4. 

(2) (Plancherel theorem) The Dunkl transform has a unique extension to an 

isometric isomorphism of ,Wk) ■ We denote this isomorphism again 

by f ^ f^ . ^ 

(3) ( -inversion) For all f G ,Wk) with /* G ,Wk), 

f=iPr'^ a.e. 



3 CMS models and generalized Hermite polynomials 



3.1 Quantum Calogero-Moser-Sutherland models 



Quantum Calogero-Moser-Sutherland (CMS) models describe quantum me- 
chanical systems of N identical particles on a circle or line which interact 
pairwise through long range potentials of inverse square type. They are ex- 
actly solvable and have gained considerable interest in theoretical physics 
during the last years. Among the broad literature in this area, we refer to 
[10], [36], [33], [5], [2]-[4], [46], [47], [61], [17]. CMS models have in particular 
attracted some attention in conformal field theory, and they are being used 
to test the ideas of fractional statistics ([24], [25]). While explicit spectral res- 
olutions of such models were already obtained by Calogero and Sutherland 
([6], [57]), a new aspect in the understanding of their algebraic structure and 
quantum integrability was much later initiated by [48] and [26]. The Hamil- 
tonian under consideration is hereby modified by certain exchange operators, 
which allow to write it in a decoupled form. These exchange modifications can 
be expressed in terms of Dunkl operators of type A^v-i . The Hamiltonian of 
the linear CMS model with harmonic confinement in L^(K^) is given by 



nc 



-A 



1<2<J<N 



+ ixV\ 



{Xi - Xj)2 



(3.1) 
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here w > 0 is a frequency parameter and ^ > —1/2 is a coupling constant. 
In case w = 0, (3.1) describes the free Calogero model. On the other hand, 
if (/ = 0, then Tic coincides with the Hamiltonian of the A^-dimensional 
isotropic harmonic oscillator, 

TLq = —A + 

The spectral decomposition of this operator in is well-known: The 

spectrum is discrete, cr(7fo) = {(2n -I- iV)a;, n G Z+}, and the classical multi- 
variable Hermite functions (tensor products of one- variable Hermite functions, 
c.f. Examples 3.1), form a complete set of eigenfunctions. The study of the 
Hamiltonian Tic was initiated by Calogero ([6]); he computed its spectrum 
and determined the structure of the bosonic eigenfunctions and scattering 
states in the confined and free case, respectively. Perelomov [47] observed that 
(3.1) is completely quantum integrable, i.e. there exist N commuting, alge- 
braically independent symmetric linear operators in L^(IR^) including Tic ■ 
We mention that the complete integrability of the classical Hamiltonian sys- 
tems associated with (3.1) goes back to Moser [41]. There exist generalizations 
of the classical Calogero-Moser-Sutherland models in the context of abstract 
root systems, see for instance [42], [43]. In particular, if R is an arbitrary root 
system on and fc is a nonnegative multiplicity function on it, then the 
corresponding abstract Calogero Hamiltonian with harmonic confinement is 
given by _ _ 

Tik = — k up \x'\^ 

with the formal expression 

.Ffc = A - 2 ^ k{a){k{a) - 

aei?+ ' ’ ' 

If R is of type A^-i, then Tik just coincides with Tic ■ For both the classical 
and the quantum case, partial results on the integrability of this model are 
due to Olshanetsky and Perelomov [42], [43]. A new aspect in the understand- 
ing of the algebraic structure and the quantum integrability of CMS systems 
was initiated by Polychronakos [48] and Heckman [26]. The underlying idea 
is to construct quantum integrals for CMS models from differential-reflection 
operators. Polychronakos introduced them in terms of an “exchange-operator 
formalism” for (3.1). He thus obtained a complete set of commuting observ- 
ables for (3.1) in an elegant way. In [26] it was observed in general that the 
complete algebra of quantum integrals for free, abstract Calogero models is 
intimately connected with the corresponding algebra of Dunkl operators. Let 
us briefly describe this connection: Consider the following modification of Rk > 
involving reflection terms: 

Rk = A-2 ^ pPL{^k{a)-a^). 



(3.2) 
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In order to avoid singularities in the reflecting hyperplanes, it is suitable to 

1 /2 

carry out a gauge transform by WfJ . A short calculation, using again results 
from [12], gives 

= Ak , 

c.f. [52]. Here is the Dunkl Laplacian associated with G and k. Now con- 
sider the algebra of of G-invariant polynomials on . By a classical 
theorem of Chevalley (see e.g. [29]), it is generated by N homogeneous, al- 
gebraically independent elements. For p G we denote by Res {p{T)) the 

restriction of the Dunkl operator p{T) to (Recall that p{T) leaves 

invariant!). Then 

A := {Resp(T) : p G 7T^} 

is a commutative algebra of differential operators on containing the op- 
erator 

Res(Afc) = wl^^'^Tkw]!'^ , 

and A has A algebraically independent generators, called quantum integrals 
for the free Hamiltonian Tk ■ 

3.2 Spectral analysis of abstract CMS Hamiltonians 

This section is devoted to a spectral analysis of abstract linear CMS operators 
with harmonic confinement. We follow the expositions in [50], [53]. To simplify 
formulas, we fix lo = 1/2; corresponding results for general w can always be 
obtained by rescaling. We again work with the gauge-transformed version with 
reflection terms. 



Uk ■■= = -Ak+^\x\'^. 

Due to the anti-symmetry of the first order Dunkl operators (Proposition 2.1), 
this operator is symmetric and densely defined in ,Wk) with domain 

T>{'Hk) '■= c5^(M^). Notice that in case k = 0, Tik is just the Hamiltonian 
of the A-dimensional isotropic harmonic oscillator. We further consider the 
Hilbert space L^(K^,mfc), where ruk is the probability measure 

diTik ■= ^‘^Wk{x)dx (3.3) 



and the operator 



N 

<!J k • — Ak ~\~ ^ ] Xi&i 

i=l 



in L^(K^,m/c), with domain T>{Jk) := II . It can be shown by standard 
methods that II is dense in L^(K^,mfc). We do not carry this out; a proof 
can be found in [51] or in [32], where a comprehensive treatment of density 
questions in several variables is given. 
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The next theorem contains a complete description of the spectral proper- 
ties of Tifc and and generalizes the already mentioned well-known facts for 
the classical harmonic oscillator Hamilonian. For the proof, we shall employ 
the s/( 2 ) -commutation relations of the operators 

1 1 ^ 

E:=-\x\'^, F:=--Ak and g := xA -h (7 -h N/2) 

i=l 

on n (with the index 7 = 7 (fc) as defined in (2.4)) which can be found in 
[26]. They are 



[H,E]=2E, [H,F] = -2F, [E,F] = H. (3.4) 

Notice that the first two relations are immediate consequences of the fact that 
the Euler operator 

N 

p:='^Xidi (3.5) 

satisfies p{p) = np for each homogeneous p &Vn- We start with the following 
Lemma 3.1. On T>{Jk) = E, 

Jk = el"l'/4(7ffc-(7 + iV/2))e-l"l'/^ 

In particular, Jk is symmetric in ,mk) ■ 

Proof. From (3.4) it is easily verified by induction that 

[Ak, E”j = 2nE^-^H + 2n(n - l)E'^~^ for all n G N, 
and therefore [Afc,e“^/^j = + \Ee~^!'^. Thus on 77, 

^ _A,e-^/2 + \Ee~^l^ = -e~^^^Ak 
= e-^/2(Jfc + 7 + iV/2). 

Theorem 3.1. The spaces L‘^(R^,mk) and L‘^(R^,Wk) admit orthogonal 
Hilbert space decompositions into eigenspaces of the operators Jk and Hk 
respectively. More precisely, define 

Vn ■.= {e-^'^/^p :peVn}cn, :={e-l"l"/4^(x), qeVn}cy{R^). 

Then V„ is the eigenspace of Jk corresponding to the eigenvalue n, Wn is 
the eigenspace of TLk corresponding to the eigenvalue n + ^ + N / 2 , and 

L\R^,mk) = 0 K, T2(K^,u;fc) = ^ w„ . 
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Remark 3.1. A densely defined linear operator {A,'D{A)) in a Hilbert space 
H is called essentially self-adjoint, if it satisfies 

(i) A is symmetric, i.e. {Ax,y) = {x,Ay) for all x € 2?(A); 

(ii) The closure A of A is selfadjoint. 

In fact, every symmetric operator A in H has a unique closure A (because 
A C A*, and the adjoint A* is closed). If H has a countable orthonormal 
basis {v„, n G Z+} C 2? (A) consisting of eigenvectors of A corresponding 
to eigenvalues A„ G M, then it is straightforward that A is essentially self- 
adjoint, and that the spectrum of the self-adjoint operator A is given by 
cr(A) = {A„ ,n G Z+}. (See for instance Lemma 1.2.2 of [8]). 

In our situation, the operator Tik is densely defined and symmetric in 
L‘^(R^,Wk) (the first order Dunkl operators being anti-symmetric), and the 
same holds for in L^(M^,mfc). The above theorem implies that Tik and 
Jk are essentially self-adjoint and that 

cr(TYfc) = {n -1-7-1- iV/2,n G Z+}, a{Jk) = . 

Proof (of Theorem 3.1). Equation (3.4) and induction yield the commuting 
relations [p, A^] = — 2nA^ for all n G Z+, and hence 

If q G is arbitrary and p := , it follows that 

p{q) = (pe"'^'=/^)(p) = e"'^'=/^p(p) -k Afce"‘^'=/^p = + Afcg. 

Hence for a G C there are equivalent: 

(— Afc -I- p){q) = aq 4=^ p{p) = ap 4=^ a = n G Z+ and p G Vn- 

Thus each function from is an eigenfunction of ffk corresponding to the 
eigenvalue n, and Vn T Vm for n ^ m by the symmetry of Jk . This proves 
the statements for Jk because = 0 lA is dense in L^(K^,mfc). The 
statements for TLk are then immediate by the Lemma 3.1. 

3.3 Generalized Hermite polynomials 

The eigenvalues of the CMS Hamiltonians Tik and Jk are highly degenerate 
if > 1 . In this section, we construct natural orthogonal bases for them. 
They are made up by generalizations of the classical A^-variable Hermite 
polynomials and Hermite functions to the Dunkl setting. We follow [50], but 
change our normalization by a factor 2 . 

The starting point for our construction is the Macdonald-type identity: if 
p, <7 G n , then 

b,<?]/c = [ e~^’‘/‘^p{x)e~^’‘/‘^q{x)dmk{x), (3.6) 
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with the probability measure nik defined according to (3.3). Notice that 
[ . , . ]fc is a scalar product on the M- vector space TTr of polynomials with real 
coefficients. Let € ^+} be an orthonormal basis of 77 r with respect to 

the scalar product , .]fc such that (pi, G 'P\^\. As homogeneous polynomials 
of different degrees are orthogonal, the pu with fixed \i>\ = n can for example 
be constructed by Gram-Schmidt orthogonalization within Vn H TTr from an 
arbitrary ordered real-coefficient basis. If k = 0, the canonical choice of the 
basis is just (p^{x) := . 

Definition 3.1. The generalized Hermite polynomials , {H ^, , v G asso- 
ciated with the basis on are given by 

H,{x) := (3.7) 

Moreover, we define the generalized Hermite functions , on by 

K{x) := e-l“l'/4i7,.(x), e (3.8) 



H„ is a polynomial of degree \v\ satisfying H,^{—x) = (— l)l‘^li7,y(x) for 
all X G By virtue of (3.6), the H,j, v G form an orthonormal basis 
of L^(R^,mfc). 

Examples 3.1. (1) Classical multivariable Hermite polynomials. Let fc = 0, 
and choose the standard orthonormal system Pvfx) = (y''3)~^l‘^x'' , with 
respect to [ . , . ]o • The associated Hermite polynomials are given by 



Hv{x) 



1 

\fy\ 



N 









o-kl/2 ^ _ 

^ 'Y\Hi,fixi/ \/2), 

i=i 



(3.9) 



where the Hn, n G Z+ are the classical Hermite polynomials on M defined 
by 

H„(x) = (-l)"e"^^e-^^ 

(2) The one- dimensional case. Up to sign changes, there exists only one or- 
thonormal basis with respect to [. , .]k. The associated Hermite polyno- 
mials are given, up to multiplicative constants, by the generalized Hermite 
polynomials Hf,{x/'/2) on M. These polynomials can be found in [7] and 
were further studied in [56] in connection with a Bose-like oscillator calcu- 
lus. The Hlf are orthogonal with respect to |a;p*e“bl and can be written 
as 

\hL{x) = (-l)"22"n!Lr'/"(x2), 

[HL+ii^) = (-l)”22"+in!xL^^/"(x2); 
here the are the usual Laguerre polynomials of index a > — 1/2 , given 

by 

1 
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(3) The Aff-i-case. There exists a natural orthogonal system made 

up by the so-called non- symmetric Jack polynomials. For a multiplicity 
parameter fc > 0, the associated non-symmetric Jack polynomials E^, , n G 
Z^, as introduced in [45] (see also [35]), are uniquely defined by the 
following conditions: 

(i) E^{x) = x'' + with G K; 

(ii) For all p, <p v, {E^{x),x^)f. = 0 . 

Here <p is a dominance order defined within multi-indices of equal total 
length (see [45]), and the inner product (., .)k on 7T n TTr is given by 

{f,g)k ■■= f f{z)g{z)Y[\zi- Zjl^’^dz 

t<l 

with T = {zGC:|z| = 1} and dz being the Haar measure on . If / 
and g have different total degrees, then {f,g)k = 0. The set {E ^, , |p| = 
n} forms a vector space basis of Vn H TTr. It can be shown (by use of 
Hat- 1 -type Cherednik operators) that the Jack polynomials E^, are also 
orthogonal with respect to the Dunkl pairing [. , .]k] for details see [50]. 
The corresponding generalized Hermite polynomials and their symmetric 
counterparts have been studied in [37], [38] and in [2] - [4]. 

As an immediate consequence of Theorem 3.1 we obtain analogues of the 
classical second order differential equations for generalized Hermite polyno- 
mials and Hermite functions: 

N 

Corollary 3.1. (i) {-Ak -\-'^Xidi)H„ = \n\H^ . 

(ii) (-Afc -h = (|p| -k7-kiV/2)/i,,. 

Various further useful properties of the classical Hermite polynomials and 
Hermite functions have extensions to our general setting. We conclude this 
section with a list of them. The proofs can be found in [50]. For further 
results on generalized Hermite polynomials, one can also see for instance [9]. 

Theorem 3.2. Let {H^} be the Hermite polynomials associated with the basis 
on and let x,y £ . Then 

(1) (Rodrigues formula) H^{x) = 

(2) (Generating relation) ^'^Ek{x,y) = H^{x)ipv{y) 

(3) (Mehler formula) For all 0 < r < 1 , 



Y, i7.(x)iF.(y)rl"l = 

(1 _ j,2)7+AT/2 



rH\x\^ + \yn 

2(1 -r2) 



Ek{ 



rx 



y)- 
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The sums are absolutely convergent in both cases. 

The Dunkl kernel Ek in (2) and (3) replaces the usual exponential function. 
It comes in via the following relation with the (arbitrary!) basis 

Ek{x,y) = (p„{x)(f^{y) {x,y 

Proposition 3.1. The generalized Hermite functions {h,^ , v G are a 

basis of eigenfunctions of the Dunkl transform on L'^{R^,Wk) with 



4 Positivity results 

4.1 Positivity of Dunkl’s intertwining operator 

In this section it is always assumed that k > 0. The reference is [51]. 

We shall say that a linear operator 4 on 77 is positive, if A leaves the 
positive cone 



77+ := {p G n : p{x) > 0 for all x G K^} 
invariant. The following theorem is the central result of this section: 
Theorem 4.1. 14 is positive on 77. 

Once this is known, more detailed information about 14 can be obtained 
by its extension to the algebras Ar, which were introduced in Definition 2.5. 
This leads to 

Theorem 4.2. For each x G there exists a unique probability measure /i* 
on the B Orel- a -algebra of R^ such that 

Vkf{x)=[ fiOdF^AO for all f G (4.1) 

JR-W 

The representing measures pdf are compactly supported with suppy:i^ C 
co{gx, g G G}, the convex hull of the orbit of x under G. Moreover, they 
satisfy 

pUb) = p\AB) = pl{g-\B)) (4.2) 

for each r > 0, g G G and each Borel set B C R^ . 

The proof of Theorem 4.1 affords several steps, the crucial one being a 
reduction from the -dimensional to a one-dimensional problem. We shall 
give an outline, but beforehand we turn to the proof of Theorem 4.2. 
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Proof (of Theorem 4-^)- Fix x G and put r = |x|. Then the mapping 

^x- f 1-^ Vkf{x) 

is a bounded linear functional on A^, and Theorem 4.1 implies that it is 
positive on the dense subalgebra U oi Ar, i.e. <l>x{\p\^) > 0. Consequently, 
<Px is a positive functional on the full Banach-* -algebra Ar . There exists a 
representation theorem of Bochner for positive functionals on commutative 
Banach-* -algebras (see for instance Theorem 21.2 of [21]). It implies in our 
case that there exists a unique measure G M^{As{Ar)) such that 

^x{f) = [ f{p)dvx{ip) for all f G Ar, 

JAs(Ar) 

with / the Gelfand transform of / . Keeping Exercise 7 in mind, one obtains 
representing measures supported in the ball Br ; the sharper statement on 
the support is obtained by results of [30] . The remaining statements are easy. 

The key for the proof of Theorem 4.1 is a characterization of positive 
semigroups on polynomials which are generated by degree-lowering operators. 
We call a linear operator A on II degree-lowering, if deg{Ap) < deg(p) for all 
n . Again, the exponential e^ G End(TT^) is defined by a terminating power- 
series, and it can be considered as a linear operator on each of the finite 
dimensional spaces {p G 17 : deg{p) < m} . Important examples of degree- 
lowering operators are linear operators which are homogeneous of some degree 
—n < 0, such as Dunkl operators. The following key result characterizes 
positive semigroups generated by degree-lowering operators; it is an adaption 
of a well-known Hille-Yosida type characterization theorem for so called Feller- 
Mar kov semigroups which will be discussed a little later in our course, see 
Theorem 4.7. 

Theorem 4.3. Let A he a degree-lowering linear operator on 77. Then the 
following statements are equivalent: 

(1) e*^ is positive on 77 for all t > 0 . 

(2) A satisfies the “positive minimum principle” 

(M) For every p G 77+ and xq G p(xq) = 0 implies Ap{xo) > 0. 



Exercise 9. 

(1) Prove implication (1) (2) of this theorem. 

(2) Verify that the (usual) Laplacian A satisfies the positive minimum prin- 
ciple (M). Can you extend this result to the Dunkl Laplacian A^? (C.f. 
Exercise 12!) 



Let us now outline the proof of Theorem 4.1. We consider the generalized 
Laplacian A^ associated with G and k, which is homogeneous of degree —2 
on 77. With the notation introduced in (2.2), it can be written as 
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Afc = A + Lfc with Lk = 2 k{a)5a ■ (4-3) 

ae-R+ 

Here 5a acts in direction a only. 

Theorem 4.4. The operator g-^/ 2 gAfc /2 positive on II . 

Proof. We shall deduce this statement from a positivity result for a suitable 
semigroup. For this, we employ Trotter’s product formula, which works for 
degree-lowering operators just as on finite-dimensional vector spaces: If A, B 
are degree-lowering linear operators on 77, then 

e^+^p{x) = lim (e^/”e^/”)>(x). 

n—*oo 



Thus, we can write 

g-A/2gA,/2p(^) ^g-A/2gA/2+L,/2p(^) ^ lim . A/2n gL./2n) 

n—*oo ' ' 

n 

= lim TT(e-(i-^'/”)-'^/2gi./2«g(i-j7n).A/2N 

n— »oo J. J. ^ ' 

7=1 

It therefore suffices to verify that the operators 

e~sA^tL,esA (s^i>o) 

are positive on 77. Consider s fixed, then 

g-sAgtL,gSA ^ ^tA ^ ^ g-sA^^gSA _ 

It is easily checked that A is degree-lowering. Hence, in view of Theorem 4.3, 
it remains to show that A satisfies the positive minimum principle (M) . We 
may write 

A= = 2 XI 

aGR+ 

here it was used that Sa acts in direction a only. It can now be checked by 
direct computation that the one-dimensional operators satisfy 

(M), and as the k{a) are non-negative, this must be true for A as well. 

Proof (of Theorem 4-1) ■ Notice first that 

[VkP,q]k = b,<7]o for all p,qG B. (4.4) 

In fact, for p,q € Vn with n G Z+ , one obtains 

[VkP,q]k = [q,Vkp]k = q{T){Vkp) = Vk{q{d)p) = q{d){p) = [p,q]o; 

here the characterizing properties of 14 and the fact that q{d) (p) is a constant 
have been used. For general p,q G 77, (4.4) then follows from the orthogonality 
of the spaces Vn with respect to both pairings. 
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Combining the Macdonald-type identity (2.5) with part (4.4), we obtain 
for all p,q € n the identity 






e ■^'‘/^(t4p)e Wk{x)dx = 



At 



-1 



g-A/2 -A/2 



X. 






As e ^'“^^(Vfcp) = Vfc(e ^^^p) , and as we may also replace p by and 

q by e^^l'^q in the above identity, it follows that for all p,q £ II 

[ Vkpqe~^^^^^'^ Wk{x)dx = f p (4.5) 

Jr^ Jr-w 

Due to Theorem 4.4, the right side of (4.5) is non-negative for all p,q £ 11+ . 
From this, the assertion can be deduced by standard density arguments (77 
is dense in L^(1R^, e“l^l^/‘*'u;fc(x)(7x) ). 

Corollary 4.1. For each y £ , the function x i-^- Ek{x,y) has the 

Bochner-type representation 



Ek{x,y) = [ e<^’«>dp*(C), (4.6) 

Jr" 

where the p* are the representing measures from Theorem 4-2. In particular, 
Ek satisfies the estimates stated in Proposition 2.6, and 

Ek{x, y) > 0 for all x,y £ . 

Analogous statements hold for the k -Bessel function Jk ■ 

In those cases where the generalized Bessel functions Jk{-,y) allow an in- 
terpretation as the spherical functions of a Cartan motion group, the Bochner 
representation of these functions is an immediate consequence of Harish- 
Chandra’s theory ([28]). There are, however, no group-theoretical interpre- 
tations known for the kernel Ek so far. 



4.2 Heat kernels and heat semigroups 

We start with a motivation: Consider the following initial-value problem for 
the classical heat equation in : 

f Au — dfU =0 on x (0, oo), 

\u{.,0) = f 

with initial data / £ Cq(R^) , the space of continuous functions on which 
vanish at infinity. (We could equally take data from C6(]R^), but Co(R^) is 
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more convenient in the following considerations). The basic idea to solve (4.7) 
is to carry out a Fourier transform with respect to x . This yields the candidate 



u{x,t) = gt* f{x) 



f 9 ti.x-y)f{y)dy (t > 0), 



where gt is the Gaussian kernel 



9t{x) 



^ p-blV4t 
(47rt)^/2 



(4.8) 



It is a well-known fact from classical analysis that (4.8) is in fact the unique 
bounded solution within the class x (0,oo)) n x [0,oo)). 

Exercise 10. Show that H{t)f{x) := gt * f{x) for t > 0, 77(0) := id 
defines a strongly continuous contraction semigroup on the Banach space 
(Co(R^), IMIoo) in the sense of the definition given below. 

Hint: Once contractivity is shown, it suffices to check the continuity for func- 
tions from the Schwartz space For this, use the Fourier inversion 

theorem. 



Definition 4.1. Let X be a Banach space. A one-parameter family (T{t))t>o 
of hounded linear operators on X is called a strongly continuous semigroup 
on X , if it satisfies 

(i) T(0) = idx , T(t -I- s) = T(t)T{s) for all t,s >0 

(ii) The mapping 1 T{f)x is continuous on [0,oo) for all x G X . 

A strongly continuous semigroup is called a contraction semigroup, if ||T(t)|| < 
1 for all t > 0. 



Let L{X) denote the space of bounded linear operators in X. If A G L{X), 
then 



„tA 



= J2La- G L{X) 
n\ 



n=0 



defines a strongly continuous semigroup on X (this one is even continuous 
with respect to the uniform topology on L{X)). We obviously have 



A = Ym\-(e^^ — id) in L(X). 
no r ’ ^ ’ 



Definition 4.2. The generator of a strongly continuous semigroup (T{t))t>o 
in X is defined by 



Ax :=lim -(T(f)x — x), with domain 

no r ^ ^ ^ 



T>(A) :={x G X : lim -lT{f)x 

no t 



x) exists in X}. 



(4.9) 
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Theorem 4.5. The generator A of {T{f))t>o is densely defined and closed. 

An important issue in the theory of operator semigroups and evolution 
equations are criteria which characterize generators of strongly continuous 
semigroups. 

Let us return to the Dunkl setting. As before, denotes the Dunkl 
Laplacian associated with a finite reflection group on and some multi- 
plicity function A: > 0, and the index 7 is defined according to (2.4). We are 
going to consider the following initial-value problem for the Dunkl-type heat 
operator — 9* : 

Find u € x (0,oo)) which is continuous on x [0,oo) and 

satisfies 

J(Ak-dt)u = 0 on X (0,oo), 

\u(.,0) = f gC,(K^). 

The solution of this problem is given, just as in the classical case fc = 0, 
in terms of a positivity-preserving semigroup. We shall essentially follow the 
treatment of [50]. 



Lemma 4.1. The function 

Fk{x,t) := 



,-br/4t 



(2t)7+^/2cfc 

solves the generalized heat equation AkU — dtu = 0 on x (0,oo). 



Proof. A short calculation. Use the product rule (2.1) as well as the identity 
Ef=lT^{x,) = N + 2J. 

Fk generalizes the fundamental solution for the classical heat equation 
which is given by Fq{x, t) = gfix) (as defined above). It is easily checked that 



/ Fk{x,t) Wk{x)dx = 1 for all t > 0. 

Jrn 

In order to solve (4.10), it suggests itself to apply the Dunkl transform 
under suitable decay assumptions on the initial data. In the classical case, the 
heat kernel gfix — y) on is obtained from the fundamental solution simply 
by translations. In the Dunkl setting, it is still possible to define a generalized 
translation which matches the action of the Dunkl transform, i.e. makes it a 
homomorphism on suitable function spaces. 

The notion of a generalized translation in the Schwartz space is 

as follows (c.f. [50]): 

Tyf{x)-.= -[ fH0Ek{^^,0Ek{^y,0M0df; y&R^. (4.ii) 

Cfc JrN 

In the same way, this could be done in ,Wk) . A powerful extension 

to (^“(K^) is due to Trimeche [59]. Note that in case fc = 0, we simply 
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have Tyf{x) = f{x + y). In the rank-one case, the above translation coincides 
with the convolution on a so-called signed hypergroup structure which was 
defined in [49]; see also [56]. Similar structures are not yet known in higher 
rank cases. Clearly, Tyf{x) = Txf(y)', moreover, the inversion theorem for the 
Dunkl transform assures that tq/ = / and 

{Tyfr\0 = E^{iy,0?\i)- 

From this it is not hard to see that Tyf belongs to again. Let us now 

consider the “fundamental solution” Fk{. ,t) for t > 0. A short calculation, 
using the reproducing property Proposition 2.7(2), shows that 

(4.12) 



By the quoted reproducing formula one therefore obtains from (4.11) the 
representation 



T_yFk{x,t) = 



1 



(2tp+N/2c^ 

This motivates the following 



=-(kl"+|yP)/4t 



Ek{ 






)• 



Definition 4.3. The generalized heat kernel Tk is defined by 



Tk{t,x,y) := 



1 



(2t)7+^/2cfc 



e-(ld +lyl x,yeR^,t>0. 



Notice in particular that F^ > 0 (thanks to Corollary 4.1) and that 
y ^k{t,x,y) belongs to for fixed x and t. We collect a series 

of further fundamental properties of this kernel which are all more or less 
straightforward. 



Lemma 4.2. The heat kernel F^ has the following properties: 

(1) Tk(t,x,y) = f Ek{ix,^) Ek{-iy,0 ■ 

(2) / Tk{t,x,y)wk{y)dy = 1. 
jR" 

( 3 ) 

(4) Tk{t + s,x,y) = / Tk{t,x,z)Tk{s,y,z)wk{z)dz. 

JR'V 

(5) For fixed y G the function u{x,t) := Tk{t,x,y) solves the generalized 
heat equation A^u = dtu on x (0, oo) . 



Proof. (1) is clear from the definition of generalized translations. For details 
concerning (2) see [50]. (3) follows from our estimates on Ek, while (4) is 
obtained by inserting (1) for one of the kernels in the integral. Finally, (5) is 
obtained from differentiating (1) under the integral. For details see again [50]. 
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Definition 4.4. For f G C't,(]R'^) and t > 0 set 

, . , . I / ^k{t,x,y)f(y)wk{y)dy if t > 0, 

H{t)f{x) := ^ y J (413) 

i fix) if t = 0 

Notice that the decay of assures the convergence of the integral. The 
properties of the operators H{t) are most easily described on the Schwartz 
space . The following theorem is completely analogous to the classical 

case. 

Theorem 4.6. Let f G Then u{x,t) := H(t)f{x) solves the initial- 

value problem (4.10). Moreover, H{t)f has the following properties: 

(1) H{t)f G for allt>0. 

(2) H(t + s) / = H(t)H(s)f for all s,t >0 . 

(3) |ji/(t)/-/||oo.B« -0 ast^O. 

Proof. (Sketch) By use of Lemma 4.2 (1) and Fubini’s theorem, we write 

u{x,t) = H{t)f{x) = [ e~*^^^^f'"if)Ekiix,f,)wkiOdf (t > 0). 

(4.14) 

In view of the inversion theorem for the Dunkl transform, this holds for t = 0 
as well. Properties (1) and (3) as well as the differential equation are now easy 
consequences. Part (2) follows from the reproducing formula for P^, (Lemma 
4.2 (4)). 



Exercise 11. Carry out the details in the proof of Theorem 4.6. 

We know that the heat kernel Pfc is positive; this implies that H{t)f > 0 
if />0. 

Definition 4.5. Let Q he a locally compact Hausdorff space. A strongly con- 
tinuous semigroup (T(f))t>o on (Coin) JMloo) is called a Feller-Markov semi- 
group, if it is contractive and positive, i.e. f > 0 on L2 implies that T{f)f > 0 
on 17 for all t > 0. 

We shall prove that the linear operators H{t) on .5^(K^) extend to a 
Feller-Markov semigroup on the Banach space (C'o(R'^), || -Hoo) • This could be 
done by direct calculations similar to the usual procedure for the classical heat 
semigroup, relying on the positivity of the kernel F^. We do however prefer 
to give a proof which does not require this rather deep result, but works on 
the level of the tentative generator. The tool is the following useful variant 
of the Lumer-Phillips theorem, which characterizes Feller-Markov semigroups 
in terms of a “positive maximum principle”, see e.g. [34], Theorem 17.11. In 
fact, this Theorem motivated the positive minimum principle of Theorem 4.3 
in the positivity-proof for Vk . 
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Theorem 4.7. Let {A,T>{A)) be a densely defined linear operator in (Co{f2), 
IMIoo) • Then A is closable, and its closure A generates a Feller-Markov semi- 
group on Co (17), if and only if the following conditions are satisfied: 

(i) If f & HiA) then also f € T>{A) and A{f) = A{f). 

(ii) The range of Xid— A is dense in Co(17) for some A > 0. 

(iii) If f G T{A) is real-valued with a non-negative maximum in xq G 12 , i.e. 
0 < f{xo) = maxx^n f{x), then Af(xo) < 0. (Positive maximum princi- 
ple). 

We consider the Dunkl Laplacian as a densely defined linear opera- 
tor in Co(M^) with domain The following Lemma implies that it 

satisfies the positive maximum principle: 

Lemma 4.3. Let 12 C be open and G -invariant. If a real-valued func- 
tion f G C^{f2) attains an absolute maximum at xq G 12, i.e. f(xo) = 
suPxef2f(x)^ then 

Afc/(xo) < 0. 

Exercise 12. Prove this lemma in the case that {a,xo) yf 0 for all a G R. 
(If {a,xo) = 0 for some a G R, one has to argue more carefully; for details 
see [50].) 

Theorem 4.8. The operators {H(t))t>o define a Feller-Markov semigroup on 
Co(K^) . Its generator is the closure Ak of (A^, A^(K'^)) . This semigroup is 
called the generalized heat semigroup on Cq(R^). 

Proof. In the first step, we check that A^ (with domain ..^(R^)) satisfies the 
conditions of Theorem 4.7: Condition (i) is obvious and (iii) is an immediate 
consequence of the previous lemma. Condition (ii) is also satisfied, because 
Xid — Afc maps .5^(R^) onto itself for each A > 0; this follows from the 
fact that the Dunkl transform is a homeomorphism of and {{XI — 

Afc)Z)'^^(^) = (A -I- |CP)/*(0- Theorem 4.7 now implies that A^ is closable, 
and that its closure A^ generates a Feller-Markov semigroup {T{t))t>o. K 
remains to show that T{t) = H{t) on Cq(R^). Let first / G ..^(M^). From 
basic facts in semigroup theory, it follows that the function t ^ T{t)f is the 
unique solution of the so-called abstract Cauchy problem 

|Au(() = At„(() forOO, 

[u{0) = f 

within the class of all (strongly) continuously differentiable functions u on 
[0, oo) with values in (Co(R^), ||.||oo)- It is easily seen from Theorem 4.6, and 
in particular from formula (4.14), that t H{t)f satisfies these conditions. 
Hence T{t) = H{t) on .5^(R^). This easily implies that F^ > 0 (which we 
did not presuppose for the proof!), and therefore the operators H{t) are also 
contractive on C'o(R^) . A density argument now finishes the proof. 
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Based on this result, it is checked by standard arguments that for data 
/ G the function u{x,t) := H{t)f{x) solves the initial-value prob- 

lem (4.10). Uniqueness results are established by means of maximum princi- 
ples, just as with the classical heat equation. Moreover, the heat semigroup 
{H{t))t>o can also be defined (by means of (4.13)) on the Banach spaces 
,Wk), I < p < oo. In case p = 2, the following is easily seen by use of 
the Dunkl transform: 

Proposition 4.1. [50] The operator (Ak,ym^)) in ,Wk) is densely 

defined and closable. Its closure generates a strongly continuous and positivity- 
preserving contraction semigroup on ,Wk) which is given by 

H{t)f{x)= [ Tk{t,x,y)f{y)wk(y)dy , (t>0). 

Jb'v 

Theorem 4.8 was the starting point in [55] to construct an associated Feller- 
Markov process on which can be considered a generalization of the usual 
Brownian motion. The transition probabilities of this process are defined in 
terms of a semigroup of Markov kernels of , as follows: For x G and a 
Borel set A G ^(R^) put 

Pt(x,A) := [ Tk{t,x,y)wk{y)dy {t > 0), Po{x,A) := <5a:(^), 

JA 

with Sx denoting the point measure in x G R^ . Then {Pt)t>o is a semigroup 
of Markov kernels on R^ in the following sense: 

(1) Each Pt is a Markov kernel, and for all s, t > 0, x G R^ and A G , 

Ps o Pt{x,A) := [ Pt{z,A) Ps{x,dz) = Ps+t{x,A). 

Jrn 

(2) The mapping [0,oo) ^ M^(K^), 1 1 — > Pt(0, .), is continuous with respect 
to the cr(M^(K^, C'f,(K''^))-topology. 

Moreover, the semigroup {Pt)t>o has the following particular property: 

(3) Pt{x,.)^'^{O = Ek{-ix,OPt{0, foralUGM"^, 

hereby the Dunkl transform of the probability measures Pt{x, .) is defined 

by 

Pt{x, .)^'=(C) := [ Eki-t^,x)Pt{x,dO. 

JB'v 

The proof of (1) - (3) is straightforward by the properties of F^ and Theorem 

4.8. 

In the classical case k = 0, property (3) is equivalent to {Pt)t>o being 
translation-invariant, i.e. 

Pt{x y , A y) = Pt{x, A) for all y G R^ . 
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In our general setting, a positivity-preserving translation on cannot 

be expected (and does definitely not exist in the rank-one case according to 
[49]). Property (3) thus serves as a substitute for translation-invariance. The 
reader can see [55] for a study of the semigroup {Pt)t>o and the associated 
Feller-Markov process. 



5 Asymptotic analysis for the Dunkl kernel 



This final section deals with the asymptotic behavior of the Dunkl kernel Ek 
with fc > 0 when one of its arguments is fixed and the other tends to infinity 
either within a Weyl chamber of the associated reflection group, or within a 
suitable complex domain. These results are contained in [54]. They generalize 
the well-known asymptotics of the confluent hypergeometric function \Fi to 
the higher-rank setting. One motivation to study the asymptotics of Ek is 
to determine the asymptotic behavior of the Dunkl-type heat kernel Tk for 
short times. Partial results in this direction were obtained in [52] . 

Recall from Proposition 4.1 that Pfc is the kernel of the generalized heat 
semigroup in the weighted Wk) ■ We want to compare it with the free 

Gaussian kernel P o . For this, it is appropriate to transfer the semigroup 
{H{t))t>o from ,Wk) to the unweighted space which leads 

to the strongly continuous contraction semigroup 

H{t)f := f G 

The corresponding renormalized heat kernel is given by 
fk{t,x,y) := a/ Wk{x)wk{y) Tk{t, x, y). 



The generator of {E[{t))t>o is the gauge-transformed version of the Dunkl 
Laplacian discussed in connection with CMS-models, 



Ek = A -2 Y, 

aeR+ 



k{a) 



2 (*(«) 



CTa) 



(with suitable domain). Tk can be considered a perturbation of the Lapla- 
cian A. This suggests that within the Weyl chambers of G, the heat kernel 
Tk{t,x,y) should not “feel” the reflecting hyperplanes and behave for short 
times like the free Gaussian kernel To{t,x,y) = gt{x — y), in other words, 
we have the conjecture 

\/wk{x)wk{y) Tk{t,x,y) ^ ^ 
tfo To{t,x,y) 



provided x and y belong to the same (open) Weyl chamber. In [52], this could 
be proven true only for a restricted range of arguments x, y, and by rather 
technical methods (completely different from those below). 
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Example 5.1. The rank-one case. Here Ek is explicitly known. According 
to Example 2.1, 



Ek{z,w) = • iFi{k,2k + l,—2zw), z,wGC. 



The confluent hyper geometric function iFi has well-known asymptotic ex- 
pansions in the sectors 

S'+ = { 2 : G C : — 7t/ 2 < arg( 2 ;) < 37t/2}, 

S'- = { 2 ; G C : — 37t/2 < arg( 2 :) < tt/2}, 



see for instance [1] . They are of the form 

iFi(fc,2fc + l,z) + 

I r(2fc -I- 1) 1 

+ T(FrTr' " 

with ± for z G S± . Specializing to the right half plane H = {z G C : Rez > 0} 
we thus obtain 



ZW- 



lim {zw)^e ^^Ek{z,w) 

oo^zw^H 



r(2fc-k 1) 
¥f{kTTj' 



Let us now turn to the general case of an arbitrary reflection group and 
multiplicity parameter k > 0. Let C denote the Weyl chamber attached with 
the positive subsystem i?+ , 



C = {x G : {a, x) > 0 for all a G R+}, 



and for <5 > 0, 



Cs := {x G C : (a,x) > 5|x| for all a G i?+}. 

The main result given here is the following asymptotic behavior, uniform for 
the variable tending to infinity in cones Cs : 

Theorem 5.1. There exists a constant non-zero vector v = {vg)g,=a G 
such that for all y G C, g G G and each 5 > 0, 

lim \Jwki.x)wk (y) Ek{ix,gy) = Vg. 

|x|— ^00, x^Cs 

Notice that one variable is being fixed. A locally uniform result with re- 
spect to both variables should be true, but is open yet. Also, the explicit 
values of the constants Vg - apart from Ve - are not known. We come back 
to this point later. An immediate consequence of Theorem 5.1 is the following 
ray asymptotic for the Dunkl kernel (already conjectured in [15]): 
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Corollary 5.1. For all x,y G C and g G G, 



\i\n G e Ek{itx,gy) 

t—*oo 



y/wk{x)wk{y) 



the convergence being locally uniform with respect to the parameter x . 

In the particular case g = e (the unit of G), this latter result can be 
extended to a larger range of complex arguments by use of the Phragmen- 
Lindelof principle for the right half plane H (see e.g. [58]): 

Proposition 5.1. Suppose f : H ^ C is analytic and regular in H D {z G 
C : jzj > i?} for some R > 0 with limj^oo f(it) = limj^oo f{—H) = b and 
for each 5 > 0, 

f{z) = as z ^ oo within H. 



Then a = b and f{z) a uniformly as z ^ oo in H . 

Theorem 5.2. Let x,y G C . Then 

lim z^e~^''^'y'^Ek{zx,y) = =. 

^/wk{x)wk[y) 

Here z'^ is the holomorphic branch in C \ {x G M : x < 0} with = 1 . 
Proof. Consider 

G{z) :=z^e~^^^’y^Ek{zx,y). 

The estimate of Proposition 2.6 on Ek implies that G satisfies the required 
growth bound in Proposition 5.1 (here it is of importance that x and y lie in 
the same Weyl chamber), and Corollary 5.1 assures that G has limits along 
the boundary lines of H . 

When restricted to real arguments, Theorem 5.2 implies the above stated 
short-time asymptotic for the heat kernel P k ■ 

Corollary 5.2. For all x,y G C , 

lim V'^k{x)wk{y) Tk{t,x,y) ^ ^ 
no To{t,x,y) 

Hereby the precise value of the limit follows from the results of [52] . Along 
with it, we thus obtain the value of Ve ■ 

Ve = I ' — . 

Co 

We shall now give an outline of the proof of Theorem 5.1. It is based on the 
analysis of an associated system of first order differential equations, which is 
derived from the eigenfunction characterization (2.7) of Ek - This approach 
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goes back to [30], where it was used to obtain exponential estimates for the 
Dunkl kernel. Put 

R^,^:=R^\{{a)^,a€R} 

and define 

^p{x,y)= ^ Wk{x)wk{y) Ek{ix,y), x,yeR^. 

Observe that is symmetric in its arguments. We have to study the asymp- 
totic behavior of cc Lp(x, y) along curves in C, with the second component 
y e ^reg being fixed. Let us introduce the auxiliary vector field F = {Fg)g^c 
on X R^ by 

Fg{x,y) := Lp{x,gy). 

For fixed y, we consider F along a differentiable curve k. : (0,oo) ^ C. The 
eigenfunction characterization of Ek then translates into a first order ordi- 
nary differential equation for t i— > F{K.(t),y) . Below, we shall determine the 
asymptotic behavior of its solutions, provided k. is admissible in the following 
sense: 

Definition 5.1. A -curve 
K : (0, oo) ^ C is called admissible, if 
it satisfies the subsequent conditions: 

(1) There exists a constant <5 > 0 such 
that K{t) € Cs for all t > 0. 

(2) limj^oo |«^(^)| = oo and n' {f) G C 
for all t > 0 . 



An important class of admissible curves are the rays n(t) = tx with some 
fixed x G C. In a first step, it is shown that 1 F{n{f),y) is asymptotically 
constant as t oo for arbitrary admissible curves: 

Theorem 5.3. If k : (0, oo) ^ C is admissible, then for every y G C, the 
limit 

lim F{n{f),y) 

t—*oo 

exists in and is different from 0. 

Proof. (Sketch) It is easily calculated that (2.7) translates into the following 
system of differential equations for {Fg)g^c, where f,, y G R^ are fixed: 

d^Fg{x,y)= ^ fc(a) {x GR^^^g). (5.2) 

[a, x) 
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From this, one obtains a differential equation for x(t) := F{K{t),y) of 
the form x'{t) = A(t)x{t), with a continuous matrix function A : (0,oo) ^ 
(j^|G|x|G| ^ proof of Theorem 5.3 is accomplished by verifying that A sat- 
isfies the conditions of the following classical theorem on the asymptotic inte- 
gration of ordinary differential equations (hereby of course, the admissibility 
conditions on k come in). 

Theorem 5.4. [20], [60]. Consider the linear differential equation 

x'(t) = A(t)x(t), (5.3) 

where A : [tojOo) ^ C”xn ^ continuous matrix-valued function satisfying 
the following integrahility conditions: 

(1) The matrix-valued improper Riemann integral Aft) dt converges. 

(2) t Aft) A(s)ds belongs to L^([to, oo), C"^"). 

Then (5.3) has a fundamental system T> of solutions which satisfies 
limt^oo^(i) = Id. 

Notice that in the situation of this theorem, for each solution x of x'{t) = 
Aft)xft) the limit limj^oo xff) exists, and is different from zero, unless x = 0 . 

Proof (of Theorem 5.1). It remains to show that the limit value according to 
Theorem 5.3 is actually independent of y and n; the assertion is then easily 
obtained. The stated independence is accomplished as follows: In a first step, 
we show that there exists a non-zero vector v{y) = {vg{y))g,=G G such 
that for each admissible k, 



lim F{n{t),y) = v{y). (5.4) 

t—^OO 

This can be achieved via interpolation of the admissible curves k\ , K 2 by 
a third admissible curve k, such that equality of all three limits is be- 
ing enforced. Next, we focus on admissible rays. Observe that Fg{tx,y) = 
Fg-i{ty,x) for all 5 S G and x,y G C. Together with (5.4), this implies that 
Vg{y) = Vg-i(x), and therefore also Vg(x) = Vg-i(x) = Vgfy) =: Vg. Put 
V = (vg)geG- Then 

lim F{Kft),y) = v 

t—*oo 

for every admissible k and every y G C . 

The asymptotic result of Theorem 5.1 also allows to deduce at least a 
certain amount of information about the structure of the intertwining operator 
Vk and its representing measures according to formula (4.1). The key for 
our approach is the following simple observation: according to Corollary 4.1, 
one may write 



Et,{x,-i£f) = [ e dylfy) = (x,^gR^), 

Jr" 
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where /t stands for the (classical) Fourier-Stieltjes transform of /x G , 

HO = f 



Recall that a measure ^ G is called continuous, if /x({x}) = 0 for 

all X G . There is a well-known criterion of Wiener which characterizes 
Fourier-Stieltjes transforms of continuous measures on locally compact abelian 
groups, here (M^,-|-); see for instance Lemma 8.3.7 of [22]: 



Lemma 5.1. 

alent: 



(1) /i is continuous. 

(2) lim ^ 



(Wiener) For fj, G 






'{CeR«:|4|<«} 



|)2(0pde = 0. 



the following properties are equiv- 



This yields the following result: 



Theorem 5.5. Let k>0. Then apart from the case k = 0 (i.e. the classical 
Fourier case), the measure jJ) is continuous for all x G ■ 

We conclude with two open problems: 

(a) In the situation of the last theorem, prove that the measures p)) are 
even absolutely continuous with respect to Lebesgue measure, provided 
{a G i? : k{a) > 0} spans . 

(b) Determine the values of the constants Vg , g G G. 



6 Notation 

We denote by Z, K and C the sets of integer, real and complex numbers re- 
spectively. Further, Z+ = {n G Z : n > 0}. For a locally compact Hausdorff 
space X, we denote by C{X),Cb{X),Cc{X), Cq{X) the spaces of contin- 
uous complex-valued functions on X, those which are bounded, those with 
compact support, and those which vanish at infinity, respectively. Further, 
Mb{X), M^{X), M^{X) are the spaces of regular bounded Borel measures 
on X, those which are positive, and those which are probability-measures, 
respectively. Finally, SS{X) stands for the u-algebra of Borel sets on X . 
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1 Enumeration and qr -series 

In this section an introduction to g-series and integer partitions is given, with 
an emphasis on the properties and applications of the g-binomial coefficient. 

An integer partition is a decreasing sequence Ai > A 2 > • • • > Am of 
positive integers. The sum of these integers is the number that A partitions, 
A = 4221 is a partition of 9. Many generating functions involving integer 
partitions are g-series, or basic hypergeometric series [14]. 

As our first example, let am be the number of ways to write a non-negative 
integer m as & sum of distinct integers which are decreasing, namely the 
number of partitions of m into distinct parts. If m = 6 , the partitions are 

6, 51, 42, 321, 



so 06 = 4 . We have 

00 00 

^ amq^ = (1 + g)(l + q^){l + <z') ' ' ' = 11(1 + q^) (1.1) 

m=0 3 — ^ 

since each part of size j appears exactly once or not at all. A refinement of 
( 1 . 1 ) can be made by considering how many parts appear, and writing x* for 
a partition with i parts. In our example 05 (x) = x + 2x^ + x ^ , 

00 00 

'^am{x)q'^ = ^(l + xq^). (1.2) 

m=0 3 — ^ 

If we reorganize (1.2) to a power series in x it becomes 

00 00 

'^hm{q)x^ = W(l + xq^), (1.3) 

m—0 j—1 

where bm{q) is the generating function for partitions with exactly m distinct 
parts. By subtracting one from the mth part, two from the (m — l)st part, 

. . . , up to m from the first part, we obtain a partition where the parts may 
be equal. In the diagram below (called the Ferrers diagram of a partition) we 
start with A = 6531, m = 4, and remove 4321. 



X 


X 


X 


X 


X X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 






X 





X 

We have removed a triangular array of squares; what remains is an 

arbitrary partition with at most m parts. So 
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where bm{ci) is the generating function for all partitions with at most m parts. 
We may explicitly find bm{q) by considering the conjugate of the Ferrers 
diagram of a partition with at most m parts: the columns can have any 
lengths from 1 to m. Letting Ui be the number of times that i occurs and 
using the geometric series we see that 



^m{q) = '^ Q 

ni,n2,--- ,nm>0 



lni+2n2H \-mnm 



1 






thus 



E 






(1 - g ) • • • (1 - ( 7 ™) 

m=0 ' ^ ' j=l 






1.1 q-binomial coefficients 

We may also ask the same question as in the introduction, putting a maximum 
size N on the partition with distinct parts. The generating function now is 

N oo 

n(l + a:(7*)= (1-4) 

i—1 m=0 

where bm{q, N) is the generating function for partitions with exactly m dis- 
tinct parts, and largest part at most N . By subtracting one from the mth 
part, . . . , 1 from the largest part as before, we must consider partitions with 
at most m parts, and largest part at most N — m. 

Definition 1.1. The q -binomial coefficient 

im 



is the generating function for all partitions with at most m parts, and largest 
part at most N — m. 

Clearly [^] ^ is a polynomial in q of degree m{N — m ) , whose constant 
term is 1 , corresponding to the empty partition. 

We see that (1.4) can be rewritten as (the g-binomial theorem) 



N N 

(l+xq^)=Y^ 

m—0 

This is a g-analogue of the binomial theorem, which is the q I limit. 
In fact there is an explicit “rational formula” for these coefficients. 

Proposition 1.1. The q -binomial coefficient has the explicit formula 







(1.5) 
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'iVl N\q (g; q)N 

m\^ m\q{N-m)\q {q-,q)m{q\q)N-ra' 

where 

n n— 1 

n\q = J]^(l + (? H h (a; g)„ = H “ “'3'*)- 

i=l i=0 




1.2 Unimodality 

The (j-binomial coefficient is a polynomial in q whose coefficients are sym- 
metric, and form a unimodal sequence. For example, 

\ = l+q+2q^+‘iq^+Aq'^+Aq^+bq^+Aq'^+Aq^+‘iq^+2q^^+q^^+q^‘^. ( 1 . 8 ) 

L3Jq 
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The symmetry is easy to see, by considering the complement of a Ferrers 
diagram of a partition inside a rectangle. There is an involved analytic [26] 
and combinatorial proof [19] of the unimodal property, but it may be shown 
more easily algebraically. Here is one such proof, which presupposes knowledge 
of the finite dimensional irreducible representations of the Lie algebra s/ 2 , the 
three dimensional algebra of traceless 2x2 matrices, s /2 = span{e, /, h} . (See 
the contribution of Joris Van der Jeugt in this volume.) We shall use the q- 
binomial theorem in the proof. 

Proof. For each non-negative integer m there is exactly one irreducible rep- 
resentation of s /2 of dimension m-l- 1 , denoted Vm = {v-m, V-m+ 2 , ■ ■ ■ , Vm} ■ 
The basis of Vm may be chosen so that h{vi) = ivij2. The formal char- 
acter of Vm^ char(Vn), is the generating function of the dimensions of the 
/i-eigenspaces 

char(Vm)(g) = E dim(/x eigenspace of h in Vm)q^ 
r- 

= V g-’u/2+i 

Note that char(Vn)(l) = dim(Vn) = m -I- 1. 

We fix m to be an even positive integer, so that char(Vn) is a Laurent 
polynomial in q. We consider the fcth exterior power A^(Fm) of the space 
Vn, on which s /2 also acts. This means that A*(Vn) is the vector space of 
dimension whose basis is 

Uii A A • • • A {VimVi^,--- ,Vi^} C {V-m,--- ,Vm}- 

Recall that a Lie algebra acts on a tensor by summing its action on each 
component. What is the formal character char(A^(Fm))(9) ? If we take all 
possible k , from 0 to m -I- 1 , then each basis vector Vi may be chosen once 
or not at all, just as in our original question about partitions with distinct 
parts, thus 

m+1 

^ char(A'=(Vn))(g)t'= = (1 + . . . (1 + 




where 
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Our job is to show that q < Ci+i for 0 < i + 1 < k{m + 1 — k)/2. Note 
that char(A^(Kn))(9) is a Laurent polynomial in q since we have taken m to 
be even. 

Now decompose A^(Kn) into irreducibles, 

s>0 

where Wg is the multiplicity of Vg ■ We have 

ch&v{^\Vm)){q) = Y. + • • • + 

s>0 

Since no half-integer weight occurs in (1.9), we have Cg = 0 for s odd. Thus 
for t -I- 1 < /c(to -I- 1 — fc)/2 , 

a= Yj 

s>k{m-\-l — k) — 2i 



so that 

As an example of this proof, we have just shown that (1.9) corresponds to 
the decomposition 



A^(V)i) = VI2 © V's © Te © V4 © K), 

= (9"® + H h g®) + {q~‘^ + H Vq^) 

Q 

+ {q~^ + q~‘^-\ \-q^) + {q~‘^ + H h g^) + 1. 

Unimodality is closely related to the following open problem, see [23] . Fix 
an TO X (N — m) rectangle, and consider all partitions whose Ferrers diagrams 
fit inside this rectangle. Define a partial order L{m, N—m) on these partitions 
by containment of the respective diagrams. Thus L{m, N — to) has a unique 
minimal element, the empty partition 0, which is covered by the partition 
1 , which in turn is covered by 1 1 and 2 , until we reach the unique maximum 
element, the entire rectangle. A symmetric chain C in L(m, N — to) is a 
collection of partitions 




^ {Ai, Aj + l, * * * , — — 

such that Xj is a partition of j for i < j < m{N — to) — i and Xj is 
covered in L(to, N — m) by A^+i for i < j < m{N — m) — i — 1. You can 
imagine C as a saturated chain on the Hasse diagram of L(m, N—m) which is 
symmetrically located about the middle. A symmetric chain decomposition of 
L{m, N — to) is a collection of disjoint symmetric chains {Cg} whose union is 
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L{m, N — m) . Because the g-binomial coefficient is unimodal it is conceivable 
that L(m, N — m) has such a decomposition. It is unknown if L(m, N — m) 
has a symmetric chain decomposition for m > 5, although they have been 
found for m < 4. 



Exercise 5. Show that if 1 < /c < n, gcd(n, fc) = 1, then 




is a polynomial in q with non-negative coefficients. (Open problem: Which 
partitions does it enumerate?) 



1.3 Congruences for the partition function 



As another application of the g-binomial theorem we consider p{n) , the total 
number of partitions of n , whose generating function is 



^p(n)(7” 

n=0 



1 

(<?; q)oo ' 



The values of p{n) for 0 < n < 29 are tabulated below. 



n 


p{n) 


n 


p{n) 


0 


1 


15 


176 


1 


1 


16 


231 


2 


2 


17 


297 


3 


3 


18 


385 


4 


5 


19 


490 


5 


7 


20 


627 


6 


11 


21 


792 


7 


15 


22 


1002 


8 


22 


23 


1255 


9 


30 


24 


1575 


10 


42 


25 


1958 


11 


56 


26 


2436 


12 


77 


27 


3010 


13 


101 


28 


3718 


14 


135 


29 


4565 



Ramanujan proved that 

p{5n -I- 4) = 0 mod 5. 

We now give a proof of this congruence using the g -binomial theorem. The 
idea is to find a generating function for p(5n-|-4) with a quadratic form whose 
symmetry group contains a 5-cycle. 
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Proof. We start by considering the “sieved” g-binomial theorem: fix non- 
negative integers M , N , t, r, and s, where 0 < r < t , and consider 

r t 

{-xq-,q)(M+N)t+r = \\{-xq'“,q*)M+N+i W_ {-xq"',q^)M+N- ( 1 - 10 ) 

i—1 

Finding the coefficient of in ( 1 . 10 ) we have 



(M -h N)t + r 
Mt + s 






where 






M + iV + 1 

Ad Tli 



t-l 




'M^N 
M + ’ 

(1.11) 



n = (no, • • • ,^t-i), Q(n) = t| |n| p/2 -l-b-n- st/2, b = (0, 1, • • • , t - 1). 
The M ^ oo, N ^ oo limit of ( 1 . 11 ) is 

0(2) 1 



(<?;'?)oo (<7*;<7‘)( 






( 1 . 12 ) 



n, n l=s 



Since 



( 5 (n) = t{nl + h n/_i) + t E 



t-i 



ti ] -ts'^rii +h-n, 



the r modulo t terms in (1.12) must occur only when b • n = r mod t: 



E p(m)g™+(2) = 



m, 771 +^ 2 )=’" mod t 

Choose i = 5 , s = 0 and r = 4 , 



( 9 ‘;< 7 *)c 



E 






n,n-l=s,b-n=r mod t 



E] p{^Tn + 4 )q' 



5m+4 



E 






m—0 



fo5-o5')5 

: y ;oo „_„.i=o,b.n=4 mod 5 



The five n vectors for p( 4 ) = 5 are 

wo = (1,-1, 0,0,0), wi = (0,1, -1,0,0), W2 = (0,0,1, -1,0), 

W3 = (0,0,0,l,-1), W4 = (l,l,0,-1,-1). 

If a change of basis is made to moVo + niiVi + m2V2 + m^vs + 1714X4 , the new 
quadratic form is 



( 3 (m) = 5 ||m|p — 5 (moTOi -I- mim2 + TO2W3 -I- 17137174 + 17141710) — 1 , 



with m • 1 = 1 . This clearly has a symmetry group including a 5 -cycle, with 
no fixed points. 
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This argument also proves p{7n + 5) = 0 mod 7 and p(lln + 6) = 0 
mod 11, see [13]. Dyson proposed a combinatorial proof of Ramanujan’s con- 
gruence, using the rank of a partition, 

rank(A) = largest part of A — number of parts of A. 

It has been proven that the rank modulo 5 splits the partitions of 5n -I- 4 into 
5 equal classes, for example 

rank(4) = 3, rank(31) = 1, rank(22) = 0, rank(211) = —1, rank(llll) = —3. 



It is an open problem to find an explicit bijection between these 5 equinu- 
merous rank classes. 



Exercise 6. Show that the generating function for all partitions whose rank 
is r > 0 is 



'y ' ^2m+r-l 
m>l 



2m + r — 2 

. "^-1 \q 



1 

( 9 ; <?)oo 






1.4 The Jacobi triple product identity 

One of the most useful results for partitions is the Jacobi triple product iden- 
tity 

00 

(-a;;g)oo(-g/a;;g)oo(g;g)oo = X! (1.13) 

m——oo 

We sketch three proofs for this result. The first proof again uses the q- 
binomial theorem, 



N 



{-x-,q)N{-q/x-,q)N = X! 



m— — N 



2N 

iV -I- m 






-I <? 



and then lets N —>■ 00 using 



lim 

N^OO 



2N 

iV -I- m 



J <? 



( 9 ; q)c 



for any fixed m. 

A simple combinatorial proof of (1.13) in the form 



{-x;q)^{-q/x;q)ao = 



1 

( 9 ; q)c 






(1,14) 



m= — 00 



is due to Sylvester-Hathaway. The left side of (1.14) is the generating function 
for pairs of partitions with distinct parts, while the right side is the generating 
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function for pairs: a triangular partition, and an arbitrary partition. A bijec- 
tion may be given between these two sets of pairs, by placing a triangle atop 
a partition, and cutting the resulting diagram it into a pair of partitions with 
distinct parts. In the example below our triangle 21 has been placed atop 
7622, and then cut along the triangle’s diagonal to obtain two partitions with 
distinct parts, 6521 (reading along columns), and 42 (reading along rows). 




Some details need to be checked, but this is the main idea of the proof. 

A third proof of the Jacobi triple product identity (1.13) follows by veri- 
fying the functional equation xF{qx) = F{x) for 



OO 

F{x) = {-x-,q)ac{-q/x',q)oo = ^ fnx"'. 

n— — oo 



The functional equation implies that /„ = , thus /„ = g^^) and we 

need only find the constant term /o = !/(<?; q)ao to finish the proof. This may 
be accomplished combinatorially using the Frobenius notation for partitions, 
or by using the Durfee square in Exercise 7. 
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In the case of the root system of type A\ , there is one positive root = 
{a}, and if e“ = —x, we have F{x). The statement of the theorem is an 
exact sum expansion for this infinite product. For the root system A„_i, the 
function to be expanded is 

F{yi) = F{xi,- ■ ■ ,Xn) = {xi/xj;q)oo{qxj/xi;q)oo- (1-15) 

l<2<j<n 

The third proof of (1-13) also works for the Macdonald identities. First you 
find a functional equation which reduces the unknown expansion constants to 
a finite number, then you show that the constant term is sufficient to determine 
all of these non-zero constants, and finally you evaluate the constant term. For 
type An-i the constant term is l/{q; ^ is an open problem to find a 

combinatorial argument, analogous to either the Frobenius or Durfee square 
proof for (1.13), which shows that the constant term in F(x) is l/{q;q)2F^ ■ 
Here we give the details for the Macdonald identity of type B 2 , where the 
positive roots are = {ei, 62 , 62 — ei, Ci -I- 62 }, ei = (1, 0), 62 = (0, 1). Let 

F{x,y) = {x,q/x,y,q/y,y/x,qx/y,xy,q/xy;q)oo = '^fijX^yF 

The functional equations are 

-qx^F{qx,y) = F{x,y), -y^F{x,qy) = F{x,y), 

which imply 

= fi,j, -q^~^fi,j-3 = /^,J, 

so that a fundamental domain for the constants fij is 0 < i,j < 2 . 

We next use the Weyl group (see Margit Hosier’s contribution in this 
volume), which is generated by reflections in the hyperplanes perpendicular 
to the roots ei and 62 — ei . These become 

-xF{l/x,y) = F{x,y), (1.16) 

-yF{y,x) = xF{x,y), (1.17) 

Equation (1.17) implies that /o,i = /i ,2 = / 2.0 = 0, along with /o,o = / 2 . 1 , 
/i.o = / 2 . 2 , /i.i = / 0 . 2 , while (1.16) implies /o,o = fo,i = 

/o ,2 = ~/i,o- Thus, the only possible non-zero values are taken /o,o = — /i,o = 
/ 2 ,i = — / 2 , 2 , and we need only evaluate the constant term /o,o in 

F{x,y) 

i,3 

Exercise 9. By summing the above identity at x = , where = 1, 

show that ^ 

y*0,0 7 \2~ ■ 

( 9 ; Q)io 






148 Dennis Stanton 



The q -Dyson conjecture is a finite form of the constant term of the Mac- 
donald identity of type A„_i . Zeilberger and Bressoud [29] proved that the 
constant term of 

l<z<j'<n 

is the ( 7 -multinomial coefficient 

a\ On 

. ) ■ ■ ' ) On . q 

Their proof uses combinatorial methods similar to the q -series example in 
Section 1.6. No other proof is known! 



1.5 The Rogers- Ramanujan identities and the involution principle 



The Rogers-Ramanujan identities are 



g _ 

(g;g®)oo(g'‘;g®)oo’ 

qn^-en ^ 

^(g;g)n (g^;g®)oo(g^;g®)oo 



(1.18) 

(1.19) 



Macmahon found a combinatorial interpretation of these identities. 
Proposition 1.2 (Macmahon’s Interpretation of RR). The number of 
integer partitions of n into parts which differ by at least two is equal to the 
number of partitions of n into parts congruent to 1 or 4 mod 5. Moreover an 
analogous result holds if no 1 ’s are allowed for the difference partitions and 
the mod 5 parts must be 2 or 3. 

If n = 9 , the equinumerous partitions in this statement are 

9 9 9 72 

81 6111 

72 441 72 333 

63 411111 63 3222. 

531 111111111 



Schur gave a combinatorial proof of the Rogers-Ramanujan identities in 
the following form. He considered a generating function for pairs of partitions 
where A has distinct parts and p. has parts which differ by at least 
two, (A, p) G Distinct x Diff 2 , 

00 

(g; g)oo ^ ' = GF(Distinct x Diff 2 ). 

The partition A, which has distinct parts, also has a minus sign attached to 
each part. Thus the set Distinct x Diff 2 may be considered as a “signed” set. 
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sign((A,/t)) = (-l)^P“‘^ 



For example, 

(0,94), (43, 752) are positive, (532,741), (8, 97531) are negative. 

Schur combinatorially defined an involution on the pairs (A, fx) which changed 
the number of parts of A by one, thereby changing its sign, but preserved the 
number of cells in A U /i . His involution cancels all pairs, except for the fixed 
points, which turn out to be 



((2p-l,2p-2,-.- ,p), (2p-l,2p-3,--. ,3,1)), p>0, (1.20) 

((2p,2p-2,-.- ,p+l), (2p-l,2p-3,--. ,3,1)), p>l. (1.21) 

Thus Schur proved that 

OO ^2 OO 

(«; 9)oo E 7^ = 1 + + 9"^"^+')/") 

n=0 p=l 

and the Jacobi triple product identity (1.13) completes the proof of (1.18). 

Schur’s clever involution on {X,p) was defined in two steps [20]. 

Step 1 Compare the largest parts Ai and . 

1. If Ai > /xi + 1 move Ai to p. 

2. If /xi > Ai , then move pi to A. 

For example Step 1 matches (43,752) ^ (743,52) and (832,51) ^ 

(32,851). Step 1 is not defined if Ai = pi or if Ai = /xi + 1, and Step 

2 takes care of this possibility. 

• Let lr{X) be the length of the leading run of A. (For example if A = 
87652, lr{X) = 4, from the leading 8765 of A.) 

• Let sp{X) be the smallest part of A (sp(87652) = 2). 

• Let ldr{ii) be the length of the leading double run of /i. (If /i = 9752, 
then ldr{pL) = 3, from the leading double run 975 of /i.) 

Step 2A (Ai = pi) 

1. If sp{X) = min{sp(A), /r(A), Wr(/x)}, move the smallest part of A 
adjacent to the leading run of A. (For example (87652,8642) ^ 
(9865,8642).) 

2. If ldr{p) = min{sp(A), /r(A), Wr(/x)} < sp{X) , move the leading dou- 
ble run of /i under the smallest part of A. (For example (874,862) 
^ (8742,752).) 

3. If lr{X) = min{sp(A), /r(A), Wr(/x)} < min{sp(A), Wr(/x)} , move the 
leading run of A to parts 2,3,- •• ,lr{X) -1-1 of /r, and then move 
the largest part of /r to a new largest part of A. (For example, 
(984,9753) ^ (9874,863).) 

The result of Step 2 A always gives Ai = /xi -I- 1. 

Step 2B (Ai = -I- 1) 

1. If lr{X) = min{sp{X),lr{X),ldr{p)} < sp{X), move the leading run of 
A to a new smallest part of A . 
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2. If sp(A) = mm{sp(A),lr(A),ldr(p)j, attach the smallest part of A to 
the leading double run of p . 

3. If ldr{p) = mm{sp{A),lr{A),ldr{p)} < min{sp(A), /r(A)} , move the 
leading double run of p to parts 2, 3, • • • , ldr{p) + 1 of A, and then 
move the largest part of A to a new largest part of p . 

Steps 2A(f) and 2B(f) are inverses for i = 1,2,3. It is an exercise to see 
that Step 2 is not defined only for the sets (1-20) and (1.21). 

While Schur’s proof is marvelous, it does not give a direct bijection for 
Macmahon’s interpretation of the Rogers-Ramanujan identities. As of today 
there is no direct bijection for the Rogers-Ramanujan identities (1.18)-(1.19)! 
There is an indirect one by Garsia and Milne [12], which uses the involution 
principle. 

Here is the general setup for the involution principle. Let A = A+ U A~ 
be a finite set, consisting of some positive (A+) and negative (A“) elements. 
A sign-reversing involution is a map (p : A —> A such that and 

if p{x) yf X then sign(x)sign(i^(x)) = —1. This just means that ip changes 
sign on its orbits of size 2. Suppose that pi and p 2 are two sign-reversing 
involutions on A, with fixed point sets FP{pi) C A+ and FP{p 2 ) C A+ 
respectively. Note that |A+| — |A“| = \FP{pi)\ = \FP{p 2 )\ so there is a 
bijection b : FPlppi) FP{p 2 )- The involution principle guarantees an 
algorithm to define such a bijection h.li x & FP{pi)(^FP{p 2 ) , then B{x) = 
X, otherwise apply p\ o p 2 until you reach FP{p 2 )- This is guaranteed to 
occur, since A is finite. 

Garsia and Milne showed how to apply this method to Schur’s involution 
[12]. Another involution is necessary to cancel the infinite product {q;q)oo 
when you move it to the other side, thus two involutions are involved. 

There are generalizations of the Rogers-Ramanujan identities (1.18)-(1.19) 
to all moduli involving multisums (see [1]). For example for mod 7 we have 



E 



q 



n^+n2 



ni>n2>0 



(g <?) ni—n2 {q; q)r 



(<?; q)oo 



1.6 q-Hermite polynomials and the Rogers-Ramanujan identities 

There are many proofs of the Rogers-Ramanujan identities [3]. Rogers’ orig- 
inal proof used a set of orthogonal polynomials, the continuous g-Hermite 
polynomials. In this section we give a modern version [24] of Rogers’ proof, 
starting from the well-known integral 



I{t) = 



1 



J-c 



e ^^/'^dx = e*^. 



( 1 . 22 ) 



Note that, although (1.22) is easy to prove by completing the square, we are 
interested in another proof, whose g-analogue will be apparent. The rescaled 
Hermite polynomials Hn{x) = i7„(x/-\/2)/2"/^ have the orthogonality rela- 
tion 
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1 2 
—= / Hm{x)Hn{x)w{x)dx = n\5mn, w{x) = , (1-23) 

J — oo 

and the generating function 

y-n 

G{x, t) = y] Hn{x) = e"‘-‘ /2, (1.24) 

n! 

n=0 

thus (1.22) is the integral of the inverse of the Hermite generating function 
times the Hermite weight. 

We will write down a natural g-analogue of this integral. Evaluating it 
in two different ways gives the two sides of the Rogers-Ramanujan identi- 
ties. So we need a g-analogue of the Hermite polynomials, their measure and 
generating function: 



Hn{x\q) 



n 



E 




i{n—2k)d 



X = cos 0, 



is a polynomial in x = cos 9 , because it may be rewritten as a sum of Cheby- 
shev polynomials T„_ 2 k{x) = cos((n - 2fc)6») due to [”]_^ = These 

polynomials satisfy the three-term recurrence relation 



2xH„{x\q) = H„+i{x\q) - (1 - g”)i?„_i(x|g), 



(1.25) 



with initial values Ho{x\q) = 1, Hi{x\q) = 2x. One can use (1.25) to show 
that 

,1T- 

The generating function for Hn{x\q) can easily be found from (1.25): 



Y^H^{x\q)—— = l[{l-2xtq’^ + tV^)-^ = (tC^ g)-i. 

n=0 [diQjn 



The orthogonality relation for Jln(xjq) is known [14] to be 




Ilm(cos 0lq)IIn(cos 0jq)wg(cos 0) d0 = {q; q)nSmn, 



w,(cos6») = 2*^(7) 

So the exact analogue of (1.22) for Hn{x\q) is 



/,(t)= 

27T Jq 

We must evaluate Iq{t) and understand why it is a g-analogue of 
Since we are integrating with respect to the g-Hermite weight, we must find 
the constant term in the g-Hermite expansion of (te*^, <7)00. However 
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'^^]q)oo = ^Hn{x\q ^ , 

(9; <?)n 



so we just need to find the q-Hermite constant term for iJ„(x|g ^). Fortu- 
nately, Rogers [14] found all of the expansion coefficients 



„k(k-n)( \ 

Hn{x\q~^) = r— ’—^Hn-2k{x\q), 

(<?; <l)k(q', q)n-2k 



so that 



m= E 



n>0, even 



q)r 

{q; q)n (<?; q)n/2 



= E 



—mf2 

q L 



This is clearly a g-analogue of , and gives the sum side of (1-18) and (1.19) 
if t = V^, q. 

We need an alternative evaluation for Iq{^/q) and Iq{q) to give the product 
sides of (1.18) and (1.19). We use exponential orthogonality on [— tt, tt] instead 
of g-Hermite orthogonality. For t = y/q the Jacobi triple product identity 
(1.13) implies 






'^/2-ik0 






so that 



IgiVq) = 



2(<j; q)c 






00 

(q'^q)oo {q-,q^)oo{q^;q^)oo 



Note that from the point of view of this proof, the mod 5 condition appears 
because the g-Hermite weight function involves and 1 -I- 2^ = 5. 



Exercise 10. Verify the exponential details to show that Iq{q) does yield 
(1.19). 
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1.7 Another q-binomial theorem 

We have seen several applications of the ( 7 -binomial theorem. Here we give 
another g-binomial theorem, and shall see it is equivalent to the original q- 
binomial theorem. 

Suppose that x and y are non-commuting variables, but do satisfy yx = 
qxy, where q commutes with x and y. Then any word in x and y can be 
permuted to at the expense of a power of q, for example, yxxyyxx = 
q^x“^y^ , because we moved the first y past 4 x’s, and the second and third 
y’s past 2 x’s. 

Theorem 1 . 1 . If yx = qxy where q commutes with x and y , then 

^ \ Ai1 

(x + y)^=V x^y^-'^. (1.26) 

m=0 9 

Proof. Each word w of m x’s and N—m y’s corresponds to a partition which 
lies inside an (N — m) x m rectangle. Moreover any such partition corresponds 
to a unique word w . In our example of w = yxxyyxx the partition is 422 . 
If ru = , then e is the sum of the parts of the partition. The 

generating function for all partitions which lie inside an (N—m) x m rectangle 
is the definition of the o-binomial coefficient [ 1 = . 

^ IJN —m.1 q LmJ g 

If we imagine y as a letter larger than x, then (1.26) can be restated as 



inv(-ui) 



words w with m x's, N — m y's 



where 



inv('u;) = |{(i, j) : i < j, Wi > Wj}\. 



Exercise 11. Let IT(ai, 02 , • • • , am) = W{a) be the set of all words w of 
length oi -I- 02 -I- • • • -I- Om with exactly a\ I’s, 02 2’s, • • • ,Om m’s. Show | 
that 



E 

oeW(a) 



inv(uj) _ [®1 + 02 + • • • + Oml _ («! d" 02 d" ' ' ' d" Om)! 



Ol , O2 , * * * 5 Oy) 



Ol 02!^ • • • Um-q 



Let’s prove the g-analogue of the Pfaff-Saalschiitz sum for a 1-balanced 
3 (fi 2 terminating basic hypergeometric sum using Exercise 11 (this proof is 
due to Zeilberger [27]): 



o d- cl r & d- c 



a+k\^\c+k\^\b+k\^ 



min(a,6,c) 

- E 



[o d- 6 d- c — n]!g 

[o - n]\q[h- n]\q[c- n]\q[n + k]\q[n - k]\q 



(1.27) 
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Proof. Let S = Ai x A 2 y. be the set where 

1. Ai consists of all words with a + k I’s, and b — k 2’s, 

2. A 2 consists of all words with a — k I’s, and c + k 3’s, 

3. A 3 consists of all words with b + k 2’s, and c — k 3’s. 

We weigh each word by its inversion number, so that the LHS of (1-27) is 
the generating function of S . We need a bijection from S to words of length 
a + b + c — n with 5 types of letters, with multiplicities a — n, b — n, c — n, 
n + k and n — k for some n between k and min{a, b, c}. We shall see that 
we may take words in the five symbols 




The algorithm for the bijection is following. Let s = ( 101 , 102 , 103 ) G S, 
and write W 2 under loi , and 103 under 102 , all left justified. Scan this “triple 
word” left to right. If we see 




replace it by 




and cross off the I’s in the first 2 rows. Similarly, replace 




and replace 




For example ifa = 3, & = 4, c=3, k = 1 and our three words are 

wi= 12 12 2 11 
W 2 = 133133 
W 3 = 3222322 

the bijection gives the word in the 5 symbols 





2 Orthogonal polynomials 

The classical orthogonal polynomials may be interpreted combinatorially us- 
ing the exponential formula [9], [10], [11]. One may also give interpretations 
for general orthogonal polynomials. In this section we consider this general 



case. 
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2.1 General orthogonal polynomials and lattice paths 

Monic orthogonal polynomials satisfy the three-term recurrence relation 

Pn+l{x) = {X - bn)Pn{x) ~ \nPn-l{x) (2.1) 

with the initial values P-i{x) = 0, po{x) = 1. Clearly (2.1) implies that 
Pn{x) is a polynomial in x, with coefficients which are polynomials in the 
coefficients and A„ . We give an interpretation for these polynomials using 
lattice paths in the plane. 

Definition 2.1. A p-lattice path is a lattice path which starts at (0,0), and 
has steps NN =(0,2), N = (0, 1) , and NE = (1, 1) . 

The weight of a p-lattice path, wt{P) , is the product of the weights of the 
individual edges. 



wt{{k,j - 1) ^ {k,j + 1)) = -Xj, 
wt{{k,j) {k,j -h 1) = -bj, 
wt{{k,j) ^ {k+ l,j -h 1) = X. 

Definition 2.2. Let Path„ be the set of all p-lattice paths which end at y = 
n . 

Proposition 2.1. The polynomials Pn{x) which satisfy (2.1) with the initial 
conditions p-i{x) = 0 and po{x) = 1 are given by 

Pn{x) = 

P^Pathn 

Even though this proposition is nearly tautological, it is useful. “The” 
measure dy,{x) for the polynomials Pn{x) may not be uniquely defined but 
the moments 

/ OO 

x” dy{x) 

-OO 

are, and are also given by a polynomial in and A„ . (We always assume 
that po = 1.) The first few are 

Pi = bo 

p2 = bg Al 

Ms = ^0 + 26 qAi -I- 6iAi 

M4 — bQ 36qAi -I- 26o^iAi -I- 6^Ai -I- A^ -I- AiA2- 

Note that (somewhat unexpectedly) all of the coefficients in the moment 
monomials are non-negative. We shall give a set of lattice paths which are 
counted by these coefficients. 
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Definition 2.3. A Motzkin path is a lattice path which starts at (0,0), lies 
at or above the x-axis, ends on the x-axis, and has steps NE = (1, 1), E = 
(1,0), and SE = (1, — 1) . 

Definition 2.4. Let Motz„ be the set of all Motzkin paths from (0,0) ^ 
(n, 0) . The weight of a path is the product of the weights of the individual 
edges, where 



wt{{k,j) ^ {k + l,j+ 1 )) = 1 , 
wt{{k,j) ^ {k+ 1 , j) = bj, 
wt{{k,j) ^ {k + I, j -1) = Xj. 

Theorem 2.1 (Viennot [25]). The nth moment is the generating func- 
tion for Motzkin paths from (0, 0) ^ (n, 0) , 

p.n= ^ wt{P). 

P^MotZn 

We do not give the proof of Viennot’s theorem here. It uses a sign-reversing 
involution to show that the combinatorial definition of given above, com- 
bined with the combinatorial interpretation of the polynomials Pn{x), does 
have the appropriate orthogonality relation. 

The above proposition and theorem imply that integrals of polynomials (or 
formal power series) with respect to the the measure dp,{x) may be evaluated 
using arguments on lattice paths. To convince you that non-trivial computa- 
tions can be done with this technique, the Askey-Wilson integral 

(g;g)oo (e^'^,e^^^;g)oo 

27t Jq (ae*®, ce*®, ce“*^, de®®, ( 7)00 

_ {abed; g)oo 

{ab, ac, ad, be, bd, cd; q)oo 



can be evaluated combinatorially [16]. 

Here are some examples. 

Example 2.1. If = 0 and A„ = 1, the polynomials Pn{x) = C/„(x/2) (the 
Chebyshev polynomials of the second kind), and 



Mn — 



0, 

Cn, 



if n is odd, 

if n = 2N is even. 



where Cn = is the nth Catalan number. 

Here since = 0, the Motzkin paths have only NE and SE edges, each with 
weight one. So is the total number of such paths, it is well-known [22] that 
this is a Catalan number. 
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Example 2.2. If &„ = 0 and Xn = n, the polynomials Pn{x) = iJ„(x/-\/2)/2”/^ 
(the Hermite polynomials), and 



Mn — 



0 , 



if n is odd, 

if n = 2N is even. 



Note that fin is the number of complete matchings m on n objects, which is 
the number of ways of matching all n points on the x-axis with [n/2j edges. 
Here is how to see this. Label the points 1,2, - • • ,n. If the /cth step of the 
Motzkin path is NE, then draw an edge emanating from k, tohe connected to 
some point to the right. If the fcth step of the Motzkin path is SE, then draw 
an edge ending at fc, to be connected to some earlier point to the left. If the 
SE edge starts at y = j , the weight of the edge is Xj = j . This corresponds 
to the j previous unconnected points, we have j choices for earlier points. 

Example 2.3. If = 2n + o; and A„ = n{n + a— I), the polynomials Pn{x) = 
n!(— (the Laguerre polynomials), and 



fin = a{a + 1) • • • (a + n — 1). 

If a = 1 , we have fin = n\ , the number of permutations of length n . This can 
be seen by a combinatorial argument not unlike Example 2.2. Here, however, 
we can do more, by weighing certain choices while building the permutation 
by a instead of 1, what results are permutation statistics, in this case the 
number of cycles of a permutation (see [21]). 

Example 2.4. if bn = n + a and A„ = an, the polynomials Pn{x) = Cn{x) 
(the Charlier polynomials), and 



Mn = ^ S{n, k)af^. 

k^l 

This example is similar to Example 2.3. Instead of permutations being in 1- 
1 correspondence with the weighted Motzkin paths, set partitions are. The 
Stirling numbers of the second kind S(n, k) is the number of set partitions of 
{1,2,--- ,n} into k blocks. 

Example 2.5. If &„ = 0 and A„ = [n]q, the polynomials 

Pn{x) = i?n(A-y/l — qx\q)/{l — q)^f‘^ (the continuous g-Hermite polynomials), 
and 

fln= gcross(m)^ 

complete matchings m on ,n} 

Here cross(m) is the crossing number of a complete matching m. For exam- 
ple, if m = (13)(25)(46) and we imagine three arcs above the x-axis, these 
arcs cross twice, cross(m) = 2. In Example 2.2, the j choices now have weights 
1, q,--- If you connect to the rightmost available previous point, no 

crossing is produced, as one moves left along the available points, the number 
of crossings increases by one, thus the choices of 0, 1, • • • (j — 1) crossings. 
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2.2 Hankel determinants 



Monic orthogonal polynomials can be defined in terms of the moments /i„ , 





Mo Ml • • 


' Mu 




Ml Ml • • 


• Mu+i 


det 


1 

... 

s 


• M2u-1 




1 X ‘ ‘ 


• cc” 




■R 

0 


* l^n—1 


det 


Ml Ml • • 


* l^n 




J^n— 1 l-^n 


• ^2n-2_ 



( 2 . 2 ) 



The coefficient of in the numerator of (2.2) is a minor of the infinite 
Hankel matrix. Lattice paths give a combinatorial interpretation [25] for any 
minor. 



Theorem 2.2. The Hankel minor consisting of rows {ai,a 2 ,--- ,Ofc} and 
columns increasing order) is the generating function for 

k -tuples of non-lattice point intersecting Motzkin paths (Pi, • • • , Pfc) such that 
Pi '■ (— OijO) ^ (dcy(i),0) for some permutation a . The sign of a tuple is given 
by 

sign((Pi,--- ,Pfc)) =sign(a). 

In this theorem if we take rows (0, 1, 2, • • • , n— 1) and columns (0, 1, 2, • • • , 
n — 1) , there is a unique set of paths, and we find the classical fact 



\ n— 1 \ n— 2 
Ai A2 






= det 



Mo Ml ■ ■ ■ Mn-l 
Ml Ml • • • Mn 



Mu— 1 Mu * * ' M2n— 2 



2.3 Continued fractions 



The generating function for the moments 

OO 

M{t) = Y, Tnt^ 

n— 0 

is known to have a continued fraction representation 



M{t) 



l-hct- 



AiP 



\ — b\t — 






1 - 69 ^ - • • • 



(2.3) 
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Although some care must be taken to consider (2.3) as a complex function of 
t, as a formal power in t it converges, and we shall see why. This has a very 
nice combinatorial interpretation which is due to Flajolet [8]. 

Consider all possible Motzkin paths. Imagine chopping the paths at the 
line y = \ . What remains is a sequence of either (a) horizontal edges along 
j/ = 0 , or (b) paths starting at y = 1, ending at j/ = 1 , along with a precursor 
NE edge, and a successor SE edge. Since the weight of a horizontal edge along 
the cc-axis is i and the NE-SE pair has weight Ai , we have 

OO 

M(t) = + (2.4) 

k=0 



where M*{t) is the generating function for all Motzkin paths whose weights 
{bn and A„) have been replaced by (&„+i and A„+i). Clearly (2.4) is 



I — — Xit“^M*{t) ' 



(2.5) 



Upon iterating (2.5) k times, and then eliminating all paths which go above 
the line y = k, we have the rational function approximation to the continued 
fraction, 

Mk{t) = ^—2 . (2.6) 

1 7 , 



■ • — Afc_it^ 

I - bk-it - Xkt^ 

Proposition 2.2. Let y,n{k) be the generating function for Motzkin paths of 
length n which stay at or below y = k. Then the generating function 



OO 

Mk{t) = J2Ln{k)r 

n—0 

is the kth iterate of the continued fraction (2.3). 

It is clear that as formal power series in t, 

lim Mk{t) = M{t). 

k—^oc) 

Fix any n, then /x„(fc) = Hn for k >n. 

3 Symmetric functions 

In this section a quick introduction to symmetric functions is given. The stan- 
dard reference with a wealth of information is [17]. 
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A polynomial in n variables x\, - ■ ■ , with complex coefficients which is 
invariant under all n\ permutations may be considered as sum of monomials 
m \ , for a partition A , for example 

A{x\x\ + Xixl + X2x\ + X2X3 + xfxl + X3X2) —7(xf + X2 + X3) = 4m2i — Tms, 
where 



/ N 21, 21, 21, 21, 21, 21 

m2l(Xi, X2, X3) = X^X2 + X^X^ + X2X1 + X2X^ + X^X^ + X3X2 

TO3(a;i, X2, X3) = x\ + x\ + x%. 

The Schur function SA(a;i, • • • , x„) is a symmetric polynomial which may 
be defined as a quotient of generalized Vandermonde determinants 



SA(a;i,--- ,x„) 



det(x^'*^" ’^)i<i,j<« 

det(x^ )l<ij'<n 



(3.1) 



Note that the denominator of ( 3 . 1 ) is the Vandermonde determinant 



= n 

l<z<j'<n 

and that a quotient of skew-symmetric functions must be symmetric. The 
Schur functions 



{sa : a is a partition of m, A has at most n parts} 

form a basis for the vector space of symmetric polynomials in xi, • • • ,x„ of 
degree m. 

Special choices for A give well-known symmetric functions, 

Sik(x) = Cfc(x), the elementary symmetric function of degree k, 

Sfc(x) = /ifc(x), the homogeneous symmetric function of degree k. 

For example 



C2(xi,X2,X3) = X1X2 -I- X1X3 -I- X2X3, 

/l2(xi, X2, X3) = x} -I- X2 -I- X3 -I- X1X2 -I- -I-X1X3 -I- X2X3 = 7712 - 1 - TTlii. 



If we expand the Schur functions in terms of the monomial symmetric 
functions, 

sa(x) = ^ ATa/xTO^(x), (3.2) 

the coefficients K\^ are called Kostka coefficients. These have the algebraic 
interpretation as the dimension of the weight space ^ in an irreducible repre- 
sentation of GLn that corresponds to A. Thus they are non-negative integers. 




162 Dennis Stanton 



There is also a combinatorial interpretation of . It is the number of 
column strict tableaux of shape A and content /x . Take a Ferrers diagram of 
shape A, and fill the cells with /xi I’s, /X 2 2’s,..., so that the entries in each row 
weakly increase and those in each column strictly increase. Here is a column 
strict tableau of shape A = 421 and content /i = 2221. 

112 4 

2 3 

3 



Equation (3.1) is a special case of the Weyl denominator formula for the 
characters of the general linear group, thus there are analogues of Schur func- 
tions and Kostka coefficients for other classical groups. 

The characters of the symmetric group S'„ may also be found using Schur 
functions. It is not surprising that such a formula should exist, since the 
complex irreducible representations of are in 1-1 correspondence with the 
conjugacy classes of S'„, which are the cycle types, thus partitions of n. 

This time we expand the Schur functions in terms of the power sum sym- 
metric functions, 

Px = PX1PX2 • • 'PXr^, 

where 

Pk = Xi + X2 -\ \-x^. 

For example P 2 i{xi,X 2 , X 3 ) = (xf + X 2 + X 3 ){xi + X 2 + X 3 ). We have 

sa(x) = ^ XI (3.3) 



where is the the size of the conjugacy class of permutations with cycle type 






n! 






and x^{p) is the irreducible character evaluated at the conjugacy class 

fj,. 

One example of (3.3) is 



S 21 = TO 21 + 2miii = -(-2p3 -I- 2piii), 

which gives the row of the character table for S 3 . Recall that as functions 
on the symmetric group the characters form an orthonormal basis for the 
functions constant on conjugacy classes. 



3.1 Combinatorial applications 

Here I will give two applications of Schur functions to plane partitions (see 
[17]). 
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The hook-content formula evaluates the principle specialization of a Schur 
function 

1 _ „n+c(a;) 

n i_v, - 

cells x^\ 

The hook numbers h{x) can be defined by h{x) = t + A'- — j + 1 if 
X = (i,j) ■ Pictorially h{x) is the number of cells in the same row or column 
as X, to the right or below, including x. Here are the hook numbers of each 
cell for A = 421. 

6 4 2 1 
3 1 
1 

The content numbers c{x) are defined by c(x) = j — i x = (i,j) ■ Here they 
are for A = 421. 

0 12 3 
-1 0 
-2 



The constant n(A) = ~ The hook-content formula implies 






n -I- fc — 1 
k 



••• ) = 



J q 



r(^). 



-I q 



thus the principally specialized Schur function may be considered as a gen- 
eralization of the g-binomial coefficient. In fact sa( 1,9, ••• is also a 

symmetric unimodal [17] polynomial in q. 

One may also use the hook-content formula to derive the generating func- 
tion for all plane partitions 



Y,pp{n)q-=l[a-qT^ 

n=0 fc=l 



and the Macmahon Box Theorem which gives the generating function for all 
plane partitions which lie inside an m x n x p box 

1 „i+j-i-k—l 

E n n n \z%.k-. - 

P inside mxnxp box l<i<m 

An example of a plane partition which lies inside a 5 x 3 x 4 box is 



P = 



4 4 3 
4 2 
3 2 
1 
1 



Here the entries of P lie inside a 5 x 3 rectangle, and the largest entry is at 
most 4. 
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3.2 The Jacobi- Trudi identity 

A very useful result, which also has a representation interpretation, is the 
Jacobi- Trudi identity which gives a Schur function as a single determinant 



sa ( x ) = det{hx,-i+j{x))i<ij<jn, 



for example 



S421 = 



/14 /15 Hq 
hi /i2 hs ■ 
0 Hq hi 



This may also be proven using a “tail-swapping” argument [15] to get non- 
intersecting lattice paths which correspond to column strict tableaux. This 
argument is very similar to the involution proofs necessary in Section 2. More- 
over realizing plane partitions and column strict tableaux as non-intersecting 
lattice paths has been a fruitful idea for the study of symmetry classes of 
plane partitions [6]. 



3.3 Alternating sign matrices 

An n X n alternating sign matrix is a 0, 1, —1 matrix whose row and column 
sums are 1, and whose non-zero entries alternate in sign in every row and 
column. One example is 

/O 1 0 0\ 

1-10 1 
0 10 0 ■ 

\0 0 1 0 / 

Permutation matrices are examples of alternating sign matrices. Thus alter- 
nating sign matrices (ASM) may be considered as generalizations of permuta- 
tions. A theorem of Zeilberger (see [6] for the whole story) gives the number 
of n X n alternating sign matrices as 



ASM{n) 



-r-r (3t -I- 1)! 



(3.4) 



As of today there is no elementary proof of this result! Perhaps even more 
surprising is that (3.4) also counts the number of totally symmetric self- 
complementary plane partitions (TSSCPP) which lie inside a 2nx2nx2n box. 
It is an open problem to find a bijection between ASM and TSSCPP, which 
would allow one to carry over many of the properties of ASM to TSSCPP. 

It is remarkable that a generalized determinant, called the A-determinant 
[6] may be defined as a sum over alternating sign matrices instead of a sum 
over permutations. The individual terms are Laurent monomials in the entries 
of the matrix. 
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detA(M) = Y, 

AeASM(n) i,j 

Clearly det_i(M) = det(M). 



3.4 The Borwein conjecture 

A final elementary open problem is the Borwein conjecture [2, 5]. Let 

n 

H(1 - - qB^(q^) - q^Cn(q^). 

i=l 

It is conjectured that the coefficients of the polynomials A„, Bn, and C„ 
are non-negative. (For n = oo it is easy to prove from the Jacobi triple 
product identity (1.13).) This problem is closely related to hook differences of 
partitions and statistical physics. Explicit forms for the polynomials may be 
found (again from the g -binomial theorem), for example 



Aln(<?) 



n/3 

E 

k— — n/3 






k k(9k+l)/2 



2n 

n + 3k 



and A„(l) = 2 x 3"“^. Many possible sets of objects can be given which are 
counted by A„(l) , what is needed is an appropriate statistic. If the quadratic 
power of q were to change from fc(9fc-|- l)/2, such a program does work [4]. 
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1 Introduction 

These lecture notes give an introduction to a recently developed method to ob- 
tain asymptotics for orthogonal polynomials. The method is called “steepest 
descent method for Riemann-Hilbert problems”. It is based on a characteri- 
zation of orthogonal polynomials due to Fokas, Its, and Kitaev [15] in terms 
of a Riemann-Hilbert problem combined with the steepest descent method 
introduced by Deift and Zhou in [12] and further developed in [13, 11]. The 
application to orthogonal polynomials was initiated in the seminal papers of 
Bleher and Its [4] and Deift, Kriecherbauer, McLaughlin, Venakides and Zhou 
[8, 9]. These works were motivated by the connection between asymptotics of 
orthogonal polynomials and universality questions in random matrix theory 
[7, 27]. An excellent overview can be found in the book of Percy Deift [7], see 
also [10, 26]. Later developments related to orthogonal polynomials include 
[2, 3, 5, 18, 20, 21, 22, 23, 34]. 

In this exposition we will focus on the paper [23] by Kuijlaars, McLaughlin, 
Van Assche, and Vanlessen. That paper applies the Riemann-Hilbert tech- 
nique to orthogonal polynomials on the interval [—1, 1] with respect to a 
modified Jacobi weight (1 — x)“(l -I- x)^h{x) where h is a non-zero real an- 
alytic function on [—1, 1]. It should be noted that the earlier works [4, 8, 9] 
dealt with orthogonal polynomials on the full real line. The fact that one 
works on a finite interval has some technical advantages and disadvantages. 
The disadvantage is that one has to pay special attention to the endpoints. 
The main advantage is that no rescaling is needed on [—1,1], and that we 
can work with orthogonal polynomials with respect to a fixed weight func- 
tion, instead of orthogonal polynomials with respect to varying weights on M. 
Another advantage is that the analysis simplifies considerably on the interval 
[—1,1], if the parameters a and (3 in the modified Jacobi weight are . In 
that case, there is no need for special endpoint analysis. The case a = (3 = ^ 
will be worked out in detail in the first part of this paper (up to Section 12). 

For general a, f3 > —1, the analysis requires the construction of a local 
parametrix near the endpoints. These local parametrices are built out of mod- 
ified Bessel functions of order a and (3. For orthogonal polynomials on the 
real line, one typically encounters a parametrix built out of Airy functions 
[7, 8, 9]. The explicit construction of a local parametrix is a technical (but es- 
sential and beautiful) part of the steepest descent method. This is explained in 
Section 14. The asymptotic behavior of the orthogonal polynomials can then 
be obtained in any region in the complex plane, including the interval (—1, 1) 
where the zeros are, and the endpoints ±1 . We will give here the main term in 
the asymptotic expansion. It is possible to obtain a full asymptotic expansion. 
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but for this we refer to [23]. We also refer to [23] for the asymptotics of the 
recurrence coefficients. 

We will not discuss here the relation with random matrices. For this we 
refer to the papers [8] and [24] where the universality for the distribution of 
eigenvalue spacings was obtained from the Riemann-Hilbert method. 

To end this introduction we recall some basic facts from complex anal- 
ysis that will be used frequently in what follows. First we recall Cauchy’s 
formula, which is the basis of all complex analysis. It says that 



fiz) 




f{s) 



ds 



s — z 



whenever / is analytic in a domain 12, 7 is a simple closed, positively oriented 
curve in 12 , encircling a domain 12o which also belongs to 12 , and z € 12o . 

A second basic fact is Liouville’s theorem, which says that a bounded 
entire function is constant. An extension of Liouville’s theorem is the following. 
If / is entire and f{z) = 0(z"') as z ^ 00, then / is a polynomial of degree 
at most n. 

Exercise 1. If you have not seen this extension of Liouville’s theorem 

before, (or if you forgot about it) try to prove it. 

We also recall Morera’s theorem, which says that if / is continuous in 
a domain 12 and satisfies f(z)dz = 0 for all closed contours 7 in 12, then 
/ is analytic in 12 . 

We will also use some basic facts about isolated singularities of analytic 
functions. In a basic course in complex analysis you learn that an isolated 
singularity is either removable, a pole, or an essential singularity. Riemann’s 
theorem on removable singularities says that if an analytic function is 
bounded near an isolated singularity, then the singularity is removable. The 
following is an extension of this result. 

Exercise 2. Let a G 12. If / is analytic in 12\{a}, and lim(z — a)/(z) = 0, 

z—^a 

then a is a removable singularity of / . 



2 Boundary values of analytic functions 

We will deal with boundary values of analytic functions on curves. Suppose 7 
is a curve, which could be an arc, or a closed contour, or a system of arcs and 
contours. We will always consider oriented curves. The orientation induces 
a -I- side and a —side on 7. By definition, the -I- side is on the left, while 
traversing 7 according to its orientation, and the —side is on the right. 

All curves we consider are smooth {C^ or even analytic), but the curves 
may have points of self-intersection or endpoints. At such points the -I- 
and —sides are not defined. We use 7° to denote 7 without points of self- 
intersection and endpoints. 










170 Arno B.J. Kuijlaars 



Let / be an analytic function on C \ 7. The boundary values of / in 
s € 7° are defined by 

/+(«)= lim f(z), /-(s)= lim /(z), 

z on +side 2 on —side 

provided these limits exist. If these limits exist for every s € 7°, and /+ 
and /_ are continuous functions on 7° , then we say that / has continuous 
boundary values on 7°. It is possible to study boundary values in other 
senses, like -sense, see [7, 14], but here we will always consider boundary 
values in the sense of continuous boundary values. 

If the boundary values /+ and /_ of / exists, and if we put v{s) = /+(s) — 
/_(s), we see that / satisfies the following Riemann-Hilbert problem 
(boundary value problem for analytic functions) 

(RHl) / is analytic in C \ 7. 

(RH2) /+(s) = /_(s) -k v{s) for s e 7°. 

We say that v is the jump for / over 7° . 

Suppose now that conversely, we are given v{s) for 567°. Then we may 
ask ourselves whether the above Riemann-Hilbert problem has a solution /, 
and whether the solution is unique. It is easy to see that the solution cannot be 
unique, since we can add an entire function to / and obtain another solution. 
So we need to impose an extra condition to guarantee uniqueness. This is 
typically an asymptotic condition, such as 

(RH3) f{z) ^0 as z ^ 00. 

In this way we have normalized the Riemann-Hilbert problem at infinity. It 
is also possible to normalize at other points, but we will only meet problems 
where the normalization is at infinity. 

It turns out that there is a unique solution if v is Holder continuous on 7 
and if 7 is a simple closed contour, or a finite disjoint union of simple closed 
contours, see [17, 28]. Then there are no points of self-intersection or endpoints 
so that 7 = 7° . In the case of points of self-intersection or endpoints, we need 
extra conditions at those points. 

If 7 is a simple closed contour, oriented positively, and if v is Holder 
continuous on 7, then it can be shown that 



f(z) 



1 

2TTi 




( 2 . 1 ) 



is the unique solution of the Riemann-Hilbert problem (RHl), (RH2), (RH3). 
It is called the Cauchy transform of v and we denote it also by C{v) . We 
will not go into the general existence theory here (for general theory, see e.g. 
[17, 28]), but leave it as an (easy) exercise for the case of analytic v. 



Exercise 3. Assume that v is analytic in a domain and that 7 is a 
simple closed contour in . Prove that the Cauchy transform of v satisfies 
the Riemann-Hilbert problem (RHl), (RH2), (RH3). 

[Hint: Use a deformation of 7 and Cauchy’s formula.] 
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Exercise 4. Give an explicit solution of the Riemann-Hilbert problem 
(RHl), (RH 2 ), (RH 3 ), for the case where the jump v is a rational function 
with no poles on the simple closed contour 7. 

[Hint: Use partial fraction decomposition of v.] 

To establish uniqueness, one assumes as usual that there are two solu- 
tions /i and /2 . Then the difference g = fi — f2 will solve a homogeneous 
Riemann-Hilbert problem with trivial jump = g- on 7. Then it follows 
from Morera’s theorem that g is analytic on 7. Hence g is an entire function. 
From the asymptotic condition (RH 3 ) it follows that g{z) ^0 as z ^ 00, 
and therefore, by Liouville’s theorem, g is identically zero. 

We will use the above argument, based on Morera’s theorem, also in other 
situations. We leave it as an exercise. 

Exercise 5. Suppose that 7 is a curve, or a system of curves, and that / is 
analytic on C \ 7 . Let 70 be an open subarc of 7° so that / has continuous 
boundary values /+ and /_ on 70 that satisfy /+ = /_ on 70 . Show that 
/ is analytic across 70 . 

In the case that 7 has points of self-intersection or endpoints, extra con- 
ditions are necessary at the points of 7 \ 7° . We consider this for the case of 
the interval [—1,1] in the following exercise. 

Exercise 6. 

(a) Suppose that 7 is the interval [— 1 , 1 ] and v is a continuous function on 
(— 1 , 1 ). Also assume that the Riemann-Hilbert problem (RHl), (RH 2 ), 
(RH 3 ) has a solution. Show that the solution is not unique. 

(b) Show that there is a unique solution if we impose, in addition to (RHl), 
(RH 2 ), (RH 3 ), the conditions that 

lim(z — l)f{z) = 0, lim (z + l)f{z) = 0. 

2—^1 Z—* — l 

The next step is to go from an additive Riemann-Hilbert problem to a 
multiplicative one. This means that instead of (RH 2 ), we have a jump condi- 
tion 

(RH 4 ) /+(s) = /_(s)w(s) for 567°. 

In this case, the asymptotic condition is typically 
(RH 5 ) f{z) ^1 as 2; ^ 00. 

If 7 is a simple closed contour, and if v is continuous and non-zero on 7, 
then we define the index (or winding number) of v by 

indu = —A^v{s). 

ZTT 

This is ^ times the change in the argument of w(s) as we go along 7 once 
in the positive direction. The index is an integer. If the index is zero, then we 
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can take a continuous branch of the logarithm of v on 7, and obtain from 
(RH4) the additive jump condition 



(log/)+(s) = (log/)_(s) +logw(s), S e 7. 

This has a solution as a Cauchy transform 

provided log v is Holder continuous on 7 . Then 

solves the additive Riemann-Hilbert problem (RHl), (RH4), (RH5). 



( 2 . 2 ) 



Exercise 7. How would you solve a Riemann-Hilbert problem with jump 
condition 

f+{s)f-is) = v{s) 

for s on a simple closed contour 7? 



3 Matrix Riemann-Hilbert problems 

The Riemann-Hilbert problems that are associated with orthogonal polyno- 
mials are stated in a matrix form for 2x2 matrix valued analytic functions. 

A matrix valued function i?:C\7^C^^^ is analytic if all four entries of 
R are analytic functions on C \ 7 . Then a typical Riemann-Hilbert problem 
for 2x2 matrices is the following 

(mRHl) i? : C \ 7 ^ is analytic. 

(mRH2) R+{s) = R-(s)V(s) for s € 7°, where R : 7° ^ is a given 

matrix valued function on 7° . 

(mRH3) R(z) I as z ^ 00, where / denotes the 2x2 identity matrix. 

Because of (mRH3) the problem is normalized at infinity. The matrix valued 
function V in (mRH2) is called the jump matrix. If 7° 7, then addi- 

tional conditions have to be imposed at the points of self-intersection and the 
endpoints. 

The existence theory of the matrix Riemann-Hilbert problem given 
by (mRHl), (mRH2), (mRH3) is quite complicated, and we will not deal 
with it. In the problems that we will meet, we know from the beginning that 
there is a solution. We know the solution because it is built out of orthogonal 
polynomials. See [6] for a systematic treatment of the general theory of matrix 
Riemann-Hilbert problems. 

Also, we will only meet Riemann-Hilbert problems where the jump matrix 
V satisfies 
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det 17(g) = 1 ^ s G 7 °. (3.1) 

Then we can establish uniqueness of the Riemann-Hilbert problem (mRHl), 
(mRH2), (mRH3) on a simple closed contour. The argument is as follows. 

First we consider the scalar function deti? : C \ 7 ^ C. It is analytic on 
C \ 7 , and in view of (mRH2) and (3.1) we have (deti?)+ = (deti?)_ on 7 . 
Thus deti? is an entire function. From (mRH3) it follows that deti?(z) ^ 1 
as z ^ 00 , so that by Liouville’s theorem deti?(z) = 1 for every z G C \ 7 . 
Now suppose that R is another solution of (mRHl), (mRH2), (mRH3). Since 
i?(z) has determinant 1, we can take the inverse, and we consider X(z) = 
R{z)[R{z)]~^ . Then X is clearly analytic on C \ 7 , and for s G 7 , 

X+(s) = R+{s)[R+{s)\-^ = R.{s)V{s)[R.{s)V{s)\-^ 

= R-{s)R-{s) = X_{s). 

Thus X is entire. Finally, we have X(z) ^ I as z ^ 00 , so that by Liouville’s 
theorem, we get X(z) = I for every z G C \ 7 , which shows that R = R. 
Thus R is the unique solution of (mRHl), (mRH2), (mRH3). 

While existence of the solution is not an issue for us, we do need a result on 
the behavior of the solution R . We need to know that when V is close to the 
identity matrix on 7 , then R is close to the identity matrix in the complex 
plane. We will need this result only for simple closed contours 7 and it will be 
enough for us to deal with jump matrices that are analytic in a neighborhood 
of 7 . 

In order to specify the notion of closeness to the identity matrix, we need a 
norm on matrices. We can take any matrix norm, but for definiteness we will 
take the matrix infinity norm (maximum row sum) defined for 2 x 2 matrices 
R by 

||i?|| = max(|i?ii| -I- |i?i 2 |, IR 21 I + I.R 22 I) • 

If R{z) is a matrix- valued function defined on a set 12 , we define 

llRlIn = sup||i?(z)||, 

where for ||i?(z)|| we use the infinity norm. If R{z) is analytic on a domain 
12, then one may show that ||i?(z)|| is subharmonic as a function of z. If R{z) 
is also continuous on 12 , then by the the maximum principle for subharmonic 
functions, it assumes its maximum value on the boundary of 12 . 

With these preliminaries we can establish the following result. The follow- 
ing elementary complex analysis proof is due to A. I. Aptekarev [2]. 

Theorem 3.1. Suppose j is a positively oriented simple closed contour and 
12 is an open neighborhood of 7 . Then there exist constants C and 5 > 0 such 
that a solution R of the matrix Riemann-Hilbert problem (mRHl), (mRH2), 
(mRH3) with a jump matrix V that is analytic on 12 with 
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satisfies 

for every 2; G C \ 7 . 



\\R{z) - I\\ < C\\V - I\\n 



(3.2) 



Proof. In the proof we use ext (7) and int(7) to denote the exterior and 
interior of 7, respectively. So, ext (7) is the unbounded component of C\ 7, 
and int(7) is the bounded component. Together with 7, we also consider 
two simple closed curves je and 7^ , both homotopic to 7 in , so that 
7e C n n ext(7) and 7^ C n int(7) , see Figure 1. 
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The idea of the proof is to show that for ||/\||n small enough, we have 
|ji?_(s)|| < 4 for every s S 7. (Any other positive number than 4 would also 
do.) If we can prove this, then it follows by straightforward estimation on 
(3.4) that 



IIB(--) - /|i 



2 -Ki s - z 



< 



< 



4^7) 

27rdist(2;, 7) 

4^7) 

27rdist(2;, 7) 



PII7 



(3.5) 



where l{j) is the length of 7. This then proves (3.2) for dist(2;,7) > r with 
constant 

^ ^ 4/(7) 

2ttt 

To handle the case when z is close to 7 , we apply the same arguments to the 
curves 7e and 7i. Suppose for example that 2; € ext (7). Then we define 



j R in ext(7) U int(7i) 
( RV~^ in int(7) n ext(7i) 



Then = i?_ on 7 so that R is analytic across 7. On 7^ we have the 
jump i?-|_ = R-V . The same arguments we will give below that lead to 
||i?_(s)|| < 4 for s e 7 will also show that ||i?_(s)|| < 4 for s € 7* (provided 
|jZ\||o is sufficiently small). Then an estimate similar to (3.5) shows that for 
every z, 



11 %) -/|| < 



4 /( 7») 

27rdist(z, 7*) 






For 2; G ext(7), we have R{z) = R{z) and dist(z,7i) > r by (3.3), so that we 
get (3.2) with a maybe different constant C . The same arguments apply for 
z G int(7) . In that case we define R so that it has a jump on 7e. 

So it remains to prove that |ji?_(z)|| < 4 for every 2; G 7. In order to do 
this we put 

M = max||i?_(z)||. 

zG7 



Since R-{z) are the continuous boundary values for R taken from ext (7), 
and R is analytic in ext(7), including the point at infinity, we have by the 
maximum principle for subharmonic functions, that 



\\R{z)\\<M, zGext(7). 

We deform 7 to 7e lying in n ext(7) . Then dist(0, 7e) > r for every z G 7 
by (3.3). For z G int(y), we then have 
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1/ SflAfl, 

2tti s- z 

Letting z go to 7 from within int( 7 ), we then find 






ds, 2 G 7, 



and so, since i?+ = i?_(I + A) , 






1 r R{s)A{s) 



ds ) (/ + A{z))~ 



Z G 7. 



We take norms, and estimate, where we use that ||i?(s)|| < M for s € je, 



||i?_(z)|| <1^1+ ^M||Z\||oj ||(/ + Z\(z))-^|| , z G 7 , 

with l{je) the length of 7 e- If ||L\(z)|| < ^ then (/ + Z\(z))~^ < 1 + 

2||Z\(z)|| , which follows easily from estimating the Neumann series 



(/ + Z\(z))-^ = ^(-Z\(z))^ 

k^O 

So we assume 5 > 0 is small enough so that 
Then, if ||Z\|jn < 6, we find for z G 7, 



||i?_(z)|| < (l + 2d) 

= (1 + 26 ) + + 26 ) 
zirr 

<2 + ^M. 

Taking the supremum for z G 7 , we get M < 2 + \M , which means that 
M < 4. So we have proved our claim that ||i?_(z)|| < 4 for every z G 7 , 
which completes the proof of the theorem. 



Exercise 8. Analyze the proof of Theorem 3.1 and show that we can 
strengthen (3.2) to 






for every z G C \ 7 . 
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4 Riemann-Hilbert problem for orthogonal polynomials 
on the real line 

Fokas, Its, and Kitaev [15] found a characterization of orthogonal polynomials 
in terms of a matrix Riemann-Hilbert problem. 

We consider a weight function re on K , which is smooth and has sufficient 
decay at ±oo, so that all moments / x^w{x) dx exist. The weight induces a 
scalar product J f{x)g{x)w{x)dx, and the Gram-Schmidt orthogonalization 
process applied to the sequence of monomials I, x, x'^ , . . . , yields a sequence 
of orthogonal polynomials tto, tti, 7T2, . . . , that satisfy 

J Trn{x)TTm{x)w{x) dx = hnSn,m, hn > 0. 

We will choose the polynomials to be monic 7r„(a;) = x” H .If we put 

7 „ = p„{x) = J„TT„{x) 

then the polynomials are the orthonormal polynomials, i.e., 

J Pn{x)pm{x)w{x)dx = Sn,m- 

The orthonormal polynomials satisfy a three-term recurrence 

XPn(x) = an+lP„+l{x) + bnPn(x) + a„p„_i(x) 

with certain recurrence coefficients a„ and • The monic form of the recur- 
rence is 

XTTn{x) = 7T„+i(x) -|- b„TT„{x) + a^7T„_i(a;). 

Fokas, Its, Kitaev [15] formulated the following Riemann-Hilbert problem 
for a 2 X 2 matrix valued function Y 

(Y-RHl) Y is analytic in C \ K. 

(Y-RH2) Y+{x) = Y_{x) for x G K. 

(Y-RH3) Y{z) = (^/+ O as 0 ^ oo. 

The asymptotic condition (Y-RH3) does not say that Y (z) tends to the iden- 
tity matrix as z tends to infinity (unless n = 0), so the problem is not 
normalized at infinity in the sense of (mRH3). 

Theorem 4.1 (Fokas, Its, Kitaev). The Riemann-Hilbert problem (Y- 
RHl)-(Y-RHS) for Y has a unique solution given by 

( 7T„(z) C{TTnW){z) \ 

Y{z) = (4.1) 

yc„7T„_i(z) CnC{'Kn-lw){z) J 
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where 7r„ and 7t„_i are the monic orthogonal polynomials of degrees n and 
n—1, respectively, C(TTjw) is the Cauchy transform of ttjw , 



C{tTjw){z) 



1 

27ri 



TTj{x)w{x) 
X — z 



and Cn is the constant 

Cn = -2TTijl_^. 

Proof. Consider the first row of Y . The condition (Y-RH2) gives for the first 
entry Yu 

(Fii) + (x) = (yii)_(x), X G K. 

Thus Fii is an entire function. The asymptotic condition (Y-RH3) gives 
Yii(z) = z" + as 0 ^ oo. 



By the extension of Liouville’s theorem, this implies that Yu is a monic 
polynomial of degree n . We call it P„ . 

Now we look at Y 12 . The jump condition (Y-RH2) gives 

(Yi2)+(x) = (Yi2)_(x) + (Yii)_(x)r(;(x). 



We know already that Yu = , so that 



(Yi 2 )+(x) = (Yi 2 )-(x) + Pn{x)w{x). (4.2) 



The asymptotic condition (Y-RH3) implies 

Yi 2 (z) = O as z ^ oo. 



(4.3) 



The conditions (4.2)-(4.3) constitute an additive scalar Riemann-Hilbert 
problem for Y 12 . Its solution is given by the Cauchy transform 



Yi 2 (z) = C{Pnw){z) 



1 

27TI 



Pn{x)w{x) 

dx 

X — z 



Now in general the Cauchy transform tends to zero like z~^ as z ^ 00, 
and not like z“"“^ as required in (4.3). We need extra conditions on the 
polynomial to ensure that (4.3) is satisfied. We write 



1 



X — z 



n—1 



E 




X 



n 



z"(x — z) 



Then 



Yi 2 (^) = — / Pn{x)w{x) 



n—1 



= -E — 

27ri 






-E 



Pn{x)x^w{x) dx 



2^+1 Z'^{x — z) 

1 



dx 



yk-\-l 



+ C>(z-”-^) 
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In order to have (4.3) we need that the coefficient of z ^ ^ vanishes for 
fc = 0, . . . , n — 1 . Thus 

J Pn{x)x^ w{x) dx = 0, k = 0, . . . ,n — 1. 

This means that is the orthogonal polynomial, and since is monic, 
we have Pn = 7t„ . Thus we have shown that the first row of Y is equal to 
the expressions given in the equality (4.1). The equality for the second row is 
shown in a similar way. The details are left as an exercise. 

Exercise 9. Show that the second row of Y is equal to the expressions 
given in (4.1). 

Remark concerning the proof of Theorem 4.1 The above proof of 
Theorem 4.1 is not fully rigorous in two respects. First, we did not check 
that the jump condition (Y-RH2) is valid in the sense of continuous boundary 
values, and second, we did not check that the asymptotic condition (Y-RH3) 
holds uniformly as z ^ oo in C \ K . This is not immediate since K is an 
unbounded contour. 

Both of these questions are technical issues whose treatment falls outside 
the scope of this introduction. Suitable smoothness and decay properties have 
to be imposed on w . The reader is referred to [9, Appendix A] for a discussion 
of these matters. There it is shown that it is enough that x'^w{x) belongs to 
the Sobolev space P[^ for every n. 



5 Riemann-Hilbert problem for orthogonal polynomials 
on [-1,1] 

We will study polynomials that are orthogonal with respect to weights on the 
finite interval [—1,1]. In particular we will consider modified Jacobi weight 

w{x) = {1 — x)°' {I + x)^ h{x) , a; G (— 1, 1) (5-1) 

where a, P > —1 and h is positive on [—1,1] and analytic in a neighbor- 
hood of [—1, 1]. The weights (5.1) are a generalization of the Jacobi weights 
which have h{x) = 1 . In analogy with the case of the whole real line, the 
Riemann-Hilbert problem that characterizes the orthogonal polynomials has 
the following ingredients. 

We look for a matrix valued function Y : C \ [—1, 1] ^ that satisfies 
(Y-RHl) Y is analytic in C \ [—1,1]. 

(Y-RH2) Y+{x) = Y_{x) for x G (-1, 1) 

(Y-RH3) Y(z) = (^/-b O as z ^ oo 
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Note that we restrict ourselves in the jump condition (Y-RH2) to the open 
interval (—1,1). The jump is not defined at the endpoints ±1, since the 
boundary values Y± are not defined there. If a or /3 (or both) is negative, 
there is also a problem with the definition of w at the endpoints. 

We can show, as for the case of orthogonal polynomials on the real line, 
that 

/ TTn{z) C{TTnW){z) \ 

Y{z) = (5.2) 

yc„ 7 T„_i(z) CnC{TT„-iw){z) J 

is a solution of the Riemann-Hilbert problem, where now C denotes the 
Cauchy transform on [—1,1], that is, 

ryf ^ 1 TTn{x)w{x) 

C{Trnw){z) = — dx. 

ZTTl X — Z 

However, this will not be the only solution. In order to ensure uniqueness we 
need extra conditions at the endpoints ±1. The endpoint conditions are 

if a < 0, 



if a = 0, 
if a > 0. 

if /3 < 0, 



if /3 = 0, 
if /3 > 0. 

In (Y-RH4)-(Y-RH5) the O conditions are to be taken entrywise, so the 
condition (Y-RH4) in the case a < 0 means that 

Yn(0)=O(l) Y^ 2 {z) = 0{\z - in 

Y 2 i{z)= 0 {l) Y 22 {z) = 0{\z - in 

as 0 ^ 1 . So Yii and Y 21 should remain bounded at z = I, while Y 12 and 
Y 22 are allowed to grow as z ^ I, but not faster than 0(jz — 1|“). 

Now we can prove that Y given by (5.2) satisfies the boundary conditions 
(Y-RH4)-(Y-RH5), and that it is in fact the only solution to the Riemann- 
Hilbert problem (Y-RH1)-(Y-RH5). This is left to the reader as an exercise 
(see also [23]). 



(Y-RH4) As z ^ 1 , we have 

^ A 1^-1 



Y(z) = { 



O 



1 |z- 1 

1 log 1^ — 1 
1 log \z — 1 



O 



1 1 
1 1 



(Y-RH5) As z ^ — 1, we have 
'I \z+lf 



Y{z) = I 



O 



O 



1 |z+l|^ 

1 log |z -I- 1 
1 log |z -I- 1 

'll 
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Exercise 10. Show that (5.2) satisfies the conditions (Y-RH4)-(Y-RH5). 

Exercise 11. Show that the Riemann-Hilbert problem (Y-RH1)-(Y-RH5) 
for V has (5.2) as its unique solution. 



6 Basic idea of steepest descent method 

The steepest descent method for Riemann-Hilbert problems consists of a se- 
quence of explicit transformations, which in our case have the form 

Y^Ti-^ Si-^ K 

The ultimate goal is to arrive at a Riemann-Hilbert problem for i? on a system 
of contours 7 , 

(R-RHl) R is analytic on C \ 7 , 

(R-RH2) R+(s) = R-(s)V(s) for s e 7 , 

(R-RH3) R(z) ^ I as 2 : ^ 00 , 

in which the jump matrix V is close to the identity. 

Note that V depends on n through the asymptotic condition 

and so, to indicate the n-dependence, we may write Y = . Also the 

transformed functions T, S , and R depend on n, say T = , S = , 

and R = . The jump matrix V = in (R-RH2) also depends on n. 

The contour 7 , however, does not depend on n . The jump matrices that we 
will find have analytic continuations to a neighborhood of 7 , which is also 
independent of n, and we will have 

y 1 ”)(s) = 1 + 0 ^ as n ^ 00 , 

uniformly for s in a neighborhood of 7 . Then, from Theorem 3.1, we can 
conclude that 

i?^"^(z) = 1 + 0 as n ^ 00 , 

uniformly for z € C\j. Tracing back the steps 1 — > 1 -^ , 

we find asymptotics for Y^"^ , valid uniformly in the complex plane. So, in 
particular, since 7 t„ is the ( 1 , 1 ) entry of Yu, we find asymptotic formulas 
for the orthogonal polynomials that are uniformly valid in every region of the 
complex plane. 

The steepest descent method for Riemann-Hilbert methods is an alterna- 
tive to more classical asymptotic methods that have been developed for dif- 
ferential equations or integral representations. The Jacobi polynomials 
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that are orthogonal with respect to (1 — x)“(l + x)^ have an integral represen- 
tation and they satisfy a second order differential equation. As a result their 
asymptotic behavior as n ^ oo is very well-known, see [31]. The orthogonal 
polynomials associated with the weights (5.1) do not have an integral repre- 
sentation or a differential equation, and so asymptotic methods that are based 
on these cannot be applied. The steepest descent method for Riemann-Hilbert 
problems is the first method that is able to give full asymptotic expansions for 
orthogonal polynomials in a number of cases where integral representations 
and differential equations are not available. 

It must be noted that other methods, based on potential theory and ap- 
proximation theory, have also been used for asymptotics of orthogonal poly- 
nomials [25, 30, 32]. These methods apply to weights with less smoothness, 
but the results are not as strong as the ones we will present here. 



7 First transformation Y T 

The first transformation uses the mapping 

= z + zGC\[-1,1]. 

That branch of the square root is chosen which is analytic in C \ [—1,1] and 
which is positive for z > \ . Thus — 1)^/^ is negative for real z < — 1 . 

Exercise 12. Show the following 

(a) is a one-to-one map from C\ [— 1, 1] onto the exterior of the unit disk. 

(b) ip{z) = 2z + 0 (i) as z ^ oo . 

(c) = 1 for X G (—1,1). 



The first transformation is 

Then straightforward calculations show that T satisfies the Riemann- 
Hilbert problem 

(T-RHl) T is analytic in C \ [—1, 1] . 

(T-RH2) T+(x) = T_(x) for x G (-1, 1). 

(T-RH3) T(z) = /-kC>(y) as z^oo. 

(T-RH4)-(T-RH5) T has the same behavior as Y near ±1. 

Exercise 13. Verify that the jump condition (T-RH2) and the asymptotic 
condition (T-RH3) hold. 



The effect of the transformation Y i->- T is that the problem is normalized 
at infinity, since T(z) ^ I as z ^ oo. This is good. What is not so good, is 
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that the jump matrix for T is more complicated. The entries on the diagonal 
have absolute value one, and so for large n, they are rapidly oscillating as x 
varies over the interval (—1,1). The effect of the next transformation will be 
to transform these oscillations into exponentially small terms. 

Why did we choose to perform the transformation (7.1)? An easy answer 
would be: because we will see later that it works. A second answer could be 
based on a list of desirable properties that the function ip should have. The 
honest answer is that already a lot is known about orthogonal polynomials 
and their asymptotics, see, e.g., [16, 25, 29, 31, 33]. For example it is known 
that 

lim (7T„(0))^/” = zeC\[-l,l] (7.2) 

n — »-oo Z 

where that branch of the nth root is chosen which behaves like z at infinity. 
This is the nth root asymptotics of the polynomials 7t„. It is intimately 
connected with the weak convergence of zeros. The nth root asymptotics (7.2) 
holds for a very large class of weights ru on (—1, 1) . It is for example enough 
that ru > 0 almost everywhere on (—1, 1). 

A stronger kind of asymptotics is 

lim = SAl, (7,3) 

n^oo ip{z)^ D{z) 



which is valid uniformly for z € C\ [—1,1]. The strong asymptotics (7.3) 
is valid for weights w satisfying the Szegd condition, that is. 




log w(t) 
VT^ 



dt 



> — oo. 



The function D appearing in the right-hand side of (7.3) is known as the 
Szegd function. It is analytic and non-zero on C \ [—1,1], and there it is a 
finite limit 



lim D{z) = b{oo) G (0,oo). 



Note that in what follows, we will use a different definition for the Szegd 
function, and we will call it D , instead of D . 

Since we want to recover the asymptotics (7.2)-(7.3) (and more) for the 
modified Jacobi weights, we cannot avoid using the functions that appear 
there. This explains why we perform the transformation (7.1). The (1,1) 
entry of T is 



Tii{z) 



2"7t„(z) 

(/?(z)" 



and this is a quantity which we like. We have peeled off the main part of 
the asymptotics of 7t„. By (7.3) we know that the limit of 7ii(z) exists as 
n —>■ oo, and the limit is expressed in terms of the Szegd function associated 
with w. This indicates that the transformation Y ^ T makes sense. It also 
indicates that we will have to use the Szegd function in one of our future 
transformations . 
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Exercise 14. Another idea would be to define 



f{z) 



Y{z) 



0 \ 

1 0 v{zr) 




This would also lead to the (1,1) entry being ^ ■ Work out the 

Riemann-Hilbert problem for T . What is the advantage of T over T? 



Exercise 15. The transformation 



f{z) 



M^)-” 0 \ 
V 0 



Y{z) 




would lead to the same (1,1) entry, but this transformation is a very bad 
idea. Why? 



8 Second transformation T i— > S' 

The second transformation T i->- S is based on a factorization of the jump 
matrix in (T-RH2) 









which can be verified by direct calculation. 

Instead of making one jump across the interval (—1, 1) , we can now think 
that we are making three jumps according to the above factorization. That is, 
if we cross the interval (—1,1) from the upper half-plane into the lower half- 
plane, we will first make the jump ^ i ^- 2 n ? then the jump 




and finally the jump ( i _ 2 „ . 1 . 

\ W / 

Now recall that w{x) = {l — x)°'{l + x)°h{x) is the modified Jacobi weight. 
The extra factor h is positive on [—1,1] and analytic in a neighborhood of 
[— 1, 1]. Then there is a neighborhood U of [—1, 1] so that h is analytic on 
U with positive real part, see Figure 2. All our future deformations will be 
contained in U . 

We will consider (1 — 2 ;)“ as an analytic function on C \ [l,oo) where 
we take the branch which is positive for real z < 1. Similarly, we will view 
(1 -I- z)^ as an analytic function on C \ (— oo, —1] . Then 



w(z) = (l-z)^(l + z)/^h(z) 



is non-zero and analytic on [/ \ ((— oo,— 1] U [l,oo)), and it is an analytic 
continuation of our weight w(x) . 
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The two jump matrices 



1 0 
1 ,—2n -I 



1 0 
— 2n 1 



then have natural 



extensions into the upper and lower half-planes, respectively, both given by 
i T(n-2n . Note that for 2 ; away from the interval [— 1, 1] , we have \^p{z)\ > 

w ^ 



is close to the identity matrix if n is large. 



1 , so that ^ 1 xj close to the identity matrix if n is large. 

We open a lens-shaped region around (—1,1) as shown in Figure 3 of the 
paper. The lens is assumed to be contained in the domain U . The upper and 
lower lips of the lens are denoted by Ei and Ifs respectively. The interval 
[—1, 1] is denoted here by T' 2 . 

Then we define the second transformation T S hy 




outside the lens 

in the upper part of the lens 

in the lower part of the lens. 



( 8 . 1 ) 



The transformation results in jumps for S on the interior of the three curves 
El, T '2 = [— 1,1] and E^. It follows that S satisfies the following Riemann- 
Hilbert problem 

(S-RHl) S is analytic in C \ {Ei U [—1, 1] U Tls) . 
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(S-RH2) S+ = S- 



0 w 

0 



on (-1, 1). 



5+ = ^ J) on r? and Tf. 

(S-RH3) S{z) =1 + 0 (-) as z ^ oo. 
(S-RH4) Conditions as z ^ 1: 

• For a < 0: 



• For 0 = 0: 



• For a > 0: 



S'(z) = O 
S{z) = O 



1 |z-l| 
1 k-ll 



O 



S{z) = { 



1 1 
1 1 



o 



0- ll-“ 1 
z- ll-“ 1 



log|z- 1| log|z- 1| 

log|z- 1| log|z- 1\J ■ 



as z ^ 1 outside the lens, 



as z ^ 1 inside the lens. 



(S-RH5) Similar conditions as z ^ — 1. 



The endpoint condition (S-RH4) is rather awkward now, especially if a > 0, 
where we distinguish between z ^ 1 from within the lens, or from outside 
the lens. It turns out that they are necessary if we want a unique solution. 
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Exercise 16. Show that the Riemann-Hilbert problem (S-RH1)-(S-RH5) 
for S has a unique solution. 

[Note: we already know that there is a solution, namely the one that we find 
after transformations Y i->- T i->- S . One way to prove that there is no other 
solution, is to show that these transformations are invertible. Another way 
is to assume that there is another solution S and show that it must be equal 
to the S we already have.] 

The opening of the lens in the transformation T S is also a crucial step 
in the papers [8, 9] by Deift et ah, which deal with orthogonal polynomials on 
the real line, see also [7]. It transforms the oscillatory diagonal terms in the 
jump matrix for T into exponentially small off-diagonal terms in the jump 

matrix for S . Indeed, in (S-RH2) we have a jump matrix ^ '^i 

and Ag . Since \<^{z)\ > 1 for 2 ; on and Ag , the entry in the jump 

matrix tends to 0 exponentially fast. The convergence is uniform on compact 
subsets of and Af , but it is not uniform near the endpoints ±1. 

9 Special case ck = /3 = — | 

For special values of a and (3 , the subsequent analysis simplifies considerably. 
These are the cases a = ±i, /3 = ±i. We will treat the case a = (3 = 
so that 

w{z) = {I- z'^)-^h{z). 

In this case, we open up the lens further so that Si and Ag coincide along 
two intervals [— 1 — <5,— 1] and [1, 1 -1-5], where 5 > 0 is some positive number. 




1+5 



Fig. 4. Opening of lens in case a = f3 = — ^ . The upper and lower lips of the lens 
coincide on the intervals [—1 — 5, —1] and [1, 1 -|- 5] . 



On the intervals (—1 — 5, —1) and (1,1 + 5) two jumps are combined. If 
we calculate the total jump there, we have to be careful, since w has a jump 
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on these intervals too. In fact, we have 

w+{x) = —W-{x), for a; > 1 or X < —1 (with x € U), 

which follows from the fact that a = (i = —\ . Then we calculate on (— 1 — 
5,-1) or (1,1 + 5), 




This means that S is analytic across (—1 — 5,-1) and (1,1 + 5). The only 
remaining jumps are on [—1, 1] and on a simple closed contour that we call 7. 
We choose to orient 7 in the positive direction (counterclockwise). It means 
that in the upper half-plane we have to reverse the orientation as shown in 
Figure 5. 




It follows that in this special case S satisfies the following Riemann-Hilbert 
problem. 

(S-RHl) S is analytic in C \ ([— 1, 1] U 7) . 

(S-RH2) 5+ = on (-1, 1) 

5^+ = f 1 ^_ 2 n ? ) on 7 n {Imz < 0} and 

\w^ 

S+ = S- on 7n {Imz > 0}. 

(S-RH3) S{z) =1 + 0(1) as 0^00. 

(S-RH4) 5'(^) =C> as 0^1. 

VI k- 1| y 

(S-RH5) -5'(2) =0 (^1 as .2^-1. 
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Exercise 17. If you do the analysis in this section for the case a = (3 = 
then everything will be the same except for the endpoint conditions (S-RH4) 

k- i|-5 k 



and (S-RH5). Show that they change to S{z) = O 
and S{z) = 0 



2-11 



1 



as 2 : 



1 , 



2 + 1 | 
2+11 



as z —>■ —1, respectively. 



10 Model Riemann Hilbert problem 



The jump matrix for S is uniformly close to the identity matrix on the simple 
closed contour 7 . Only the jump on the interval [—1, 1] is not close to the 
identity. This suggests to look at the following model Riemann-Hilbert prob- 
lem, where we ignore the jump on 7 . We look for N : C \ [—1, 1] ^ 
satisfying 

(N-RHl) N is analytic in C \ [—1, 1] . 

(N-RH2) A^+(x) = iV_(x) for x G (-1, 1). 

V w{x) ) 

(N-RH3) A^( 2 ) ^ / as z ^ 00 . 

(N-RH4) N(z) = o(^\^~^\_l] asz^l. 

\1 k- 1| V 

(N-RH5) ^ (I Ij-i) as 2 ^- 1 . 



The conditions (N-RH4) and (N-RH5) are specific for the weights under 
consideration (i.e., modified Jacobi weights with a = /3 = — i). For more 
general weights on [—1, 1], the corresponding problem for N would include 
the parts (N-RHl), (N-RH2) and (N-RH3), but (N-RH4) and (N-RH5) have 
to be modified. 



Exercise 18. Let N be given by 
N{z) = 



( a{z)-\-a ^(2) a(z) — a ^(2)'' 
2 






2) — a ^(2) a{z)-\-a ^(2) 
~i 2 



where 



a{z) 



( 2 - 1)1/4 

(2 +1)1/4- 



Show that N satisfies parts (N-RHl), (N-RH2), and (N-RH3) with w{x) = 1 
(Legendre case). What would the conditions (N-RH4) and (N-RH5) be for 
this case? 



The solution to the Riemann-Hilbert problem (N-RHl )-(N-RH5) is con- 
structed with the use of the Szego function. The Szegd function associated 
with a weight re on [—1, 1] is a scalar function £> : C \ [— 1, 1] ^ C such that 
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(D-RHl) D is analytic and non-zero in C \ [—1,1]. 

(D-RH2) Dj^{x)D-{x) = w{x) for x G (—1,1). 

(D-RH3) the limit lim D{z) = D^o exists and is a positive real number. 

Z — »-oo 

Note that (D-RH1)-(D-RH3) is a multiplicative scalar Riemann-Hilbert prob- 
lem. We have not specified any endpoint conditions, so we cannot expect a 
unique solution. In general we want that |I?| behaves like also near 

the endpoints. So for a modified Jacobi weight we would add the endpoint 
conditions 

(D-RH4) D{z) = 0{\z - l|“/2) as z ^ 1, 

(D-RH5) D{z) = o(\z + l\l^/‘^) as z^ -1. 

If the weight satisfies the Szegd condition 

logw(a;) ^ ^ 

/ , ax > —oo 

J-i ^/1 — x'^ 



then the Szegd function exists and is given by 

— I)^/^ logru(x) dx 



D{z) = exp 



27T 



1-1 Vl - X 



( 10 . 1 ) 



Exercise 19. Show that D{z) as given by (10. 1) does indeed satisfy the 
jump condition Dj^D- = w. 



Exercise 20. Show that the Szegd function for the pure Jacobi weight 
w{x) = (1 — x)“(l -I- x)^ is given by 



D{z) 



nz-irjz + i)^ y^" 

\ V9(z)“+/3 J ’ 



with an appropriate branch of the square root. 



Having D we can present the solution to the Riemann-Hilbert problem 
for N as follows. 



N{z) 




/ a{z)-\-a ^ (z) a{z) — a ^{z) 



\ ( dU 




lU 


£>W/ 



( 10 . 2 ) 



where 



a(z) 



(z- 1)^/4 
(z +1)1/4- 



(10.3) 



Exercise 21. Check that the jump condition (N-RH2) and endpoint con- 
ditions (N-RH4)-(N-RH5) are satisfied. 

[Hint: The middle factor in the right-hand side of (10.2) appears as the 
solution for the Riemann-Hilbert problem for N in case w = 1, see Exercise 
18.] 
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Exercise 22. Show that detN{z) = 1 for z G C \ [—1, 1] . 



11 Third transformation S R 



Now we can perform the final transformation S R in the case a = [3 = . 

We define 

R{z) = S{z)N-^{z). (11.1) 

Since S and N have the same jump across (—1,1) it is easy to see that 
R+{x) = R-{x) for X G (—1,1), so that R is analytic across (—1,1). Then 
R is analytic in C \ 7 with possible singularities at ±1 . Since det = 1 , we 
have from (N-RH4) 



N~^{z) = O 



|z-l| 

1 



|z-l| 

1 



as z ^ 1. Thus 



R{z) = O 



= O 



1 |z-l| 
1 |z-l| 

|z-l|-: 

k-l|-: 



O 



|z-l| 

k-ll 



z-l| 

1 



|z-l| 

1 



as z ^ 1 . So all entries of R have an isolated singularity at z = 1 such that 
Rij(z) = 0^|z— 1|“5^ asz— >1. This implies that z = 1 is a removable 
singularity. Similarly it follows that z = — 1 is a removable singularity. 




So R is analytic across the full interval [—1, 1], and so only has a jump 
on 7 , as shown in Figure 6 . We have the following Riemann-Hilbert problem 
for R. 
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(R-RHl) R is analytic on C \ 7 . 

(R-RH2) R+{s) = R-{s)V{s) where 

[ for s e 7 n {Imz < 0 }, 

= / \w(s)^y > j 

I N{s) ^ N-'^{s) for s G 7 n {Imz > 0}. 

(R-RH3) R{z) ^ I as z ^ 00 . 

Observe that the jump matrix V (s) is close to the identity matrix if n is 
large. 

Exercise 23. Prove that V is analytic in a neighborhood O of 7 , and that 
||P-/||n = 0 (e-"”) asn^oo. 
for some constant c > 0 . 

The Riemann-Hilbert problem for R is of the type discussed in Theorem 
3.1. The problem is posed on a fixed contour 7 (independent of n) and the 
jump matrix V is analytic in a neighborhood of 7 where it is close to the 
identity. It follows from Theorem 3.1 that 

R(z) = / + C>(e-"”) ( 11 . 2 ) 

uniformly for z in C \ 7 . Tracing back the steps Y T S 1 -^ R we are 
then able to find asymptotics for Y as n 00 , and in particular for its (1, 1) 
entry, which is the orthogonal polynomial 7 t„ . 

Exercise 24. The analysis of Sections 9-11 goes through for all cases where 
the parameters a and /3 satisfy {a,P} C {— 5 , 5 }. Work out the details for 
a = P = I . 

What goes wrong if a = | ? 

12 Asymptotics for orthogonal polynomials (case 

« = /3 = -|) 

We repeat that the above analysis is valid for a = P = , and according to 

the last exercise, can be extended to the cases a, /3 = . Now we show how 

to get asymptotics from ( 11 . 2 ) for the orthogonal polynomials and for related 
quantities. 

The easiest to obtain is asymptotics for z G C \ [— 1, 1] . For a given z G 
C \ [—1,1], we can open the lens around [—1,1] so that z is in the exterior 
of 7 . Then by (7.1), (8.1), (11.1), and (11.2), 
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Y(z) = 



2 "” 0 
0 2 " 

2 "” 0 
0 2 " 

2 "” 0 
0 2 " 

2 "” 0 
0 2 " 



T(z) 






0 

0 ip{z)- 

ip{zY 0 

0 tp{z)- 



R{z)N{z) 



(p{z)^ 0 

0 ip{z)- 



{I + O N{z) 



(fi{z)" 0 

0 ip{z)- 



as n ^ GO. For the orthogonal polynomial tt„{z) = Fii(z) we get 

V(z)' 



T^niz) = 



[Nn{z) {1 + 0 (e-"")) + N2i{z)0 (e"^")] . 



Since A^n 
formula 



does not become zero in C \ [— 1, 1] , we get the strong asymptotic 




( 12 . 1 ) 



as n ^ oo. For Nu{z) we have from (10.2) the explicit expression 



Doo a{z) + a{z) ^ 
“ D{z) 2 



( 12 . 2 ) 



in terms of the Szego function D associated with w and the function a{z) = 
(z+iji /4 • formula (12.1) is valid uniformly for z in compact subsets of 



C\[-l,l]. 

For asymptotics on the interval [—1,1] we have to work somewhat harder, 
the basic difference being that the transformation from T to S' is non-trivial 
now. We take z in the upper part of the lens. Then the transformations (7.1), 
(8.1), and (11.1) yield 
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Y{z) = 



2 "” 0 
0 2 " 






/ 2 -" 0 \ / 1 0\{v{zr 0 

V 0 2"j l) 0 ^{zY 



2 "” 0 
0 2 " 



w(z) 

R{z)N{z) 



(f(z)" 0 

<p(z)- 



2 "” 0 
0 2 " 



R(z) 



Doo 0 

0 R>- 



( a(z)-\-a ^ (z) a(z) — a ^(^)'' 

2 Ti 



a{z) — a ^{z) a{z)-\-a ^{z) 



fD{z)-^ 0 

V 0 D{z)) ^{z)-- 



v{zY 



So for the first column of Y we have 



2-^Yniz) 

2-^Y2i{z) 



= R{z) 



£>oo 0 

0 D~ 




Now we take x S [—1,1], and we let z tend to x from the upper part of the 
lens. So we have to take the + boundary values of all quantities involved. It 
is tedious, but straightforward, to check that for x € (—1, 1), 



{x) = X + 'J \ — x'^ = exp (i arccos x) 



1 



a+{x) + a+^(x) 

2 ~V2(l-x2)i 

a+(x) — a^^(x) 1 



- exp ( -I arccos x — i— ] , 



2i 



, 1 . ,7T 

^ T exp — I arccos x + i— , 

V2(l-x^)i V 2 4 ' ’ 



D+(x) = \/w(x) exp(-iY(x)) , 
where Y(^) is a real- valued function, which is given by 
,, . Vl — a;^ log w(t) dt 

in which the integral is a principal value integral. Putting this all together we 
find for the orthogonal polynomial 7t„(x) with x € [—1, 1], 
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Exercise 27. Deduce from (12.1)-(12.4) that the coefficients a„ and bn in 
the recurrence relation 

XTTn{x) = 7T„+i(x) + &„7T„(a;) + a^7T„_i(a;) 

satisfy 

a„ = i + O (e-^") , bn = 0 (e-^") . (12.5) 



Remark related to exercise 27: Geronimo [19] made a thorough study 
of orthogonal polynomials with recurrence coefficients that approach their 
limits at an exponential rate. He showed that (12.5) holds, if and only if the 
underlying orthogonality measure is a modified Jacobi weight (1 — x)^ 2 (l -g 
cc)^ 2 h{x) , plus at most a finite number of discrete masspoints outside [—1,1]. 
I thank Jeff Geronimo for this remark. 



13 Case of general a. and (3 



For the case of a modified Jacobi weight (1 — x)“(l + x)^h{x) with general 
exponents a,/3 > — 1, we cannot do the transformation T S as described 
in Section 9. In general we have to stay with the transformation T i->- S as 
in Section 8. So we are left with a Riemann-Hilbert problem on a system of 
contours as shown in Figure 3. 

We continue to use the Szego function D{z) characterized by (D-RHl)- 
(D-RH5), and the solution of the model Riemann-Hilbert problem 



N{z) 




( a{z)-\-o. ^(z) a{z) — a ^(z) 

2 Ti 

^{z) — a~^{z) a(z)-\-a~^{z) 

\ -2i 2 



\ ( D(z) 


“ 1 


Ho 


D(z)) 



with a(z) = . Note that N satisfies 

{z + l}4 

(N-RHl) N is analytic in C \ [—1, 1]. 

(N-RH2) N+{x) = N_{x) ( _^ for x € (-1, 1) . 

V w(x) ^ / 

(N-RH3) N{z) as z^oo. 

The aim is again to prove that S is close to iV if n is large. However, 
the attempt to define R = SN~^ and prove that R ^ I does not work. The 
problem lies near the endpoints ±1, as SN~'^ is not bounded near ±1. 

The way out of this is a local analysis near the endpoints ±1. We are 
going to construct a so-called local parametrix P in a disk {\z — 1| < J} 
centered at 1 , where J is a small, but fixed, positive number. The parametrix 
should satisfy the following local Riemann-Hilbert problem 

(P-RHl) P is analytic in {|z— 1| < J}\T’ and continuous in {|z— 1| < J}\27. 
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(P-RH2) P has the same jumps as S on P C\ {\z — 1\ < 5} . 

(P-RH3) P = + O N a,s n ^ oo, uniformly on |z — 1 | = <5. 

(P-RH4) P has the same behavior as S near 1 . 

Instead of an asymptotic condition, we now have in (P-RH3) a matching 
condition. 

Similarly, we need a parametrix P near — 1 which should satisfy 

(P-RHl) P is analytic in {|2+1| < S}\P and continuous in {| 2 :+ 1 | < ^}\P- 
(P-RH2) P has the same jumps as 5 on 27 n {\z + 1| < <5}. 

(P-RH3) P = + O ^ n ^ oo, uniformly on |z + 1| = d. 

(P-RH4) P has the same behavior as S near —1. 

The construction of a local parametrix is done in [7, 9] with the help of 
Airy functions. Here we will need Bessel functions of order a . In the next 
section, we will outline the construction of P. In the remaining part of this 
section we will discuss how the transformation P i— > P will be, assuming that 
we can find P and P. 

We define R by 

{ S{z)N{z)~^ if |z — 1| > 5 and |z + 1| > 5, 

P(z)P(z)-i if|z-l|<5, (13.1) 

S{z)P{z)-^ if|z + l|<(5. 

Then R is analytic outside the system of contours 7 shown in Figure 7. 




Fig. 7. System of contours 7 so that R is analytic in C \ 7 . The system of contours 
7 consists of two circles of radius 5 centered at ±1, and two arcs joining these two 
circles. 
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R satisfies 

(R-RHl) R is analytic on C \ 7. 

(R-RH2) = R-V on 7 where 

' PAT-1 = 7 + 0(1) for|z-l| = <5, 

PAT-i = 7 + 0(i) for|z + l| = 5, 

V = 

^(lj- 2 n J) iV-i = 7 + 0(e— ) 

, on (17i U U 2 ) n {\z — 1| > 5, 12: + 1| > (5}. 

(R-RH3) R{z) = I + o(^^^ asz^oo. 

(R-RH4) R remains bounded at the four points of self-intersection of 7 . 

Now the jump matrices are 7 + 0 (i) uniformly on 7. The contour 7 is 
not a simple closed contour as in Theorem 3.1, so we cannot use that theorem 
directly. However, we can use the ideas in its proof to establish that we have 
P(z) = 7 + 0(i). 

Exercise 28. Prove that 

R{z) = I + O (13.2) 

as n —>■ 00 , uniformly for z € C \ 7 . 



14 Construction of the local parametrix 

The construction of the local parametrix P follows along a number of steps. 
More details can be found in [23] . 

Step 1: Reduction to constant jumps 

We put for z G U \ (—00 , 1] , 

W{z) = {{z - l)“(z + lfh{z)Y^^ , 



where the branch of the square root is taken which is positive for 2; > 1 . We 
seek P in the form 

P = p(i)f^’V-” 0 \ 

V 0 ■ 



In order to have (P-RHl), (P-RH2), and (P-RH4), we then get that P*-^^ 
should satisfy 

(Pl-RHl) P*^!) is analytic in {\z — 1| < d} \ P and continuous in {\z — 1| < 

5}\r. 
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(P 1 -RH 2 ) J) on Pf n {|z - 1 | < 5 }, 

Pf = P« on ( 1 - 5 , 1 ), 

(g-i.* J) on Pf n {|z - 1 | < 5 } . 
(P 1 -RH 4 ) Conditions as 0 ^ 1 : 









If a < 0 , then = O 

If a = 0 , then = O 



/|Z- l|“/2 |z- l|“/2\ 

V|Z- l|“/2 |z- l|“/2j ■ 
/log|z- 1| log| 0 - 1|\ 
llog|z- 1| log| 2 :- l\) ■ 



• If a > 0 , then 



pW(z)= 



O 



o 



z- l |“/2 |^_ l |-«/2 
Z - l |“/2 |^_ l |-«/2 

Z - l |-“/2 |^_ l |-«/2 

Z - l |-“/2 l |-«/2 



as z ^ 1 outside the lens, 



as z ^ 1 inside the lens. 



For the moment we ignore the matching condition. 



Step 2: Model Riemann-Hilbert problem 



The constant jump problem we have for P^P leads to a model problem for P, 
defined in an auxiliary C -plane. The problem is posed on three semi-infinite 
rays 71, 72, and 73, where 72 is the negative real axis, 71 = {arg^ = a}, 
and 73 = {arg^ = —a}. Here a is some angle in (0,7r), see Figure 8. 

The Riemann-Hilbert problem for P is: 



(P-RHl) 

(IF-RH 2 ) 

<F+ = 

<F+ = 
(P-RH 4 ) 

• If 

• If 

• If 



<F is analytic in C \ (71 U 72 U 73) , 

r ^ / 1 0" 

1F+ = 1F_ 

P 



e 

0 1 ' 

-1 0 
1 0 
e"“" 1^ 
Conditions as C 



CtTTZ ^ 

on 7^, 



on 7?, 






on 7°. 
0 : 



a < 0, then <F(^) = O 



|^|a/2 |^|a/2 
|^|a/2 |^|a/2 



0 = 0, then iF(^) = O 
a > 0, then 



/log Id logics 
^glCIloglCly'- 



no 



o 

o 



/|^|a/2 |^|-a/2\ 

Ur/" ici-“/v 

/|^|-a/2 |^|-a/2 



as C ^ 0 with I arg d < cr, 

^ as C ^ 0 with a < \ arg d < tt. 
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There is no asymptotic condition (!f'-RH3) for !?', so we cannot expect to 
have a unique solution. Indeed, there are in fact many solutions. In the next 
step we will construct one solution out of modified Bessel functions. 



Step 3: Solution of model Riemann-Hilbert problem 



The solution of the Riemann-Hilbert problem for will be built out of mod- 
ified Bessel functions of order a , namely la and Ka ■ These are solutions of 
the modified Bessel differential equation 

v" + ^v'~ = 0. 

The two functions Ia(2(^^^) and Ka{2C,^^'^) satisfy 



2/"-7 1 + 



a 



y = 0. 



We consider these functions for | argC| < tt. On the negative real axis there 
is a jump. In fact we have the connection formulas, see [1, 9.6.30-31], 
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K^{2C^/^)+ = e-“-*K„(2Ci/")_ - ^t/c,(2C'/")_ 



for C on the negative real axis, oriented from left to right. We can put this in 
matrix- vector form 



( OlTVi 1 

0 e-“ 



Since the jump matrix is constant, it follows that the vector of derivatives 
satisfies the same jumps, and also if we multiply this vector by 2Tri(. This 
has the effect of creating a matrix with determinant 1 , due to the Wronskian 
relation [1, 9.6.15]). Thus 



\2^<i/2j;(2C^/2) -2C^/2x;(2C^/2)^ 

J„(2C1/2) ^K^(2C!^) 

^2^iC}I^U2Cl^) -2CI^K'^{2C,^I^)^ 

Now we have, as is easy to check. 



1 

a7ri 



1 0 



0 1 



1/ V-10 



1 0 



This last product consists exactly of the three jump matrices in the Riemann- 
Hilbert problem for 'b . It follows that if we define 'b by 



where 



'tf'o(C) for I arg Cl <cr, 

tf/(C) = < ^o(C) for cr < argC < 7t, 

MO (g-i« i) for - 7T < argC < -a, 



MO = 









\2TriO/^MM^0 -M^^KOO^Oy 



(14.1) 



(14.2) 



then W satisfies the jump condition (lf"-RH2). Clearly, (if'-RHl) is also satis- 
fied. Because of the known behavior of the modified Bessel functions near 0, 
see [1, 9. 6. 7-9], S' also has the behavior (S"-RH4) near 0. 



Step 4: Construction of pC) 

Define for z gC \ (— oo, 1] , 
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f{z) = ^[log^{z)]\ (14.3) 

where we choose the principal branch of the logarithm. Since ip+{x)ip-{x) = 
1 for cc G (—1,1), we easily get that f+{x) = f-{x) . So / is analytic in 
C \ (— oo, —1] . The behavior near z = 1 is 

f{z) = i(z - 1) - ^(z - 1)2 + 0{{z - 1)3) as z - 1. 

So / is a conformal mapping of a neighborhood of 1 onto a neighborhood 
of 0. We choose J > 0 sufficiently small so that ( = /(z) maps the disk 
{|z — 1| < 5} conformally onto a convex neighborhood of 0 in the C -plane. 
We still have some freedom in the precise location of the contours Si and 
S^. Here we use this freedom to specify that n {|z — 1| < <5} should be 
mapped by / to a part of the ray argC = a (we choose any cr G (0,7t)), and 
'S’a n {|z — 1| < 5} to a part of the ray arg^ = —a. 

Then ^^{n^f{z)) satisfies the properties (Pl-RHl), (P1-RH2), and (Pl- 
RH4) of the Riemann-Hilbert problem for ^ This would actually be the 
case for any choice of conformal map C = f{z), mapping z = 1 to C = 0, 
and which is real and positive for z > 1 . The specific choice of / is dictated 
by the matching condition for P, which we will look at in a minute. This will 
also explain the factor . But this will not be enough to be able to do the 
matching. There is an additional freedom we have in multiplying !f'(n2/(z)) 
on the left by an analytic factor. So we put 

P(3)(^) = P(z)P(n2/(z)), (14.4) 

where E is an analytic 2x2 matrix valued function in{|z— l|<5}.It will 
depend on n. The precise form of E will be given in the next subsection. 

Exercise 29. Show that for any analytic factor E the definition (14.4) gives 
a matrix valued function P’^^) ^j^^t satisfies the jump condition (P1-RH2) 
and the condition (P1-RH4) near 1. 



Step 5: The matching condition 

The parametrix P we now have is 



P(z) = E{z)E{n^f(z)) 



0 W{z)tp{zY 



(14.5) 



where we have not specified E yet. The conditions (P-RHl), (P-RH2), and 
(P-RH4) are satisfied. We also have to take care of the matching condition 



P(z) 



(/ + o(l))ivw 



for |z — 1| = 5. 



To achieve the matching, E{z) should be close to 
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N{z) 



W{z)ip{z)^ 0 

0 w(z)-^^(zy 



[^n^fiz))] \ 



The idea is to replace if' here with an approximation S'® . For fixed 2 ; with 
I 2 : — 1| = (5, the function S'(C) is evaluated at C = which grows 

as n ^ 00 . So to figure out what approximation S'® to use, we need large 
C asymptotics of the modified Bessel functions and their derivatives. These 
functions have a known asymptotic expansion, see [1, 9.7. 1-4]. From this it 
follows that 






0 W /i + o(C-5) i + o(c-5)\ 

0 V2\i+o(c-^) i+o(c-^)J 

0 \ 

0 e-2C^^7' 



Now we ignore the 0{(^ 2 ) terms, and we put 






V2F‘’ 

0 



“ 1 
csc''V 



1 

71 




0 \ 

0 ’ 



and then define 






-1 



Note that e = (p{z)'^ for ^ = n^f{z). Thus 



/ \/27m/(z)^/‘* 0 

I « 






The fact that the exponential factor (piz)"^ gets cancelled is the reason for the 
choice of the mapping / and the factor in S'(n^/(z)) . With this choice for 
if, it is easy to check that P satisfies the matching condition (P-RH3). We 
leave it as an exercise to show that E is analytic in a full neighborhood of 1 . 
This completes the construction of the parametrix P in the neighborhood of 
1 . 

A similar construction with modified Bessel functions of order /3 yields a 
parametrix P in the neighborhood of — 1 . 
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Exercise 30. 

(a) Show that E+{x) = E_(x) for x £ (1 — 5,1), so that E is analytic 
across (1 — 5, 1) . 

[Hint: On (1 — 5,1) we have (/^/‘*)+ = i(/^/‘*)_, W+W- = w, and 

(b) Show that the isolated singularity of E at 1 is removable. 

[Hint: Use that W(z)/E(z) is bounded and bounded away from zero 
near z = 1.] 



15 Asymptotics for orthogonal polynomials (general 
case) 



Knowing that we can construct the local parametrices P and P we can go 
back to Section 13 and conclude that R{z) = I+0{^) uniformly for 2 ; G C\y, 
where 7 is the system of contours shown in Figure 7. 

Then we can go back to our transformations Y 
obtain asymptotics for Y , and in particular for the orthogonal polynomial 
T^n{z) = 111 (- 2 ) • We summarize here the results. For z G C \ [— 1, 1] , we obtain 



Tin (2) 



(p{z)"‘ Doo a{z) + a{z) ^ 
2" D{z) 2 




(15.1) 



The O(^) term is uniform for 2 ; in compact subsets of C\ [—1, 1] . The formula 
is the same as the one (15.1) we found for the case a = P = , except for 

the error term. 

For X G (—1 + 5, 1 — 5) , we obtain 



^ _ V^Dqo 

2"^ w{x){l — 

^cos arccosx + p{x) — + O ’ (15.2) 

where p{x) = — argZl+(x), compare also with (12.1). 

Exercise 31. Check that we obtain (15.2) from taking the sum of + and 
— boundary values for the asymptotics (15.1) valid in C \ [—1, 1] . 

Near the endpoints ±1 the asymptotic formula for 7 t„(x) involves Bessel 
functions. For 2 : in the upper part of the lens, inside the disk {\z — 1| < 5}, 
the expression for Y(z) involves a product of no less than thirteen matrices 
(even after some simplifications). To summarize we have by (7.1), (8.1), and 
(13.1), 
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y(z) = 



2-” 0 

0 2 " 



R{z)P{z) 



1 o\ (if{zY 0 

1 I 0 ^(z)- 



(15.3) 



with (due to (14.5), (14.6), (10.2), and (14.1)), 

'W{z)-^(p{z)-'^ 



P{z) = E{z)^{n^f{z)) 



0 



W{z)lp{zY) ’ 



E{z) = N{z) 
N{z) = 



W{z) 0 ^ 1 “A ( V27m/(z)^/‘* 



0 W{z)-^) 72 V-* 1 / V 






£>oo 0 

0 Dz} 



( a{z)+a ^( 2 :) a{z) — a ^ {z) 

2 Ti 

a{z) — a~^{z) a{z)-\-a~^ {z) 
~i 2 



and 



•^(0 = 



/ / 72 c'/") 

\2^<i/2J727/2) -2C,P^K'^{2C,P^)^ 



D{z)-^ 0 

0 D{z)) ’ 



1 0^ 
-e“" 1 j ■ 



We start to evaluate the product (15.3) at the right. Plugging in the for- 
mula for P{z ) , we get 



2 "” 0 



W{z)-^ 0 



nA=( 0 2" ) ^A)i^AMnV(A) MO 



Since W{z) = ■u;(z)^/^e 2 “’^* in the region under consideration, we have 



Y{z) = 



2"” 0 
0 2 " 



R{z)E{z)E{n’^f{z)) 



V 0 w{zY/y- 



Using the expression for 'f'(C), we get with ^ = n‘^f{z), 



2 ” 0 



;(0)i/2 0 



0 2-^^;^^ To ^.)-/A 

/ /72C'/A 

\2TTie/^r^{2e/^) -2e/^K'^{2e/^)^ 



= R{z)E{z) 



0 62^ 



At this point we see that the first column of Y (z) can be expressed in terms 
of la and I'a only. It will not involve Ka and K'^ . Continuing now only with 
the first column and focusing on the (1,1) entry, we get 
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1 

2"'u;(z)i/2el“" 



R{z)E{z) 



(o 2Trnf{zy/‘^ 






(15.5) 

where * denotes an unspecified entry. Looking now at the formula for E(z) , 
we see that we pick up an overall factor \/27m/(z)^/^ . We get from (15.5) 




V27m/(2:)^/^ 

2«^(_j)l/2gia« 



R{z)N{z) 



(W{z) 0 \ 

V 0 W{z)-^J 



1 

71 



1 —i 
—i 1 






Next, we plug in the formula for IV to obtain 




^ i rRiz) 

2”w(z)i/2e2“’^* 



/WM 

D(z) 

V 0 




1 

71 





/ a(z)y~a ^ (z) a{z) — a ^( 2 )\ 


(D^ 0 \ 


2 2i \ 


V 0 ^7; 


a{z) — a~~^{z) a{z)-\-a~^ {z) / 




\ -2* 2 / 




[K(2y/yJ 



(15.6) 



where we still have ( = n^f{z) . 

Now we choose x G (1 — <5, 1] and let z —>■ x from within the upper part of 
the lens. The asymptotics for 7 t„(x) will then involve the + boundary values 
of all functions appearing in (15.6). First we note that f{x) = — |(arccosx)^ , 
so that 

We also get that 



f Ia{2y^y \ laTvi ( Ja (narccosx)\ 
7/a(2C^/^)y ^^j;(narccosa;)y ’ 



where Jq is the usual Bessel function. Note also that 

a+(x) + a^^(x) exp (ii arccoscc — if ) 



and 



2 V2{l-xyi 

a+(x) — of ^(x) exp (— ii arccosx + if ) 

2i ~ V^(l-x2)i 



SO that 



'' a(z)+a ^{z) a{z) — a ^{z) 

2~ 2i 

-a 



72(1 -x2) 3 



arccos x—i^ arccos 

g— arccos arccos x—i^ 
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Finally we have that W+{x) = and D+{x) = y^w{x)e so 

that 

la7ri+tp(x)i 

D{z) 

We get from (15.6) 




^/Tmarccos xe*'^^ 
2”'^w(x)\/2(l — 



R{x) 



0 



0 

D~} 



o~ -ki arccos x+f -j 



— e 



— ■ki arccos x-\-i | 



e2 



i arccos x-i-. 



/gia7Ti+y.(a:)* Q \ 1 / 1 -A 

^ V 0 1 J 

^Tm arccos x f D^o 0 \ 

2”i/r(;(x)(l — \ ^ —iD^j 

/cos(Ci(x)) sin(^i(a;))\ f Jq ( n arccos x) \ 
\^cos(C2(a;)) sin(( 2 (x)) J \ (n arccos x) J 



f Jq- ( n arccos x) 
\J'^{n arccos x) 



(15.7) 



where 

Ci(x) = - arccosx + -air + ip{x), C 2 {x) = —— arccosx + -an + ip{x). 



Exercise 32. Check that the formula for 7r„(x) remains bounded as x ^ 1 . 
[Hint: First note that has a limit for x ^ 1 . Next, we should 

combine , ^ with the Bessel functions Jq in arccos x) and J' in arccos x) . 

u(x) 

has a limit 



Since Ja{z) ~ (|)°' as z ^ 0, we get that — 



n arccos x ) 



as X 



1 . Finally, we should control 



u{x 



n arccos x ) 



v{x) 



, which is unbounded as 



X ^ 1 (unless 0 = 0). However it gets multiplied by sin Ci (a;) and sin C 2 (a;) . 
It may be shown that (j{x) = 0(^1 — x) as x — > 1 for j = 1,2, and this is 
enough to show that sin Q (x) remains bounded as well.] 



u{x 



Exercise 33. Show that, uniformly for 0 in compact subsets of C, 

(^cos =C{h)(J^ Jq(0), (15.8) 

where the constant C{h) is given by 



1 



lim 

n— ^00 Ti^ 2 i^ 



2n + a - 
n 



■0 



C{h) = exp 



{ 0_ logfe(x) - log/i(l) 

V27t \J\ — x^ 
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The limit (15.8) is the so-called Mehler-Heine formula, which is well-known 
for Jacobi polynomials, that is, for h=l, see, e.g., [1, 22.15.1] or [31]. From 
(15.8) one obtains the asymptotics of the largest zeros of 7t„. Indeed, if 1 > 
> • • • denote the zeros of 7r„ , numbered in decreasing order, then 
(15.8) and Hurwitz’s theorem imply that, for every v gN, 

lim 

n — »^oo \ / ’ 

where 0 < ja,i < ja ,2 < • ■ ■ < ja,v < • • • are the positive zeros of the Bessel 
function Jq, . This property is well-known for Jacobi polynomials [1, 22.16.1]. 
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Summary. Recently, there has been a surge of practical and theoretical interest 
on the part of mathematical physicists, classical analysts and abstract analysts in 
the subject of exponential asymptotics, or hyperasymptotics, by which is meant 
asymptotic approximations in which the error terms are relatively exponentially 
small. Such approximations generally yield much greater accuracy than classical 
asymptotic expansions of Poincare type, for which the error terms are algebraically 
small: in other words, they lead to “exponential improvement.” They also enjoy 
greater regions of validity and yield a deeper understanding of other aspects of 
asymptotic analysis, including the Stokes phenomenon. 

We shall obtain readily-applicable theories of hyperasymptotic expansions of 
solutions of differential equations and for integrals with one or more saddles. The 
main tool will be the Borel transform, which transforms the divergent asymptotic 
expansions into convergent series. Other methods will also be mentioned. 

Topics to be discussed are: 

• Least terms in divergent asymptotic expansions; 

• Exponentially-improved asymptotic expansions; 

• Smoothing of the Stokes phenomenon; 

• Resurgence; 

• Computation of Stokes multipliers (connection coefficients). 
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1 Introduction 

In asymptotics one usually ignores terms that are relatively exponentially 
small. In many applications these exponentially small terms play an important 
role and that is why in the 1980’s the field of exponential asymptotics was 
born. The exponentially small terms played an important role in a paper on 
scattering from a potential barrier (Pokrovskii and Khalatnikov), in work on 
adiabatic invariance (Meyer and Wasow), in extensive work on resonances 
(Simon, Harrell, Herbst and others), and in quantum chemistry (Connor and 
Brandas). Other applications are the growth of denditic crystals (Segur & 
Kruskal, McLeod & Amick and Levine) and viscous fingering (Tanveer). For 
more references see [12]. 

In exponentially improved asymptotic expansions, we include exponen- 
tially small terms via optimal truncation of the original divergent asymptotic 
expansion. One can re-expand the minimal remainder in a new divergent ex- 
pansion. When we repeat this process of truncating and re-expanding, we 
obtain hyperasymptotic expansions. 

There are two kind of hyperasymptotic expansions. In local hyperasymp- 
totic expansions we use simple functions for the re-expansions. The drawback 
is that in general the coefficients in these re-expansions are not easy to com- 
pute, and the local hyperasymptotic expansions are valid only in small sectors. 
In chapter 2 we will show how we can obtain a local hyperasymptotic expan- 
sion for a simple integral. 

The theory of global hyperasymptotics is introduced in chapter 3, where we 
obtain a hyperasymptotic expansion for an integral with saddles. The general 
theory of global hyperasymptotics is given in chapter 4, where we show that 
these expansions are valid in large sectors, and that the coefficients in each 
re-expansion are the same as or related to the coefficients used in the original 
Poincare asymptotic expansion. This property is called resurgence. The other 
topics that we discuss in this chapter are the optimal number of terms at 
each level, and the computation of the so-called hyperterminants and Stokes 
multipliers. 

We start this paper with an introduction into asymptotics. We first com- 
pare convergent Taylor series expansions with divergent asymptotic expan- 
sions. Then we give the notation and definitions that we will use in this paper 
and general theorems about asymptotic expansions. We finish the first chapter 
with a discussion of the Stokes phenomenon, which is the most important phe- 
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nomenon in asymptotics. It explains why we have to use nontrivial functions 
in global hyperasymptotics. 

1.1 Convergent Taylor series versus divergent asymptotic 
expansions 



F{x) = [ 
Jo 



e * dt = e 
0 Jo 

1111 



V 1 1 01 



1! 2! 3! 

X ^ oo 



■ ) dt 






pS + 1 



■ £n{x) 



s=0 



G{x) = r 

Jo 



dt = 

1 + ^ Jo 



pOC) 

Jo 



1 1! 2! 3! 



n— 1 I 

s=0 



( 1 . 1 ) 

( 1 . 2 ) 



(1.3) 

(1.4) 



Differences 



(i) Series (1.1) is convergent for x > 1 and series (1.3) is divergent for all 
finite x. 

(ii) In contrast to £„(x) the remainder Rn{x) cannot be expressed as the 
convergent sum of the tail. 

(Hi) When we take x fixed then £n(x) diminishes steadily in size as n in- 
creases, whereas Rn{x) diminishes steadily in size as long as n does not 
exceed [x], thereafter Rn{x) increases without limit. (See Figure 1.) 



1.2 Notation and definitions 

Let S denote the infinite sector a < phz < (d and let S{R) denote the 
annulus | 2 :| > i?, z G S . 

f{z) = 0{g{z)) as \z\ ^ oo in S, (1.5) 

means that there exists a constant K such that \f{z)\ < K\g{z)\ as \z\ oo 
in S. 

f{z) = 0{g{z)) when z G S{R), (1.6) 

means that there exists a constant K such that |/(z)| < K\g{z)\ whenz G 
S{R) . We call the least upperbound of \f{z)/g{z)\ in S{R) the implied con- 
stant oi the O -term for S{R). 
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Fig. 1. 



f{z) = o{g{z)) as |z| ^ oo in S, (1.7) 

means that f{z)/g{z) ^ 0 as |z| ^ oo in S . 

f{z) ~ g{z) as \z\ ^ oo in S, (1.8) 

means that f{z)/g{z) tends to unity as \z\ ^ oo in S'. 

OO 

as \z\ ^ OO in S, (1.9) 

means that for every fixed integer n > 0: f{z) — = 0(z~") as 

|2:| ^ OO in S. We call an asymptotic expansion of f{z) , variable 

z the asymptotic variable (or large parameter) and the implied constant of 
the O-term for an annulus S(i?) the nth implied constant of the asymptotic 
expansion for S{R) . 

Theorem 1.1. (Uniqueness) For a given function f{z) in region S there is 
at most one expansion of the form (1.9). 

Theorem 1.2. The nth implied constant of (1.9) for S{R) cannot he less 
than |a„| . 

Theorem 1.3. If f{z) ~ and g{z) ~ , as \z\ —> oo 

in S , then 

OO 

af{z) + f3g{z) ~ ^^(aos + j3bs)z as |z| ^ oo in S, 

s=0 

providing a and j3 are constants; and 

OO 

CgZ ® as \z\ ^ oo in S, 

s=0 

where Cs = J2l=o ^kbs-k ■ 
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Theorem 1.4. (Integration) If f{z) is continuous in S{R) , and if f{z) ~ 
, as \z\ ^ oo in S{R) , then 

OO 

[f{t)—ao -] dt ~ z~^, as | 2 ;| ^ oo in S{R), 

* s=l ® 

where the path of integration is the straight line joining z to oo with a fixed 
argument. 

Theorem 1.5. (Differentiation 1) Let f{x) he continuously differentiable and 
f{x) ~ as X ^ + 00 , where p > 1. Then f'{x) ~ px^~^ , provided that 
f'{x) is nondecreasing for all sufficiently large x. 

Theorem 1.6. (Differentiation 2) Assume that f{z) ~ l-^l ^ 

oo in S{R) . If f(z) has a continuous derivative f'{z) , and if f'{z) possesses 
an asymptotic expansion as |z| ^ oo in S{K) , then 

OO 

/'(z) ~ as | 2 ;| ^ oo in S{R). 

S = 1 

Theorem 1.7. (Differentiation 3) Assume that f{z) is analytic in S{R) and 
that f{z) ~ ^ oo in S{R) , then 

OO 

/'( 2 :) ~ as | 2 ;| ^ oo in S{R). 

S = 1 

Theorem 1.8. Let f{z) be an analytic function in S{R) = {z : \z\ > R} , 
and suppose that f(z) ~ l-^l ^ oo in S{R). Then the asymp- 

totic series is convergent and its sum is equal to f{z) for all sufficiently large 
values of z . 

Theorem 1.9. Let oq, ai, U 2 , ■ ■ ■ , be an infinite sequence of arbitrary com- 
plex numbers, then there exists a function f{z) such that f{z) ~ XXo 
as | 2 ;| ^ oo in S . 

1.3 Divergent series and the Stokes phenomenon 

The simple ordinary differential equation w'{z) = — has formal series solu- 
tions 

OO , 

w{z,C) + C, as|z|^oo. 

n— 0 

The constant C is visible when Rez < 0 and hidden by the divergent series 
when Rez > 0. What happens with the ‘constant’ C when we travel from 
sector phz G (i7r,7r) to sector phz G (— tt, — ^tt)? Stokes noticed in [13] that 
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in general C\ C 2 , and we will call this phenomenon the Stokes phenomenon. 
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II 
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C = C2 
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Stokes (1902): “The inferior term enters as it were into a mist, is hidden 
for a little from view, and comes out with its coefficient changed” . Like Stokes 
in [13] we will make the constant C visible via optimal truncation. Fix | 2 ;| for 
the moment. The optimal number of terms in the divergent series is = [jzj] . 
‘Take’ Ci =0. Then as | 2 ;| ^ 00 



JV — 1 I 

w(z, 0) = e^J2 , 0 < phz < tt. 

n—0 ^ 

Hence, in this sector the remainder is smaller than a constant, and C should 
be visible. 

N-l , 

Write z = jzje*^, and plot C{9) = w{z, 0) — ^ ’ 



^ciel 

3 

2 



-3-2-1 0 1 ^ 0 ^ 

Hence, the change in ‘constant’ C behaves like a so-called error function. 
Note that the change in C really happens at the line phz = 0 . We will call this 
line (direction) the Stokes line. Hence, the complete picture of the asymptotic 
expansions of the solutions of the simple ordinary differential equation is: 




w(z,Ci) 



00 



n—O 



n! 



C, 



where C is 
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C = Ci 

phz = 7T 

ph Z = — 7T ' 

C = Ci- 27Ti 

As we have seen above C is a function of 0, the phase of z. Near the 
Stokes line C(0) behaves like an error function. In 1989 Berry [2] introduced 
the Smoothing of the Stokes Phenomenon by showing that 

C{9) = — 7Tterfc(0), 

where 0 is a (complicated) function of 9 , and where erfc(t) is the comple- 
mentary error function. For a wide class of problems the smoothing of the 
Stokes phenomenon can be described via an error function. 

The main observation that we should make is that the asymptotics near 
the Stokes lines is highly non-trivial. This will justify the non-trivial functions 
that we will use in hyperasymptotic expansions. 




2 Local hyperasymptotics for integrals 

In this chapter we will construct a hyperasymptotic expansion for a simple 
example which is valid in a small sector. Let us consider the simple function 

foo -zt 

( 2 , 1 ) 

which can be written as an exponential integral, an incomplete gamma func- 
tion, or as a confluent hypergeometric function: 

f(z) = e^Ei(z) = e^F(0, z) = C/(l, 1, z). (2.2) 

For 2 ; positive and large the graph of looks like 




Hence, the main contribution to the integral (2.1) comes from t = 0, and 

1 (-t)^ 

we will expand = 1 — t + t'^ — ■■■ + {—t)^~^ + near t = 0. The 

1-kt ^ ' l + t 
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result is a truncated asymptotic expansion with an integral representation for 
the remainder: 





n— 0 


(2.3) 


where 


(2.4) 


roo -zt^N 

Roiz,N) = i-rl 


We obtain 


a sharp estimate for the remainder via 






Ad 

\Ro{z,N)\< 

Jo ^ 


(2.5) 



Hence, in this simple example the first omitted term in the asymptotic expan- 
sion is a ‘sharp’ upper bound for the remainder. 

What is the best approximation that we can obtain by truncating this 
divergent asymptotic expansion? We regard the remainder as a function of 

Nl 

N . It is easy to check that N , has a minimum near N ^ z. Let us 

take Nq = [z] , the integer part of 2 ; . With this choice we obtain the remainder 
estimate: 



|i?o(^,iVo)| < 



iVo! 

2 ^ Nq -\-1 



r(^ + i) 

zZ-\-l 




as 2 : • 



( 2 . 6 ) 



The minimal remainder is exponentially small, hence, it is much smaller than 
any term in the divergent asymptotic expansion. Note that we obtained this 
remarkable result by allowing to be a function of 2 :. 

Can we obtain better approximations? This is not possible via the simple 
divergent asymptotic expansion. We have to truncate this expansion, and re- 
expand the remainder. The dominating part in integral representation (2.4) 
is 




Now the main contribution to the integral comes from t = 1. To obtain the 
re-expansion we expand 
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1 -l- t 



1 1 (1 - 1 )” 

21- 2«+i 

^ n=0 
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1 t 



(2.7) 
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near t = 1. The result is 



^0 1 (_\n ] ^ 1 

n=0 n—0 



where 



Ri{z,No,N) 




e-^t^-t)No ( 1 ^)^ 
1 H“ ^ 



dt, 



( 2 . 8 ) 



(2.9) 



and 

pOO 

Pn{z,No)= / e“"^‘t^“(l - t)”dt, 



( 2 . 10 ) 



Jo 

which can be seen as a finite sum of factorials, and computed via the recurrence 
relation 



ZPn+l{z,No) = {z-No-n- l)pn{z, Nq) + npn-l{z, Nq), 



Po{z,No) = 



iVn! 



Pi(2:, A^o) = 



iVn! 



{z-No-1). 



( 2 . 11 ) 



^Wo + 1’ ^iVo+2’ 

The absolute values of the terms in level one hyperasymptotic expansion 
(2.8) are 

5 
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This figure clearly shows the improvement that we obtain via the re- 
expansion, and that the re-expansion is again divergent. 

Let us again try to determine the optimal number of terms in the re- 
expansion. Recall that Nq ~ z and write N = pz. Then 



\Ri{z,No,N)\ < 



^-zt^No 



t- 1 



N 



dt 



dt, 



( 2 . 12 ) 



where 



h{t) = t 



In t — p In 



t- 1 
2 



(2.13) 



This function has two saddle points, and the dominating saddle point for the 
asymptotics of the final integral in (2.12) is the one in interval t > 1. This 
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saddle point will depend on p, and it is not difficult to show that the optimal 
choice for p = I . In that case the two saddle points for h{t) are located at 
t = I and t = 3. 

We take N = Ni = [^z]. Applying the saddle point method to the integral 
in (2.12) with this choice of N gives us the result 






3 — 32^2 



0 ( 1 ) = 



^-1.901---2 



- 0 ( 1 ), 



as 2 • 



00 . 



(2.14) 



Hence, we have almost doubled the precision of our approximation. 

We can continue this process and obtain higher level re-expansions. The 
dominating part of the integral representation (2.9) is 




Now the main contribution to the integral comes from t = 3. To obtain the 
next re-expansion we expand 

, N 

(2.15) 



1 



1 



N-l 



1+t 41- 



i_ _ (3 - ty 

3-t / . 



n—0 



4n+l 



m: 
1 + ^ 



near t = 3. The process is similar to the previous re-expansion, but we omit 
the details. The remainder in this second level hyperasymptotic expansion will 
be of the order 

„-3.59-z 



\R2{z,No,Ni,N2)\ 









as 2 



(2.16) 



This simple process can be continued and will give better and better ap- 
proximations. The advantage of such a hyperasymptotic expansion is that it is 
in terms of very simple functions. The reason that we call it local hyperasymp- 
totics is that it is valid only in ‘small’ z -sectors. The global hyperasymptotic 
expansions that we will discus in the next sections will have large z-sectors of 
validity, and these sectors will contain several Stokes lines. In [4] and [5] it is 
explained how to obtain these local hyperasymptotic expansions for confluent 
hypergeometric functions, and more general problems. In the general case the 
computations of the coefficients in the re-expansions might also be difficult. 
The global hyperasymptotic expansions will incorporate resurgence, which 
means that no new coefficients have to be computed in the re-expansions. 
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3 Global hyperasymptotics for integrals 



In this chapter we will construct hyperasymptotic expansions for integrals 
with simple saddle points. Let 

7(0)= / (3.1) 

Jc 

be an integral in which h{t) has only simple saddle points, that are, ti, • • • ,tp, 
such that h'{tj) = 0 and yf 0. For simplicity we will assume that h{t) 

and g(t) are entire functions. We define 



^ ^nm — (^■^) 

and 

= v^ f dt, (3.3) 

JCr,(6) 

where contour Cn{0) is a steepest descent contour in the complex plane that 
passes through tn , and in the case that there is more than one saddle point on 
this contour, is the dominating one for the asymptotics of T^^\z) . Steepest 
descent paths will depend on 0 = phz . On the steepest descent paths we want 
z{h{t) - A„) < 0. 

The example in this section will be 



/j(t) = it5_3 4^^3_3 2^ 

5 4 2 



(3.4) 



with saddle points at 

ti = 1, O = 2, ts = i, O = —i, 



and 



Ai 





3 

4 



-i, A4 
5 




(3.5) 

(3.6) 



see Figure 2. 

Before we discus hyperasymptotics for these integrals we have to define ad- 
jacent saddles. Consider all the steepest descent paths through for different 
9 . Some of these are special in that they encounter other saddle points tm ■ 
We call these saddle points adjacent to tn ■ The phase 9 for which tm G Cn{9) 
Is 9nm •— ph(Ayim) . 



These steepest descent paths show that is adjacent to all the others, <2 
is only adjacent to ti, t^ is adjacent to ti and O, and O is adjacent to t\ 
and ts- 
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Fig. 4. The steepest descent paths and their /i(t) -images for the cases 6 — 
(left), 0 = arctan(6) (middle), and 0 — t: (right). 



Remarks. 

(1) Note that the contours in the cases 6 = 0 and 9 = tt are the same except 
that the steepest descent and steepest ascent contours are interchanged. 

(2) The contours for the case 9 = illustrate the Stokes phenomenon: Sup- 
pose that our integral is with 9 a bit smaller than t^tt. Hence, 

this integral is determined uniquely by the fact that 04 ( 6 ) starts in the 
valley at and terminates in the valley at This 

doesn’t change when 9 becomes a bit bigger than However, in that 
case the only way to travel from the starting valley to the terminating 
valley via steepest descent contours is first taken 04 ( 6 ) in the clockwise 
direction and then 03 ( 6 ) in the counterclockwise direction. Hence, the 
line 9 = is a Stokes line, and crossing this line switches on the expo- 
nentially small term . 



The construction of the hyperasymptotic expansion starts with the integral 
representation 



T(^)(z) 




^ z{Xn — h{t)) 



(3.7) 



where T„(0) is a contour that encircles Cn{9) . The proof of this integral rep- 
resentation is given in [3] and in the exercises. By expanding the denominator 
we obtain the truncated asymptotic expansion 
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N-i 



s=0 



T^^Hz)=J2^+^n\z,N), 



where the coefficients can be computed via the integral representation 



O^sn — 



+ 5 ) / 9{t) 



(A„ - h{t)y+- 



-dt, 



(3.8) 



(3.9) 



where the contour of integration is a simple loop encircling . The advantage 
of integral representation (3.7) is that we obtain (3.9) for free, and that we 
obtain a simple integral representation for the remainder: 






e (A„ - h(t)) ^ g{t) 



1 - 



dt du. 
(3.10) 

The next step is crucial. We deform T„(d) into the union of steepest 
descent contours through the adjacent saddles, that are, Cm{9nm)- 




adjacent m 

^-UuN- 1/2 g{t) 



(3.11) 



/o 



1 - 



dt du, 



z{Xn—h{t)) 



where "fnm is an ‘orientation anomaly’. Finally, we use the substitution u = 
to (An — h{t)) and obtain 

Ry\z,N)= Y. / / r(-)(to)dto. 



adjacent m 



2m 



z-to 



where we have used integral representation (3.3) for the t-integral. 



(3.12) 



We summarise the above in 
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N-1 




adjacent m 




Z-to 



(to) dto. 



(3.13) 



The only thing that we have to do to obtain a re-expansion is to substitute 
(3.13) with n = m into the integrals on the right-hand side of (3.12). We 
obtain 



i?W(^,iV) 



adjacent m s=0 ^ 

+ R<d\z,N), 

(3.14) 



where 



rI^Hz,n)= Y. E 



^ ^‘~inrn~\~‘~irnh ^ 



m adjacent k adjacent 
to n to m 



{2niY 

I'OO / Xnm Xmk g— A^m ^0 ~ ^ 1 ~ ^XIfn — 1 

0 Jo (z - to){to - h) 



(ti) dtidto. 



(3.15) 



Remarks. 

(1) Re-expansion (3.14) is in terms of non trivial special functions. The inte- 
gral in (3.14) is the so-called level one hyperterminant. It is the simplest 
function with a Stokes phenomenon. 

/A -Xt^a 

dt = -(-z)“e-^^r(l -h a)T(-a, -^A). 

z — t 

(2) Note that the coefficients in re-expansion (3.14) are the coefficients of the 
other integrals. Hence, no new coefficients have to be computed. 

(3) In the exercises you will show that 




a-Nn 



E 

adjacent m 



(_)7n^ ^ a^^T{N - s) 
27TI ^ AAiI'* 



as iV ^ oo. (3.16) 



Hence, in the asymptotic expansions of the late coefficients the early co- 
efficients reappear. This is called resurgence. 
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In the next section we will discus the main details of global hyperasymp- 
totic expansions. These are: the optimal number of terms at each level, the 
estimates for remainder terms, the computation of hyperterminants, and the 
computation of Stokes multipliers (not encountered in this section). 

We finish this section by noting that we can obtain the next re-expansion 
by the substitution of (3.13) into the integral of (3.15). This process can be 
continued, and we would obtain the complete hyperasymptotic expansion. 



4 Global hyperasymptotics for linear ODEs 

4.1 Asymptotics for linear ODEs 

We shall investigate solutions of differential equations of the form 

^ + ■■■ + = 0 ’ ( 4 . 1 ) 

in which the coefficients fm{z) , m = 0, 1, • • • , n— 1 can be expanded in power 
series 



r / \ \ ^ fsm 

fm{z) = 2^^, 



(4.2) 



s=0 



that converge on an open annulus \z\ > a, and the point at infinity is an 
irregular singularity of rank 1 . Formal series solutions in descending powers 
of 2 : are given by 






E 

s=0 



ttsiZ 



J = l,2, 



, n. 



(4.3) 



The constants Xj , fj,j and Ugj are found by substituting into the differential 
equation and equating coefficients after setting aoj = 1 . In this way we obtain 
the characteristic equation 



^ Xffom = 0 , 



(4.4) 



m—0 



where we take /on = 1 , to compute Xj . The constants /ij are given by 

= E / f E • (4-5) 



\m—0 



\m—l 



For the coefficients Usj we obtain the recurrence relation 



(s - l)as_i j ^ mXf Vo,m = 



m—1 



E E(^j' + ^ - «)p E 

t—2 p—0 m—p 



X m-p r 

Jt—p.m-, 



(4.6) 
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where Pochhammer’s symbol (a)p is defined by {a)p = r(a + p) /T{a) . 

We shall impose the restriction 

\j ^ \k, j 7^ k. (4.7) 

This restriction ensures that the left-hand side of (4.6 does not vanish. We 
shall also assume that the pj are nonintegers. In [8] it is shown that this 
restriction is not needed for the final results. 



4.2 Definitions and lemmas 

We define 



9kj = ph(Aj - Xk), 
Xkj — Xk Xj , 

l^kj — l-^k ■> 

We call 

?7 € K is admissible 
see Figure 5. 



j ^ k, and /i = max{Re/ii, • • • ,Re/t„}. 

(4.8) 

?7 ^ Okj (mod 27 t), 1 < j, k <n, j ^ k, (4.9) 




Fig. 5. An example of admissible and nonadmissible directions. 



For fixed admissible r] we consider a t-plane together with parallel cuts from 
each Afc to oo along the ray ph(t — Afc) = rj. See Figure 6. If we specify for 
k 1 , 2 , * * * , 

log(t - Afc) = log |t - Afcl -b i??, (4.10) 

for all t such that ph(t — A^) = r], then we denote the t-plane with these cuts 
and choices of logarithms by Vp ■ Thus log(t — Xk) is continuous within Vp , 
and is defined by (4.10) on ph(t — Xk) = ij. 

Let r] be admissible. Then we define 

t]~ = inf{r) < 1 ] \ fi is admissible for all fj € (?), rj]}, 

7]'^ = sup{r) > r; I is admissible for all fj G [? 7 , ?))}, 



(4.11) 

(4.12) 

(4.13) 
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Note that 77 ^ are not admissible. In Figure 5 77 “ is the value ^13 mod 27 t for 
which |?7 — 013 1 is least, and is the value 0 i 2 mod 27 t for which | 0 i 2 — ? 7 | 
is least. 

With these definitions for 77 ^ we define the z -sectors 

5 ( 77 ) = {z I Re(ze*'') < —a and ^ < phz < ^ ~ (4-14) 

5 ( 77 ) = {z I Re(ze*'') < —a and tt — 77 ^ < phz < tt — 77 “}, (4.15) 

The main tools that we will use in this paper are Theorems 1 and 2 of [1]. 
If we translate the results of these theorems to our notation we obtain: 

Lemma 4.1. The function yk{t) defined by 

00 

yk{t) ='^apkT{yk + ^-p){t-Xk)^~>^’‘~^, |t-Afc| < min |Aj-Afc|, (4.16) 

is analytic in Vp, satisfies 

= 1 - Aj), j ^ k, (4.17) 

where the Kjk are constants, and can he continued analytically along every 
path that does not intersect any of the points Ai,--- , A„ . Furthermore, if S 
is any sector in the t -plane of the form S' = {|t| > i?, a < pht < /3} with 
0 < fd — a < 2 tt and R > max IA 7 I , then 

lim e-(“+®^l*l7/fc(t) = 0, t e S, (4.18) 

t—*oo 

for £ > 0 arbitrary. 

In (4.17) regft — \j) denotes a function that is regular (or analytic) in a 
neighbourhood of t = Xj . 

Lemma 4.2. Let 77 G M &e admissible. If we define 

Wk{z,y) = ^[ e^*yk{t)dt, (4.19) 
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where jkiv) the contour in Vrj from oo along the left-hand side of the cut 
ph(t— Afc) = r], around Xk in the positive sense, and back to oo along the right- 
hand side of the cut, then Wk{z,r]) is a solution o/(4.1), Wk{z,fj) = Wk{z,r]) 
for all fj GJri , and 

OO 

Wk{z, T]) ^ askZ~\ (4.20) 

s^O 

as z ^ oo in Sfq) . 

For each admissible p we have n solutions wi{z,r]), ■ ■ ■ ,Wn{z,r]). Since 
(4.1) is a linear ordinary differential equation of order n, for each admissible 
fj and k G {1, ■ ■ ■ ,n} there are connection coefficients Cjk{fj, tf) such that 

Wk{z,f]) = Cik{fi,r])wi{z,r]) H h Cnk{'n,r])wn{z,r]). (4-21) 

If fj G2ri, then Cjk{f), rf) = 5jk ■ Hence, the connection coefficients can change 
only when we cross a non admissible direction. The corresponding directions 
in the z-plane are generally known as Stokes lines. To compute all the con- 
nection coefficients it suffices to compute the connection coefficients of two 
neighbouring intervals Ir] ■ 




Fig. 7. "ik{f)) before (left) and after (right) the rotation. 




(4.22) 
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The constants Kjk are called the Stokes multipliers, and they play an impor- 
tant role in the definitions of the following numbers. Let 

= nnn{| Afc - Xj„ | + | J H h \Xj^_^ - Xj^ \ 

I jo ^ k,Kjgk yf 0, jf yf ji-i, yf 0}. 

If G = (V,E) is a directed graph with edges E = {(Ap, A,) | 1 < p, g < n, 
p ^ q, Kqp y^ 0} and vertices!^ = {Ai, • • • , A„}, then is the length of 

the shortest directed path of m -1-1 steps starting at Xk ■ The main step needed 
to reach subsequent levels in the hyperasymptotic expansion for solutions of 
(4.1) is the following version of Taylor’s theorem. 

Lemma 4.3. Let C he a closed contour encircling t and Xk such that Xj , 
j ^ k, is in the exterior of C . Then 



N-l 

Vkit) = ^ apfcT(pfc + 1- p){t - Xk)^~^’‘~^ 

P=o (424) 

^ (t-Afc)^-^^-i f Pfc(r)(r-Afc)^'-+^-^ ^_ 

2ni Jc T-t 

We finish this section with the definition of hyperterminants. In the defi- 
nition we shall use the notation 




?7 G K. 



(4.25) 



Let I be a nonnegative integer, ReMj > 1, aj G C, aj yf 0, j = O,--- ,1. 
Then 



= 1 , 



^(1) 



Mo 

O-Q 



«[tt—9q\ aotQj.Mo — 1 

2^ dio 

) z - to 



^d+1) ^ Mo ■■■ ,Mi 



(4.26) 



o'o, ■ ■ ■ ,<^i 

gO-otoH ^aiti-j.Mo-1 ^ ^ ^ 



{z - to)(to - tl) • • • (t;-l - ti) 



dti - ■ ■ dto, 



where 0j = phaj , j = 0, 1, • • • , I . The multiple integrals converge when — tt — 
9q < phz < TT — 9q. 



4.3 The re-expansions 

To obtain an integral representation for the remainder we substitute (4.24) 
into (4.19) and obtain 
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No-l 



Wk 



{z,f]) = ^ UskZ ^ R^^\z,7];Nq), (4.27) 



s=0 



with 



Ri\z,7r,No) (27Ti)2 / 



~fk{v) Jc 

^-2mnk _ rl'n] 



t — Xk 



No— Mfe— 1 



Vk{T) 



(27Ti)2 



IXk JC 



T- Xk 
t — Xk 
T - Xk 



T — t 
-^Q — A^fc — 1 



dr dt 



Vk{T) 
T — t 



dr dt. 



(4.28) 



where we collapsed "fkiv) ■ Now take for C the contour given in Figure 8. In 
[8] it is shown that the contribution of the large circle in Figure 8 is negligible, 
and that when we replace the finite loops encircling Xj^ by ^jj,{0kjj,) (which 
have the opposite orientation, note the extra minus sign in the next result) the 
error introduced is again negligible. In this document we will ignore negligible 
terms and write 
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r[°\z,v,No) 



1 — e 



-2Trifj.k 






(27ri)^ 



"W 



l\k JjjiSkj) 



t — Xk 
T - \k 



ATo — ^fc — 1 



Vkir) 

T — t 



dr dt 



=E 

jj^k 



^jk 

(27Ti)2 




Wj i^kj ) 



/ 1 - Xk 
\T - Xk 



No — iJ.k — 'i- 



Vji^) 

T — t 



dr dt, 



(4.29) 



where we have used (4.17). 

These are the main steps to get the re-expansions. Hence, for the next 
level we substitute (4.24) with k = j in the final integral of (4.29). We obtain 
a finite sum of double integrals that can be expressed in terms of the first 
hyperterminant (see exercises). The loop ^j{0kj) is again collapsed, and we 
manipulate the new contour C in the same way as described in the previous 
paragraph. The result is 



Rf{z,mN^) = 



j^k s=0 ^ 



(4.30) 



where 



Rk\z^d) = EE 

rH r[Sud p 

I J \j J'niSji) 



KjkKij 

(27rf)3 

) — Afc 

L — J 



Ai-A.A 

\ ii — Afc J ^2 — Aji J 






yi{h) 



(tl — to){t2 — ti) 



■ dt2 dt\ dt(). 
(4.31) 



Note that the final integral line in (4.29) and (4.31) are very similar. Hence 
we can continue this process and obtain: 
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feiAfci-i s=o ^ ’ 

^ki_2^ ~ + Mfci-ifei-2 + 1; ^ki_l'’ - S + Mfc,fc,_i 



^fci_lfcl_2 



^fcifci-1 

] +Rk\z^v)- 



(4.32) 



4.4 The optimal numbers of terms 



The main result that is missing in the previous section is estimates for the 
remainders. Like in (4.29) and (4.31) it is possible to obtain an integral rep- 
resentation for E!'^\z,rj) in (4.32). When we ignore the denominator in this 
integral representation, the integrals decouple in a product of gamma func- 
tions and beta integrals. The final result is: 

Theorem 4.1. Let I be an arbitrary nonnegative integer and ,• • • , 

be integers such that 



ivf) = 4°) I 



(0) 
■Tk ’ 









j = l,2,---,l, (4.33) 



in which the j3 ’s are constants that satisfy 



(4.34) 



and the 7 ’s are bounded as 



00 . Then as z ^ 00 in S{r]) , 
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ki^k ki + i^ki 

,(0) «(1) \ /^a-1) _ pit) \ 



Pr-Pi7 

I ^ki k 1 6 

Pki 

l^ki^iki |e 



l•^fcifci-l 



(4.35) 



/3l‘>l 



0 ( 1 ). 



Now what are the optimal choices for Before we 

discus the general result let us first look at the simple example in which we 
take n = 2. Hence, there are only two A’s. We also take |Ai 2 | = |Ai — A 2 I = 
1 and Ki 2 yf 0 yf K 21 ■ It seems to make sense to optimise in the 

level 0 expansion like we did in §2. Hence, we have to choose such that 

i® minimal. The optimal choice is = 1, that is ~ \z\ 
as |z| ^ 00 . Now suppose that we have optimised in 

the previous levels and that we find by minimising 



— /o(0 

^ki.i Pki 






Pki 






as a function of The optimal choice is In this way we 

obtain = 2“* . With these choices (4.35) simplifies to 

rI\z,t]) = e^'=^-l^l2-(2-2'~')l^l|z|^®^'“i+i + ^C>(l). (4.36) 

Hence, the exponential improvement is e“hl2~(2-2 )|z| when we let 

I 00 then e“hl2“2|z| = g-(2.386 - )bl seems to be the optimal exponential 
improvement that we can obtain. 

However, when we optimise 






/3(^“l) ZjO) 

^fci-1 Pki 






Pk, 






as a function of 



• , then we find that we have to take 



/:?(0) 1 

Pfc Pfci -"'-Pki.-, Pki - Pki - -L- 



Hence, the optimal choice is = I — m + 1. With these choices (4.35) 
simplifies to 
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Rf{z,T]) = + (4.37) 

Hence, we can do much better than (4.36). The general result is: 

Theorem 4.2. Let 

= max (o, !3f'’ - lAfcifcl) , 

/ (4.38) 

• • • , = max (^0, (3^^^ - \Xkiki_r |) , 

where is defined by (4.23). Then, as z ^ oo in S(rj), 

u!l\z,Tf) = e^'“"-“^'’l"l|z|'^+^0(l) (4.39) 

where fl is defined in (4.8). 

4.5 The computation of the Stokes multipliers 

In the next section we will discus the computation of the hyperterminants. For 
hyperasymptotic expansion (4.32) to be useful we have to be able to compute 
the Stokes multipliers Kjk- The Stokes multipliers are defined in (4.22). It 
seems not to be possible to use (4.22) to compute these constants. Hence, we 
need an efficient method to compute these Stokes multipliers. 

First we obtain another hyperasymptotic result. Note that the coefficients 
in the asymptotic expansions (4.3) can also be written as 

(h-(°)( 0 ,r,;ivf)) - h>(°)( 0 , r,; ivf ^ + 1)) . (4.40) 

This seems to be useless were it not that we have hyperasymptotic expansions 
for the remainders rj; +m) . We substitute these hyperasymptotic 

expansions and note that when we simplify the result z disappears: 
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0^(0) 



k 




^sk 



pW 



0 ; 



+ 1) - s ■ 

Afcifc 



■ Mfcifc 




Kk2ki 

2m 



N, 



( 2 )_ 

k2 

E 

s=0 






(ivf) 



+ 1) — + Mfcifc + 1, — S + Mfc2fel 

^kik-) ^k2ki 



nP-1 



^ + 1, s + fkk,k,_, ' 



^fcl_lfci_2) 



^kiki_i 

+ r^k\^i°^)- 



(4.41) 



This may be regarded as a hyperasymptotic expansion for the late coefficients 
as ^ oo. In order to use this result for the computation of the Stokes 
multipliers, we suppose that the numbers of coefficients are given by (4.33). 
Thus, instead of we take \z\ as the large parameter. 

It follows from the previous section that if (4.38) holds, then 

= e-“”l^l|0|^^“’-'''=+'^+^C>(l), (4.42) 



as | 2 ;| ^ oo. 

The main difference between (4.32) and (4.41) is that in (4.41) the only 
unknowns are the Stokes multipliers. On replacing in (4.41) by — 
1, — 2, • • • , — ni, in turn, and ignoring the error terms, we arrive 

at a system of rii equations. In this way we can compute the Kpkm lo the 
required precision. More details are given in [8] and [9]. 



4.6 The computation of the hyperterminants 



In [6] and [7] (see also the exercises) it is shown that we can compute the 
hyperterminants via 



^d+i) ^0, 

O'o, 



Ml 

<7l 



ik 



fc=0 



Mo, 

O"05 



■■ ,Mi 

<71 



(4.43) 



C/(fc + 1, 2 — Mo, zao), 
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Fig. 9. The admissible directions. 
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We take r/ = jTt and assume that we wish to compute W 3 {z,r]) at z = 
lOei'^*. Since, 

1 5 

Ai 3 = 2 ~ ~ 2 ~ ~ (4.48) 

we obtain from (4.23) = |Ai3| = ^\/5 = 1.118 •• • . Hence, the optimal 

number of terms in the original Poincare expansion is N!f^ = 11 . 

In the level one expansion we have = |Ai3| + IA31I = [Ais] + 

IA41I = y/5 = 2.236 • • • . Hence, 

= max fo, /3g°^ — IA13I j = 1.118 • •, 

= max (0,/3® - IA23IJ = 0, 

= max [0,(3^°'^ - IA43I) = v^- 2 = 0.236 • 

(4.49) 

Thus the optimal numbers of terms at the level one hyperasymptotic expan- 
sion are iVg^^ = 22, = 11, = 0 and = 2. 

Since = 0 we don’t have to compute K 23 at this level. To compute the 
Stokes multipliers K 13 and ^43 to the required precision, we first compute 

a^(o)_^ 3 = (-2.6246115745148737538 • • -k i7.7381487701887858960 • -)10^®, 

a^(o)_2 3 = (-3.2145346630254340602 - • -t3.2463846167062710532- -)10^^ 

On replacing by — 1 , and — 2 in turn in the level one version 
of (4.41), and ignoring the error terms, we arrive at a system of 2 linear 
equations. On solving these equations we find that 



Ki 3 = -1. 3167355550447009754 -k 1.7502706941028591333i, 
K43 = 0.3443668989089293253- 2.1203898698716294832b 



Further on we shall see that in these approximations the value of iFi3 is correct 
to 8 decimal places and that of K 43 is correct to 2 decimal places. The required 



precision for K 13 is approximately ^/3g°V|A isl) 






required precision for K 43 is approximately 
In the level two expansion we have /3g 



= 1.9 X 10 and the 
= 8.3 X 10-2. 



(0) _ ^,(2) _ Hence, 



— CHq 



= 3.354 • 



= 2.236 • 



= 0.661 • 
= 1.354- 



= 0.236 - -- , 
/3f = 1.118---, 
= 1.118--- , 



Pf = 0 , 



J = 1,3,4, 



(4.51) 



^ = 0.236 - - - , 
/3f = 0, j = 2,3. 
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Thus we take 



= 33, 



^ = 22 , 



= 6 , 

= 13, 



ivf ^ = 2, 

= 11, 

^ivf) = 11, 

ivf)=0, j = 1,3,4, 

= 2 , 

ivf =0, j = 2,3. 



(4.52) 



Hence the level two hyperasymptotic expansion of 1^3(2;, 77) , with 2: = lOe^'^* , 
is of the form 



32 



e '""tua 






s=0 



s=0 



32^23 p(l) ® ) _L ,-32-^43 (1)/ 00 



27T7 



s=0 



33 — S \ _32-fl^43 



33 -s 

i -2 
2 ‘ 

12 



27ri 



s=0 



+ 2 



K. 



-32 ^13 

27TZ 



10 






27ri 



s=0 



12, 22 -s 
i, 2 



s=0 



12, 22 - s \ AT41 



I, I 



10 



^31 773(2) / iZ, ZZ - 5 \ /\41 Y^ 7^(2) / ZZ - 5 



27T7 



s=0 



33 -s 
- 2 i 



12 , 22 -s 



7, —I ■ 



s=0 ^ ^ ^ 



(4.53) 



To compute the Stokes multipliers K 21 , 
hyperasymptotic expansions of ^ , a 



ATsi and AT4i we use the level one 
Afp'-2,i “Ar<i)-3,r obtain 



K 21 = 0.32220037911218913862t, 

K 31 = -0.33518471810856053233 - 0.173943694726101909087, (4.54) 

AT4 i = 0.33518471810856053233 - 0.173943694726101909087. 



The level one hyperasymptotic expansion of a^(i)_j^ 4 yields 

ATi 4 = 1.3175812208411643253+ 1.74924443667772551107. (4.55) 



If we use (4.54) and (4.55) in the level two hyperasymptotic expansions of 
3’ 3 3> obtain 



Ku = -1.3167355300409799821+ 1.75027074191787532287, 

K 23 = -0.9600011769004704206 - 0.32576563111810010837, (4.56) 

K43 = 0.3553405998176582756 - 2.11723774314789907107. 
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Ordinal number of term 




Fig. 10. The terms in (4.53), the level two hyperasymptotic expansion of ws(z, rj) . 
The first (U-shaped) group of terms are the terms in the original asymptotic ex- 
pansion. The next three groups are the level one re-expansions, and the final four 
groups are the level two re-expansions. 

To compute the level two hyperasymptotic expansion of w^{z,r]), we use 
these values for the Stokes multipliers in (4.53) and the methods described in 
§4.6 to compute the hyperterminants. To compute the ‘exact’ value of w^{z, rf) 
at 2; = lOei’’’* , we first use 47 terms of the asymptotic expansion of ^3(2;, rj) to 
compute this function at the point 2:-|-35i, and then use numerical integration 
of the differential equation (4.46) from 2: -I- 35f to 2; . For more details on the 
stability of the numerical integration process see [10]. The numerical results 
are given in Table 1. 



level 


approximation 


[relative error j 


0 


0.00059870442702324531293 
-to. 000592859122517629802021 


1.9x10"'’ 


1 


0.00059870426695596695104 

-f0.00059286076905849279426i 


1.7x10"^'’ 


2 


0.0005987042669561 1033390 
-f0.00059286076905847214738i 


1.9x10"^’' 


exact 


0.0005987042669561 1033376 
-f0.00059286076905847214746i 


0 



Table 1. Hyperasymptotic approximations to W 3 {z,ri) for 2 = 
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5 Exercises 



1 . Let f{z) be the function defined in (2.1). 

(a) Take z = 10 and compute the first 16 digits of f(z). 

(b) Take iVo = 10 and compute Ti = ^ — 11+1“ ’ 



n=0 



7Vi-l 



(c) Take Ni = 13 and compute T 2 = Ti + ^ 2 " ^p„(z,iVo). 

(d) Take N 2 = 25 and compute 



n—0 



N2-I 

Ta = T2 + 4-”-i 

n—0 



\-ty 



1 - 1 



Ni 



(3 - 1)” dt. 



2 . The confluent hypergeometric [/-function has integral representation 

1 

U{a, c,z) = ^ e-"‘/“-i(l + dt. 

t (O') Jo 



(a) Use the Taylor series expansion (1 — x) “ 



00 



E 

n—0 



nl 



to construct the 



asymptotic series for U{a, c,z) as z ^ 00 . 

(b) What is the optimal number of terms in this divergent asymptotic expan- 
sion? 

(c) Construct the first re-expansion. 



3. Recall that on a steepest descent path z {h{t) — A„) < 0. To prove integral 
representation (3.7) we use the substitution 



M = z (A„ - h{t )) , 



(5.1) 



in (3.3). Note that for a fixed m > 0 (5.1) has two solutions. We call them 
and /+, where contour C„( 0 ) passes first through t- and then through t+ . 
Show that the result of this substitution is 



r(”)(z) 



Now check that 




gjt-) 



g(4) \ 



du. 



g{t-) _ g(4) ^ 1 f g(t)\/z(A- fe(t)) 

h'{t-) h'{t+) 2TTi^/u Jy'„( 9 ) X„-h{t)-u/z 



4 . In this exercise we will illustrate how representation (3.9) can be used. 
We take g{t) = 1, h{t) the function defined in (3.4), and the Xj are given 
in (3.6). To compute the coefficients 0^4 via (3.9) we note that A 4 — h{t) = 
{t -I- t)^(i — 3 -I- (1 — 3t)(t + *) + (!+ i){t + i)^ — -|(t -I- i)^) . Hence 
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{t + (i - 3 + (1 - 3i){t + i) + (^ + i){t + i)2 - i(i + 

(5.2) 



Thus Os 4 is equal to a gamma function times the coefficient of + in the 
Taylor series expansion of the final factor of the right-hand side of (5.2). Use 
this result to compute oo, 4 , ai, 4 , • • • , 020 , 4 . 

Similarly, use 

(Ai - = {t- l)-2«-i(l i(t - 1)3)-^-'/" 

to compute oo,i, oi,i, • • • ,05,4. 

5. Check the step from (3.11) to (3.12). 

6. Use 

GNn = (Z, TV + 1) - i? W ( 0 , iV)) 

and (3.12) to obtain the integral representation 

E ( — Mnm rOo/Xnm 

, 27TZ Jq 
adjacent m 



Now expand T(™)(t) in an asymptotic expansion for large t. The result is 
(3.16). You can check this result numerically with the coefficients that you 
computed in question 4. 

7. In the derivation of (4.30) we have to show that 



r(Mj + 1 

27ri 







N — s F fJ,jk 

^jk 



T — t 



dr dt 



To obtain this result use the substitutions 



tQ = z 



t \k 
T - \k 



tl — to{T — Xj), 



dr dt dti dto 

and = — 

T-t to{z-to) 



and Hankel’s loop integral representation for the reciprocal gamma function. 

8. In the derivation of (4.37) we have to show that 



,y„) = j/f 



. niVn p yi 
yn ^ 



Vn 



has a minimum at yi = j /2 = • • • = J/n = 1 • Show that this is the case. 

9. In this exercise we produce new integral representations for the hyperter- 
minants. We will assume that |phz-|-0o| Y Itt and that ReAC, > 1 for all 
3- 
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(a) In the definition 



^(1) 




l•[^T-9o\ g<Toto^Mo-l 

3 Z-to 



dto 



1 

use = / g-^o(z-to) show that 

z-to Jo 

(b) Now assume for the moment that 9j — 9j-i G [^n, |7t] mod 27 t. Use the 
previous substitution and similar substitutions for the other factors in the 
denominator to show that 









Mo,-- - ,Mi 

o-Q, - - - ,cn 



rU-^i] gO-otoH _ .Mi-1 

' ° * ■ dti - ■■ dto 



(z - to)(to - ti) • • • (t;-i - ti) 



n[6>o] 



Ml] 



(si — So — CTo) 



-Mo 



=nw) 

j—O 

X {si - si -1 - {-Si - ai)~^‘ dsi ■ ■ ■ dso- 



Analytic continuation removes the restriction on Oj — 9 j-\. 

(c) Expansion (4.43) is produced via 



(si - So - CTo) 

= 0-^° (so + (si - (To)~^“ 



SqSi 



= cr, 



Mo 



(so + CTo)(si - (To) 

E T{Mo + k) ^ ^_Mo-fc k( \-Mo-k 

T{Mo)kl ^oiM + <Jo) si(si-ao) 



-Mo 



k=0 



and noting that 

[«o] 

e-"*“sg(so + (70)-'^“-'= dso = al-^oU(k +1,2- Mo, zao). 

Give an integral representation for the coefficients A(*+^^(..) in (4.43). 

(d) Use a similar expansion for (s 2 — si — a±) to obtain ‘recurrence’ re- 
lation (4.45). 
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